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1 FIRST ORDER ODES

1 First Order ODEs

1.1 Introduction

Definition 1.1.1 (Ordinary Differential Equations/ODEs). An ordinary differential equation
is an equation that contains one or more derivatives of an unknown function y = y(x).
Definition 1.1.2 (Order of ODEs). The order of an ODE is the maximum order of the deriva-

tives appearing in the equation.
Definition 1.1.3 (Solution to ODEs). The solution to an ODE is a function y that satisfies the

equation.

Example 1.1.4 Solve " = 3z + 1.
Solution 1.

3
y' /3x+1dx:§x2+x+0
/ 3 9 Ly 1,
y= [y dex= 3% +x+Cd$:§a: +—2*+Cz+ D.
x

O

Definition 1.1.5 (Linear ODEs/Non-Linear ODEs). A first order ODE is linear if it can be
written as

y' +p(z)y = f(z).
Otherwise, it is non-linear.
Definition 1.1.6 (Homogenous/Non-Homogenous Linear ODEs). If f(x) = 0, then the linear
ODE is homogenous. That is,

y +p(x)y =0.

Otherwise, it is non-homogenous.
Definition 1.1.7 (Trivial/Non-Trivial Solution). y = 0 is a trivial solution to a homogenous
ODE. Any other solutions are non-trivial.

Definition 1.1.8 (One-Parameter Family of Solutions). We call C' a parameter and the equa-
tion, therefore solution, defines a one-parameter family of solutions.

Example 1.1.9 For the ODE v/ = 1, y; = = + ( is a solution to it, and it is a one-parameter

family of solutions. Similarly, for ' = —;, the one-parameter families of solutions are
T

defined by y, = ! + Cy on the interval (—o0,0) U (0, 00).
T




1 FIRST ORDER ODES 1.1 Introduction

Definition 1.1.10 (General Solution). Given the general form of the linear ODE ¢ + p(z)y =
f(z) if p and f are continuous on some open interval (a,b) and there is a unique formula
y = y(x, ¢) and we have the following properties:

* for each fixed ¢, the resulting function of z is a solution of the ODE on (a, b), and

e if y is a solution of the ODE, then y can be obtained by choosing the value of ¢ appropri-
ately.

The function y = y(z, ¢) is called a general solution.
More generally, we can write an ODE as

Py(z)y + Pi(z)y = F(x).

In this case, the ODE has a general solution on any open interval in which F,, P;, and F are
continuous and Py # 0.

Definition 1.1.11 (Initial Value Problem (IVP)). A differential equation with an initial condi-
tion.

Example 1.1.12 Let a be a constant. Find the general solution of ¢/ — ay = 0 and solve the

"—ay =0
IVP Y )

y(zo) = Yo.
Solution 2.
Classification: First order, Linear, Homogeneous.
Trivial Solution: y = 0.
General solution:

dy
— =q
dx J
1
/—dy:/adx
Y
In|y| =azx+c
y: eaerc :Aeax'

This general solution includes the trivial solution.
IVP: Substitute z = z¢ and y = yq:

axo

Yo = Ae™®  — A =ype”

So,

—azxo ,ax a(z—x0)

y™VP = yoe 0™ = ype :
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This IVP is a “generic initial condition.” We need more information on x, yo to get a more

specific solution. O

1.2 Linear First Order ODEs

Theorem 1.2.1
If p is continuous on (a, b), then the general solution of the homogeneous equation ' +

p(z)y = 0 on (a, b) is given by
Yy = ce~ JP@) dz,

Proof 1.
(a). Substitute the solution formula to show that y = ce~/?*) 4% is a solution for any choice
of c. )
y=c (_ /p(x) dx) e TP = —ep(a)em TPl dr,
Then,

Y+ p(z)y = —cp(a)e IP@ @ 4 cp(g)e [ P@ do — ¢,

So, y = ce~ / P(*) 4= jg a solution for any choice of c. [
(b). Want to show: any solution of 4’ + p(z)y = 0 can be written as y = ce~J?(* 4 Note
that y = 0 is a trivial solution, so we assume y # 0.

Y +p(r)y =0
y' = —p(x)y
% = —p(x)

infyl = [ (o) ds

Note that when ¢ = 0, y = 0 is the trivial solution. So, any solution of v/ + p(z)y = 0 can be

written as y = ce~ JP(#) dz, n

Example 1.2.2 Solve the IVP
xy +y=0
y(l) =3.
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Solution 2.
Note that Py(z) = z and P, (z) = 1, which are continuous on R. Since we need P,(z) # 0,
z # 0. So the interval of validity is R\{0}.
Method 1: Separation of Variables

Inly|=—Inlz|+k
1
lyl = kﬂ
c
¥y=7

] Method 2: Solution Formula\ By Theorem 1.2.1,

y = Ce—fp(a:) de _ Ce—f% de _ C€—1n|a:| _ E
x
Solving the IVP |Substitute x = 1 and y = 3:
3=5 — =3
1
wp _ ° U

So, y'** =

Example 1.2.3 Given the equation (4 + z?)y’ + 2zy = 4x. Classify the equation and find the
general solution y = y(z, ¢).

Solution 3.

This is a first order, linear, non-homogeneous differential equation.

Note that Py(z) = 4 + 22, Pi(x) = 2z, F(z) = 4z, and P, # 0 Vx € R, so the interval of

validity is R. Also note that P [4 + 2°] = 2z, so the equation can be written as
T
dy

d
(4+x2)@ - a[4+aﬂy = 4x.
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Using the product rule to re-write the LHS as

% [(4+2%)y] =4

d
/d—[(4+x2)y] dx—/4xdx—i—c
T
(4+2%)y =22 +c¢

222 + ¢
Yy = 5
44+

Example 1.2.4 Given the equation y' — 2y = 4 — z. Classify the equation and find the
general solution y = y(z, ¢).

Solution 4.

This is a first order, linear, non-homogeneous differential equation.

Since Py(z) = 1, Pi(x) = —2y, F(z) = 4—x,and Py(x) # 0Vx € R, the interval of validity
is R. Consider 1 = p(x) # 0. Multiply both sides of the equation by y(x):

@)y —2u(r)y = p(r)(4 — o) (1)

To make the LHS a product rule, we need

= @y(@)] = 1 @y (@) + @)y (2) = p@)y' () = 2u@)y.

So, we have i/ = —2u, or i/ + 2u = 0, a first order, linear, homogeneous ODE. Solving this
ODE, we get u(z) = ce”**. Since we only want one specific y that would work, take ¢ = 1.
So, u(x) = e~2%. Substituting u(z) = e~ ** to Eq. (1):

ey —2e7y = e (4 — x), ﬁo =e A0, ]31 = —2¢7%"

Using the product rule:
d
d_[ef2xy] — 46721 Te 2x
T
d —2x —2x —2x
a[e y]dmz 4e re ““dx+c
1 7
6—23:y — _x€—2x o _6—2x T
4
1 7
y = eQm (_m€—2:p e—2:p + C>
2
1 7 e
= —x — — Fce™.
2 4
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Theorem 1.2.5 Method of Integrating Factor
Given the first order linear differential equation ' + p(z)y = f(x), with p and f both
continuous on some interval (a, b),

is the general solution to the equation, with
pla) = el 7)o

We call y(z) the integrating factor.

Proof 5. Consider 1 = u(x) # 0. Multiplying the both sides of ' + p(z)y = f(x) by u:
1y’ + ppy = puf. (2)

d
Impose py' + ppuy = ——[py] to find = pu(x):

py' +puy = W'y + py'
1 —pu =0, first order, linear, homogeneous ODE

p(z) = el P@) 4o, the integrating factor

Substitute yu(x) = e/ ?(®) 4 into Eq. (2):

%[My}zuf
/%[uy} dx:/ufderc
uy:/ufdwrc
o) = | [ty deve.

Example 1.2.6 Give the equation y' + 2y = z3¢~?*. Classify the equation and find the
general solution y = y(z, ¢).
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Solution 6.
Itis a first order, linear, non-homogeneous ODE, with p = 2 and f = x3¢~%*. Let u(z) be
the integrating factor. Then,
M($> _ ef? dz _ 2z

So, by the method of integrating factor, we know

d
= || = (@) f(a)
d
/ — [GQIy] dr = /62‘%36_227 dz + ¢
dx
eQxy:/dex+c
1
e*y = Zx4 +c
y = 1x4€—2x + C€—2x
1 .

Remark. Re-examine the formula we derived from the method of integrating factor:

1 c
y(x) —;/fudx+.

The part being boxed, E, is independent from f and is exactly ce= /7 % if we expand, which is

the solution for a homogeneous differential equation.

Definition 1.2.7 (Complementary Equation). The complementary equation to a first order
ODE ¢/ + py = f is the homogeneous part of it. i.e., v’ + py = 0.

Theorem 1.2.8 Method of Variation of Parameters
Given the first order linear differential equation ' + p(z)y = f(x), with p and f both
continuous on some interval (a, b),

o) =) [ L a4

is the general solution to the equation, where y; is a solution of the complementary
euqation vy’ + py = 0.

Proof 7. Call y; a solution of the complementary equation ¢’ + p(x)y = 0. Then, we want
to find y(z) = u(z)y;(x), the general solution of ¥/ + p(z)y = f(z), where u is an unknown
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function of f. Note that, by product rule, /(z) = v'y; + uy]. Then, the equation becomes

(u'yr + uyy) + p(z)(uy) = f(x)
u'yy + wy) + puyy = f

' + (yy +py)u = f
0

yu' = f = u(x) = / ;1((2)) dz +c.

Therefore, the formula to find y is given by

?J:ylu:yl(x)[/ f(z) dm+c].

Y1 ()

Remark. The method of variation of parameters will be more useful when solving second or
higher order differential equations.

Example 1.2.9 Give the equation ' + 2y = x3¢~2*. Find the general solution y = y(z, ¢
using the method of variation of parameters.

Solution 8.

It is a first order, linear, non-homogeneous ODE, with p = 2 and f = z3¢=%*. Let y, be
the solution of the complementary equation ' + 2y = 0. Then, y,(z) = e~ /29* = ¢=27 By
the method of variation of parameters, suppose y = uy;, where « is an unknown function
of z. Then,

[ fla) _/xge_% _/ 5 1y,
u(z) = yl(m)d$+0_ p=—r: dr+c= | x dx+c-4x + c.

So,

1 1
y=uy =e (Zac4 + c) = Z:U‘le’h +ce .
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Theorem 1.2.10 Existence and Uniqueness Theorem
Suppose that p = p(z) and f = f(x) are continuous on (a, b). Then, a general solution of

v + p(z)y = f(x)on (a,b)is

f(z) }
) =1y(x dx + ¢,
) =) [ 12
where y; () is a solution of the complementary equation (i.e., ¥/ + p(z)y = 0).
If 2 is an arbitrary point in (a, b) and y, is an arbitrary real number, then the initial value
problem,

Y +p(@)y = f(x), y(xo) =1%o

has a unique solution on (a, b).

1.3 Separable Equations

Definition 1.3.1 (General Forms). The general form of a non-linear first order ODE is given
by
y =[x y(z)).

If we take M (z,y) = — f(x,y) and N(z,y) = 1, we can also re-write the equation into
M(z,y) + N(z,y)y' =0, or M(z,y)dx+ N(z,y)dy =0.

Definition 1.3.2 (Separable Equations). If M/ (z,y) = M(z) and N(z,y) = N(y), then the ODE
is called separable.

~ )

Theorem 1.3.3 Separation of Variables (SoV)
Consider the non-linear first order ODE M (x,y) + N(z,y)y = 0, with M (z,y) = M(x)
and N(z,y) = N(y). Then we can find an implicit solution of the ODE in the form of

F(z,y) = ¢,

where F(x,y) is a function of x and y and

Flz,y) = / M(z)dz + / N(y) dy.

10
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Proof 1. Let Hi(z) = M(z) and H)(y) = N(y). Then, the equation becomes

=]+ 5 [me] E =0
By using the chain rule, diy |:H2<y):| j—i = % [Hg(y(x))} . So, the equation becomes
L) + )] = o

Example 1.3.4 Given the equation 3’ = 1 f L Classify the differential equation and find
the general solution.
Solution 2.

2
It is a first order, non-linear ODE. Since ' = T

T3 Sowe have 1 — y? # 0. That is,
-y
y* # 1, or y # +1. Using the separation of variables (SoV), we have

(1-y*)y =2’
/1—y2dy:/:c2d:c
1 1
y—§y3:§x3+c
1 1
y—g?/S—g%’S:C

y—y  —2* =c

(y — 3) cosx

E le 1.3.5 Given th tion y =
xample iven the equation y 1+ 2,

. Classify the equation and find the
general solution.
Solution 3.

11
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It is a first order, non-linear ODE. Since 1 + 2y?> # 0 Vy € R. Note that if we take
y —3 = 0, we get y = 3, a constant solution to the differential equation. Now, assume
y # 3. Then, use SoV:

1+ 292
/ i g dy:/cosa:dm+c:sinx+c.
y_

Sett =y —3,dt =dy. So,y =t + 3and y* = (¢ + 3)%. Then,

11 2¢2 11 2(t +3)° 1262 4 12¢ 1 18
/+gdy=/—+(t+)dt:/+ et
y_

19
=/7+12+2tdt
=191In[t| + 12t + ¢
=19In|y — 3| + 12(y — 3) + (y — 3)*
=191n|y — 3| + 6y + y* — 27.

So,
19In|y — 3| +y* +6y — 27 —sinz = ¢

Example 1.3.6 Give the equation ' = %x(l — y?). Classify the equation and find the gen-
eral solution.

Solution 4.

It is a first order, non-linear ODE. Notice that we have the constant solutions when we
take 1 — y? = 0, or y = +1. Now, assume y # +1. Using SoV:

2 1
/1—y2 dy:/xdx+c:§x2+c.

2 2
Note that = . Use partial fractions. Assume

1-y?2 (1-y)(1+y)

2 A B

(1-y)(1+y) 1—y+1+y'

Then, we get A(1 +y) + B(1 —y) = 2. Thatis, (A + B) + (A — B)y = 2. Attempting to solve

12
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A-—B=0
the system of equations , then we get A = B = 1.Therefore,
A+B=2
2 1 1

1—y? 1—y+1+y'
Then,

1
- —d — a2
/ +1+y Y 2:1: +c

1
—ln]l—y[+ln\1+y\:§x2+c

1
1n|1—y|—1n|1+y|:—§$2+c
1
‘ =—Z2°+4¢
1+y 2
—7:(:2—1—0 —122 ¢
=e 2" e
’y+1
y—l _1.2
= (o€
y+1

1+ che™ 2"
Yy = >
1 — cge™ 2"
. . . -1
The value of ¢, si chosen according to the sign of Y T O

. . 3r2+4 2 . .
Example 1.3.7 Given the equation ' = %, with y(0) = 1. Classify the equation,
y p—
find the general solution, and solve the IVP.

Solution 5.
It is a first order, nonlinear, separable ODE. Note thaty — 1 # 0,soy # 1. Assume y # 1,
use SoV:

/2(y—1)dy=/3x2+4x—|—2dx+c
(y—1? =2 +22%+ 22 + ¢
v =2y +1=a4+222 + 22 +c
vy —2y =2 +22° + 2z + ¢

13
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1.3 Separable Equations

Substitute y = —1 when x = 0:
1+42=¢c = c=3.

% v —2y=a3+22"+20+3, y#1
Y —2y+1=2a"+22" 422 +4
(y—1)* =2+ 22 + 22 +4
y—1==+Vad+222+2x+4

y=1%+vVz3+ 222+ 22 +4.

Ify=—landz =0: —1 =1+ 4 =14 2. So, it must be that —1 = 1 — 2. So,

VP _

Y 1 — Va3 + 222 + 22 + 4.

Note that now we have another condition for z:

224+ 202 420 +4>0
(z+2)(z* +2) >0
r+22>0

T > —2

So,

yVP =1 — Va3 + 222 + 22 4+ 4, withy # landz > —2.

Example 1.3.8 Solve the IVP y=Yy=v
y(0) =0

Solution 6.

It is a first order, nonlinear, separable ODE. The initial interval of validity: + € R and
y € R. Note that if y = 0, there is a constant solution. Assume y # 0, use SoV:

3 2
§y3:x+c
2 2
y3=§w+c
3
y—i{ngrc\Q
\3 )
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Substitute y(0) = 0:
0=0+c = c=0.

3
2\ 2
yVP = i(§x> .

So,

Theorem 1.3.9 Existence and Uniqueness of Solutions to Nonlinear ODEs
Consider the IVP

y = f(z,y(z)) withy(zo) = vo.

e If f is continuous on an open rectangle R{a < x < b,c <y < d} that contains
(x0,Y0), then the IVP has at least one solution on some open subinterval of (a, b)
that contains z.

0 . . .
e Ifboth f and 8_f are continuous on R, then the IVP has a unique solution on some
Y

open subinterval of (a, b) that contains z.

0 1 .
Example 1.3.10 In the IVP above (Example 1.3.8), f(z,y) = y%, and so (9—f = gy‘%, which
is not continuous at y = 0. So, the IVP # a unique solution on the interval given: R =

{z € R,y € R}.

1.4 Exact Equations

Theorem 1.4.1 Multivariable Chain Rule
Given F(x,y) = ¢, where y = y(z). Then, the total derivative with respect to z is

or oFdy
%—Fa—ya—o

15
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Example 1.4.2 Exact ODEs

M(z,y)dx + N(z,y)dy =0

d .
M(z,y) + N(e,y) 72 =0 ify = y(a)

d .
M(w,y)£ + N(z,y) =0 ifz=x(y).

Example 1.4.3 Show that 2*y® + 22 + 22y = c is an implicit solution of

(42°y” + 22y” + 2y) dw + (32"y* + 52y + 22) dy = 0.

Solution 1.
oF oF
% = 423y + 229° + 2u; (9_1/ = 3zy? + 5yt + 22
Ify =y(z): .
(4x3y3 + 2xy° + 2y) + (3:174y2 + 5yt + 2x) d_g =0.
If v = z(y):
d
(42°y® + 2xy° + 2y) d_z + (3z'y® + 52°y" + 22) = 0.
So the implicit function is a solution to the differential equation. O
Theorem 1.4.4

Given an implicit function F'(z,y) = c. Itis a solution to the differential equation if

By dz + F, dy = 0.

Definition 1.4.5 (Exact ODEs). We say that an ODE of the form M (z,y) dz + N(z,y) dy = 0is
exact if 3 F(x,y) = ¢, with F, and F, continuous, such that

M(z,y) = Fo(z,y) and N(z,y)= F,(z,y).

16
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Theorem 1.4.6 Characterization of Exact ODEs

Suppose that M and N are continuous on R and have continuous partial derivatives
M,, N, on R. Then,
M(z,y) dz + N(z,y) dy =0

is exact if and only if
My(xa y) = Nx<w? y)

on R.

Example 1.4.7 Show this ODE is exact:
(4m3y3 + 2ay° + Qy) dx + (3m4y2 + 5yt + Qx) dy = 0.
Solution 2.
M(z,y) = 42°y® + 229° + 2y; M, (v,y) = 1229 + 10zy* + 2

N(z,y) = 3z*y* + 5z%y* +22;  N,(z,y) = 122°y* + 10zy* + 2

Since M, (z,y) = N,(z,y), itis exact. O

Example 1.4.8 Find the general solution of
(42°y® + 32%) dz + (3z'y® + 6y*) dy = 0

Solution 3.
Note that M (z,y) = 423y + 322 and N(z,y) = 321y + 6y, so

My(z,y) = 122°y%  Np(z,y) = 1227

Since M, (z,y) = N,(z,y), the ODE is exact. Then,

F(r,y) = /M(x,y) dz + ¢(y)

= /4x3y3 + 3% dz + ¢(y)

=2yt + 2t + p(y).

17
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Since F,(z,y) = 3z%y* + ¢'(y) = 32"y + 6y% we have ¢/(y) = 6y>. Thatis,
©(y) —/6y2dy+c—2y3+c.
So, F(x,y) = z'y* + 2 + 24® + c. Then, the implicit solution is
v+t 2t = e

Alternatively, we can use F(x,y) = / N(z,y) dy + ¥ (x) to get the same result. O

Theorem 1.4.9 Method of Integrating Factors for Exact ODEs
Given M (x,y) dz + N(z,y) dy = 0 is not exact. Consider p = pu(z,y) # 0. Multiply

My—Ng g No—My 4.,
Y

wa)=el =% or py)=el "m

we could make the ODE exact and thus solvable.

Proof 4. Given M (z,y) dx + N(z,y) dy = 0 is not exact. Consider y = u(z,y) # 0. Multiply
both sides by u:
pM (z,y) dz + pN(z,y) dy =0 3)

Then, we have

M(z,y) = pM; and ]V(a:,y) = uN.

Thus, the condition for Eq. (3) to be exact is My = N,, or (uM )y = (1N),. By product rule,

:uyM + MMy = pa N + N, (4)

Remark. Eq. (4) is a PDE, which we cannot solve. So, make the assumption that 1 is a function
of only x or only y.

e If u = p(z), then p,, = 0. So, we have

MMy = N + N,
N,U/x"i_(Nx_My),Uz:O

My—Ng

p(z)=el =w

dz

18
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If u = u(y), then u, = 0. So, we have

pyM + pMy = pN,
My, + (M, — N)p =0

Ny — My
— dv .

p(z) =el =m

M, — N,
Remark. 7o decide on if we should use ji(z) or uu(y), test if % is a function of x only and

N, —M, . .
inf Ty is a function of y only.

Example 1.4.10 Given the equation (3x + 2y?) dz + 2zy dy = 0. Find the integrating factor
and solve the ODE.

Solution 5.

Note that M (z,y) = 3z + 2y and N(z,y) = 2zy. So, M, = 4y and N, = 2y. So, the ODE
is not exact, and we should find an integrating factor. It is easier to divide by N since there
is only 1 term:

M,— N, 4y—2y 1
N  2zy

is a function of z only. So, by the Method of Integrating Factors, we know
pu(x) = ef s dv = hw — o (x #0).
Now, multiply both decide of the original ODE by x:
(322 4 229?) do + 22%y dy = 0,
where M (z,y) = 322 + 2zy? and N(z,y) = 222y. So,
Flay) = [ Ny dy+ (o)
= /2x2y dy + 1 (x)

= 2%y’ + ¥(x)
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1 FIRST ORDER ODES 1.4 Exact Equations

Compute the partial deriviate of F' with respect to x, we get

OF (z,y)

o 2xy? + ' (x) = 3% + 2xy?

w(x):/3x2dx+c:x3+c

So, the solution is

x2y2 +22=c.

Example 1.4.11 Solve the equation (2xy® — 223y — 4zy? + 2x) dx + (32%y* + 4y) dy = 0.
Solution 6.

* Test if the equation is exact:
M(x,y) = 2zy° — 22°y* — dzy® + 22; M, = 62y° — 62°y* — Sxy
N(z,y) = 3z%y° + 4y; N, = 6xy?
Since M, # N,, the equation is no exact.

 Find an integrating factor. Try:

M, — N,  6xy*> —62%y* — 8xy — 6xy®  —2x(32%y* + 4y)

= -2
N 3x2y? + 4y 3x2y? + 4y “

which is a function of = only. So, the integrating factor y = p(z) # 0 is

_ 2
:ef 2zde _ —a*

W
e Multiply the equation by p:
e (2xy3 — 223y3 — day® + Zx) dz + e (3x2y2 + 4y) dy = 0.
We can easily show that the equation is exact.

F(r,y) = / e ™ (32 + dy) dy + ¥(x)

=" (%’ +24%) + ().
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1 FIRST ORDER ODES 1.5 Autonomous ODEs

So,

Fy(r,y) = —(20)e ™ (2% +2¢%) + ¢ (209°) + ¢/ ()
= = (20y" — 2%y — day?) + 9/ (a).

Note that

e~ (2xy3 — 223y3 — dxy® + 295)
e (22)

e~ (2zy® — 22°y° — day®) + ¢/ ()
V()
Y(x) = /(217)6_9”2 dz+c=—e" +ec.

¢ So, the solution is
e (m2y3 + 2% — 1) =c.

1.5 Autonomous ODEs

Definition 1.5.1 (Autonomous ODEs). ODEs in the form ' = f(y) is called autonomous
ODEs. In other words, the dependent variable x does not appear explicitly in the equation.

Remark. Autonomous ODEs are separable.

Example 1.5.2 Exponential Growth

Let y = ¢(t) be the population of the given species at time ¢. Assume that the rate
of change of the population is proportional to the current value of y, and the constant of
proportionality is given by r, called the rate of growth (» > 0) or decline (r < 0).

A differential equation to model this situation is given by

/

y =Ty

y(0) = yo
and the solution is

Yy = ?Joert-
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1 FIRST ORDER ODES 1.5 Autonomous ODEs

Example 1.5.3 Logistic Growth
The logistic growth is modeled by the differential equation

Y
/: 1——)
Y T( K)Y

where r > 0 represents the intrinsic growth rate in absence of limiting factors, and K > 0
is the environmental carrying capacity.

In this system, we have y = 0 and y = & as the constant solutions/equilibria/critical
points of the ODE. y = 0 is the unstable equilibrium solution, and y = k is the asymptotic
stable solution.

This model shows that when 0 < y < K, the population will grow until K (that is,
tli)rgo y = K) and when y > K, the population will decrease to K (tliglo y = K).

We can model the logistic growth using the following ODE as well

Y
,:— ]_——>
Y r( )Y

where r represents the intrinsic growth rate in absence of limiting factors and 7" is the
threshold level.

In this system, we have y = 0 and y = T as the equilibrium solutions, y = T is the
unstable solution and y = 0 is the asymptotic stable solution. That is, when 0 < y < T, the
population will decrease to 0 (tliglo y = 0) and when y > T, the population will grow forever
(i =0

A solution to the IVP

Yo+ (T — yo)e™
The solution also have a vertical asymptote ¢t = ¢* such that y — oo. To find such an

isy

asymptote, we want lim y™* = 0. So, we set the denominator to 0, i.e., yo + (T — yo)e™ = 0,
N

1
and we gett = —111(

Yo T) with yo > T by solving the equation.
”

Yo —
Combining the two models, we give a more accurate model of the population. We call

it Logistic Growth with a Threshold.

ye 1) )

where > 0 is the intrinsic growth rate in the absence of limiting factorsand 0 < T’ < K,
where 7' is the threshold level and K is the environmental carrying capacity.

In this system, y = K and y = 0 are asymptotic stable solutions and y = T is the

22



1 FIRST ORDER ODES 1.5 Autonomous ODEs

unstable equilibrium solution. Given the IVP

y = —7°<1 - %) (1 - %y> y(0) = vo.

The behavior of the IVP solution with respect to yj is given as the following:

e If0 <y <T,theny(t) > 0ast — oc.

If yo = T, then y(t) = T for all «.

If7T <y, < K,theny(t) - K ast — oo.

If yo = K, then y(t) = K for all ¢.

Ifyo > K, theny(t) - K ast — oc.

Example 1.5.4 Newton’s Law of Cooling
Newton’s law of cooling states that the rate of change of the temperature of an object is
proportional to the difference between its own temperature and the ambient temperature
(i.e., the temperature of tis surroundings). This law is summarized using the following
ODE
T = k(T - T.),

where T represents the temperature of an object, 7, is the ambient temperature of the
surrounding environment, and £ > 0 is the cooling constant.

The equilibrium solution 7" = T, is asymptotic stable. Using either integrating factor
or SoV, we find the general solution as 7' = Ae ™" 4 T,.
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2 SYSTEM OF ODES

2 System of ODEs

2.1 Linear Algebra

Definition 2.1.1 (System of Linear Ordinary Differential Equations). A system of ODE:s is in

general given by
(

yi = f1<t7y17y27"'7yn)
yé = f2(t7y173/27---73/n)

\y;z = fn(tvylay27 s 7yn)

A system of ODEs is called linear if it can be written in the following form

v =A)y+ f(1),

where
ay(t) ap(t) --- a(t) Y1 fi(t)
Ay = |0 e e | RO
an1(t) an2(t) - ann(t) Yn In(t)

The system can be
 Homogeneous, if f(t) = 0
e Non-homogeneous, if f(t) # 0

Definition 2.1.2 (Matrix Equality). Suppose A and B are matrices of the same size. We say
A =Bif A;; = b;; foralliand j. In other words, A = B if they are equal componentwise.
Definition 2.1.3 (Null Matrix/Zero). The symbol 0 will be used to denote the matrix (or vec-
tor) each of whose elements is zero.

Definition 2.1.4 (Transpose). A7 is the transpose of A and it is obtained by interchanging the
rows and columns of A. If A = [Aij] ,then AT = [Aji] .
Definition 2.1.5 (Matrix Addition). Suppose A and B are matrices of the same size. Then,
A+B= [aij + bij] for all i and ;.

Definition 2.1.6 (Product of a Matrix and a Scalar). Suppose A € R™*" and ¢ € R, then

cA = [caij].
Y1 c
Y2

Definition 2.1.7 (Dot Product/Scalar Product). Suppose x = [x1 c R andy =

X2
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2 SYSTEM OF ODES 2.1 Linear Algebra

R?*1, Then, the dot product of x and y is defined to be

R ES! | Y| 1
X-y= ‘ = |1 T2 =X Y =T1Y1 + T2Y2.
T2 Y2 Y2

Definition 2.1.8 (Matrix Product). Suppose A € R™*" and B € R™”. Then, each ¢;; of
C € R™? such that C = AB is the dot product between row i of A and column j of B.

That is,
n
Cij = E ik brj-
i=1

Definition 2.1.9 (Identity Matrix). The n x n multiplicative identity is the identity matrix

10 - 0

01 0
I=

0 0 1

From the definition of matrix multiplication, we have AT = TA = A.
Definition 2.1.10 (Determinant). Given a matrix A, we can always find the determinant of
A, which is a number associated to A, denoted as det(A) or |A|. Suppose A € R**?, then

G21 QA22

ap a
det(A) = det [ H 12] = 11022 — A12021.

Definition 2.1.11 (Inverse). For A € R™*" if A is invertible, then 3B € R™*" such that AB =
I. We denote B as A, the inverse of A.

Theorem 2.1.12 Determinant and Invertibility

If det(A) # 0, then the matrix A is nonsingular and invertible. Conversely, if det(A) = 0,
then the matrix is singular and not invertible.

If det(A) # 0, then the inverse is given by

_ 1 azy  —a12
Al = .
det(A) [—am aiy ]

Theorem 2.1.13 Determinants are Multiplicable

det(AB) = det(BA) = det(A) det(B).

Definition 2.1.14 (Linear Systems of Algebraic Equations). Given an n x n matrix A, ann x 1
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2 SYSTEM OF ODES 2.1 Linear Algebra

vector b, and a vector of unknowns x, Az = b is called linear system of equations. If b = 0, the
system if called homogeneous. If b # 0, then the linear system is called non-homogenous.

Theorem 2.1.15 Singularity of Systems

If the system is homogenous, it is nonsingular if it exists a unique solution (which is the
null vector); it is singular if it has infinitely many solutions.

If the system if non-homogenous, then it is nonsingular if it has a unique solution (z =
A1), and it is singular if it has either infinitely many solutions or no solutions.

Definition 2.1.16 (Eigenvector, Eigenvalue, Eigenpairs). Suppose that A is an n x n matrix.
A nonzero vector v that satisfies the equation

Av =)

is called an eigenvector of matrix A. The scalar ) is the eigenvalue associated with this eigen-
vector. An eigenpair is the pair {\;, v;} withi =1,... n.

Theorem 2.1.17 Finding Eigenpairs
To find an eigenpair {\;, v;} withi = 1,...,n, we need to find the roots of the character-
istics polynomial of A. That is, we need to solve the problem

det(A — AT) = 0.

Once we have the eigenvalues, we need to solve the linear systems

Proof 1.

Av=X v — Av— v=0
(A=A)v=0

To solve this homogeneous linear system, we cannot have v = 0 since v is defined to be
nonzero. Therefore, the system has infinite many solutions. That is, A — AI is singular, or
det (A — AI) = 0. |

Remark. The matrix A — Ml is singular, meaning the system has infinitely many solutions.
Finding the eigenvector consists of identifying a direction (invariant under the action of A) and
choose a representative of it.

Definition 2.1.18 (Similar Matrices). Two n x n matrices A and B are similar if there exists
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2 SYSTEM OF ODES 2.2 Basic Theorems on System of ODEs

an invertible matrix T such that
B=T'AT and A =TBT '

Definition 2.1.19 (Diagonalizable Matrix). A matrix A is said to be diagonalizable if it is simi-
lar to a diagonal matrix D. In this case, the entries of the diagonal matrix D are the eigenvalues
of A.

Theorem 2.1.20 Characterization of Diagonalizablity
A matrix is diagonalizable if and only if it has » linearly independent eigenvectors.

Proof 2. Consider the eigenpairs {\;,v;} withi = 1,...,n of an n x n matrix A. Let V be
the matrix of the n linearly independent eigenvectors, namely V = [vl Vg ... vn] , then
D=V 'AV.
|

2.2 Basic Theorems on System of ODEs

Example 2.2.1 Solve the following system of ODEs:

Yi=1% — Y @
y§=2y2 @

Solution 1.

From @: ¢}, — 2y, = 0 is linear homogeneous ODE, so 3, = cy¢?®. Substitute y, = coe*

into ®: we have y| — y; = —cye?®. Using the method of integrating factor, we get
Y = cre” — e,

Therefore,

O

Corollary 2.2.2: Forms of Solutions When solving systems, we are aiming to find solutions in
the following form:

At Aot
y(t) = crr1e™ + corqe’?,
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2 SYSTEM OF ODES 2.2 Basic Theorems on System of ODEs

where ¢y, ¢, are constants, 1, z, are eigenvectors, and A, \, are eigenvalues.
Definition 2.2.3 (Continuous). A matrix is continuous if and only if all its components are
continuous.

Theorem 2.2.4 Basic theory of Linear Systems (Homogeneous)
If y = A(t)y with A(¢) continuous on (a,b), then y = 0 is the trivial solution of the
system. Any other solutions will be nontrivial.

Definition 2.2.5 (Linear Combination of Solutions). If y;, y, are vector functions defined on
(a,b) and ¢y, ¢, are parameters, then ¢y, + coys is a linear combination of y,, ys.

Theorem 2.2.6 Principle of superposition
If y1, yo are solutions of y = A(t)y on (a,b), then c;y; + coy» is also a solution of y = A(t)y
on (a,b).

Definition 2.2.7 (Fundamental set of Solutions). We say that the set {y;, .} is a fundamental
set of solutions of y' = A(t)y on (a, b) if every solution of 4/ = A(t)y on (a,b) can be written as
a linear combination of y; and y». In this case, y(t) = 131 + c2y» is a general solution of the
system on (a, b).

Definition 2.2.8 (Linear Independence). We say that v, y» are linearly independent on (a,b)
if cyy1 + oy = 0ifand only if¢; = ¢, = 0.

Theorem 2.2.9 Fundamental Set of Solutions and Linear Independence
Suppose that A(t) is continuous on (a, b). The set {y;, -} is a fundamental set of solu-
tions if y; and y, are linearly independent.

Definition 2.2.10 (Fundamental Matrix and Wronskian). Suppose y; and y, are solutions of
y' = A(t)y. Suppose the initial condition is y(¢y) = o, then the fundamental matrix is

1 1
| | y (ko) y (ko)
Y = |yi(to) ya(to)| = ;
| | y (L) 5D (to)

and the Wronskian of i, and 1 is

W([m w]) = det(¥(t)).

Remark. Intuitions of Fundamental Matrices and Wronskians
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2 SYSTEM OF ODES 2.2 Basic Theorems on System of ODEs

Consider c1y, + coy = 0 if and only if ¢, = c¢o = 0 in vector form:

(1) (1)
Y Y
C1 %2) + %2) =0.
1 Y2
Given initial condition: y(ty) = yo:
y (k)| _ [
v (t)]  |w”]
OIS (I
2 2 - 2
wite)] 0| |u
ygl)(to) ?/él)(to) al|l Z/(()l)
2 2 - 2
o) ¥ ()] 2] 7]
To ensure we have a unique solution [01] , we have that
(&)

(1) (1)
Yty = [y%m(?) v <to>]

1

should be nonsingular. That is, det(Y (ty)) # 0.

Definition 2.2.11 (Matrix Differential Equations). Let Y = [yl y2] . Then,

Y = [yi yé} = [Ayl Ayz] = A[yl yQ} = AY.

The form Y’ = AY is called the matrix differential equations.

Example 2.2.12 Write the following system of equations in matrix form

Yi=1% — Y @
y§=2y2 @

Solution 2.

29



2 SYSTEM OF ODES 2.2 Basic Theorems on System of ODEs

Theorem 2.2.13 Existence and Uniqueness
If A(t) and f(¢) are continuous on (a, b), ty € (a,b), and k is an arbitrary vector, then the

L = Ay + f(t
IVP of the system Y By + £ (2) has a unique solution on (a, b).

y(to) =k

Example 2.2.14 Given the following system of ODEs

Yi = y1 + 2ys + 2e*
yh = 2y1 + yo + et

Write the system in the matrix form and conclude that every initial value problem will
have a unique solution on R. Then, verify that

_ 1 8 4t 3t 1 —1
y—5l7e + 1 €+ Cy _16
is a solution of the system for all values of ¢; and cs.
Solution 3.
1 2 2
‘() = t) + 4 5
10 [2 Jy() H ©

Note that both A and f are continuous on R, so every IVP will have a unique solution.
Now, consider the solution given. We want to show the solution satisfies Eq. (5).

1 1
o3t ¢ ot
1 -1

B [32/564t + 3¢ et — cge_t]

418
LHS:y/:g[’7 €4t+301

28 /5t + 3c1e3 + cpet
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8
RHS: y= [ Prer| 1€+ e

1 ot
—1
7/5e* + 13t — coet

2€4t

2 1 ett
_8/5e4t + 163 + cpe™t + 14/5ett + 2¢1€3t — 2cpe7t + 26t
16/5e + 2c1€3t + 2coe™t + 7/5et + c1e3t — cpe™ + et

B _32/5€4t + 3¢ et — cpet
B 28 /5e + 3c1e3t + cpe?

5
[8/564t + cle3t + C2€_t]

8/5et + c1e3 + coe!
4t 3t —t +
7/5e* + ci1e?t — cqe

So, LHS = RSH. O

Theorem 2.2.15 Solutions of a System, Fundamental Set of Solutions, Linear inde-
pendency, and Wronskian

Suppose the matrix A = A(¢) € R™*" is continuous on (a, b); let yy, ..., y, be solutions
ofy’ = A(t)y on (a, b). Then, the following statements are equivalent:

* The general solution of ¥/ = A(t)y on (a,b) isy = c1y1 + - - - + ¢c,yn, Where ey, . .., ¢,
are arbitrary constants.

* {y1,...,y,}is a fundamental set of solutions of y = A(¢)y on (a, b).
* {y1,...,y,}islinearly independent on (a, b).

* The Wronskian of {y,, ..., y,} is nonzero at some point of (a, b).

e The Wronskian of {y;, ..., y,} is nonzero at any point of (a, b).

We call Y a fundamental matrix if any of the statement is true.

-3
)
skian of the solutions toward the system ¢y’ = Ay. Compute the general solution.

Solution 4.

4 _ et
Example 2.2.16 Given A = [ ¢ y Y1 = [2 ¢ t] ,and y; = [ e_ . ] . Compute the Wron-
6 €

e?t

W([?ﬁ yQD = det [_ o _e_:t] = —e”e ' — (—e")(2¢¥) =€' #£0 VteR.

2e e
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Since W( [yl yQ]) # 0, y; and y, are linear independent. Then, the general solution is

-1
et
1 ]

e 4+ ¢y

-1
Yy =1y + Y2 201[ 5

O
. . 2 4 .
Example 2.2.17 Given the system ¢y’ = Ay, with A = L 2] . find the general solution.
Solution 5.
Solving the eigenvalue problem: det(A — \I) =0 = A; = —2and X\, = 6.
1 1
When \| = -2, 2, = 1] ;when A\, = 6, 20 = [1] . So,
[ 1 67215
y1 = xeM = _1] e = [—e_%]
_1 66t
et 6t _
Yo = XToe P = 1]6 = Lﬁt].
C —2t (6t 6t —2t at
W([yl yQD = det Lo =e (™) — (") (—e*) =2e" £0 VteR
Then, y; and y, are linearly independent, and the general solution is
1 1
Y1 = [_1 e 2 4 o ) bt
0

Example 2.2.18 Solve the following system of ODEs:

_1
I _ 2 )
Y [0 _%y

Solution 6.

det(A — AI) =
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Here we have repeated eigenvalues, so we cannot solve the system via solving the eigen-
value problem. However, we are dealing with an upper-triangular system, which has nice
properties when solving:

y(l)/ — —%y(l) + y(z) @
Y@ = —1y@ )

From @, y® = 2% So, y»' + 1y = cye~2". So, we have

y(l) = 016_%t+ CQte_%t

from eigenvalue problem  in the form (w+tz)et

Theorem 2.2.19
Given y' = Ay. If A has repeated real eigenvalues and eigenvectors, then the solution is
given by

y = crve™ + cotr + w)e,

where )\ and z are such that Az = Az, and w is the generalized eigenvector such that

(A= AN)w = =z.

Proof 7. Note that y = (tx + w)e* is a solution to 3y’ = Ay. So,

LHS = ¢/ = ze™ + Atz + 2)e™
= (z + thz + Iw)eM

and
RHS = Ay = A(tz + w)e™ = (tAx + Aw)e™.
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By LHS = RHS, we have

(z + thz + Iw)eM = (tAz + Aw)e

r+tAr+w=t Ax +A
=\x
T+ = Aw

Avw - Iw=1r = (A-N)w=rz.

Theorem 2.2.20
If A and )\ are complex eigenvalues of A, and z is the eigenvector of A corresponding to
)\, then A7 = \z. That is, 7 is the eigenvector of A corresponding to ).

Proof 8. We know Az = \z. So, Ar = \z. Note that Az = Az and Az = \Z. So, we have
A7 = \7. |

Theorem 2.2.21
Suppose z = a +ib € C,thenz = a — ib, a = Re(z) € R, and b = Im(z) € R. Then,

z+zZ (a+ib)+(a—1ib) 2a

2 = 2 :EIQZRG(Z)
z—%Z (a+ib)—(a—1ib) 2ib
2% 2i =5 0= m)

Definition 2.2.22 (Euler’s Formula).

e = cosf +isinf
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Theorem 2.2.23

Given ¢y’ = Ay, where A has complex conjugate eigenvalues and eigenvectors such that
A=a+if, \=a—if, z =u+iv, and T = u — iv, with o, 8 € R and u, b € R?. Then, a
complex solution to the system will be

Yy =zeM = (u+iv)e®P 4 =7eM = (u—iv)e* Pt

Note that, by the Euler’s Formula,

y© = (u+iv)e™ e = e (u + iv)(cos(Bt) + isin(Bt))
= e™(ucos(Bt) — vsin(Bt)) + ie* (usin(Bt) + v cos(Bt))

So, we have

y1 = Re (y%) = e (ucos(Bt) — vsin(Bt)); o = Im (y©) = e*(usin(Bt) + v cos(Bt))

Remark. Note thaty, andy, are linearly independent if and only ifu and v are linear indepen-
dent.

4 —
Example 2.2.24 Solve the system of ODEs: ¢/ = [5 _2] Y.

Solution 9.
Find eigenvalues and eigenvectors: det(A — ) = 0 == A\, = 1+ 4i. Suppose
A =1+ 4i, then

. 1) :
3—4 -5 0 3—4 5
i | $%2) _ lxg) _ x§2) oy = 1.
5 -3 —4i| |2y 0 5 3—4i

_ 5 .
Therefore, when A = 1 — 4i, we have z, = 7 = 54 ail So, the complex solutions are
1
yc — reM — 5 . e(1+4i)t; yT _ EeXt _ 5 . p(1—4)t
3 —4i 3+ 41

Remark. By Principle of Superposition, any linear combination of y, and y, is a solution to
the system. We want to combine y© and y© in order to get Re(y*) and Im(y©).
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2.2 Basic Theorems on System of ODEs

By Euler’s Formula:

C 3

y© =

So,

y; = Re(y®) = €' [

o1+t _
3—4

5

ottt —
3—4i

5 cos(4t)
3 cos(4t) + 4sin(4t)

e’ ) ] (cos(4t) +isin(4t))

3—4

1

5 cos(4t) + 15 sin(4t)

5 cos(4t)
3 cos(4t) + 4 sin(4t)

] and y2:1m<y@>:et[ |
3 sin(

3 cos(4t) + i3 sin(4t) — i4 cos(4t) + 4 sin(4t)

|

5 sin(4t)

1 [3 sin(4t) — 4 cos(4t)

5 sin(4¢)
4t) — 4 cos(4t)

] |

)

We found two real-valued solutions to the system. In order to write the general solution,

|

—20 # 0. Then, {y;,y2} isa FSS, and y =

we need to verify that {y;, y»} is a fundamental set of solutions (FSS):

e'5 cos(4t) e'5 sin(4t)

Wly1, y2] = det Lt (3cos(4t) + 4sin(4t)) et(3sin(4t) — 4 cos(4t))

5 0

—4
c1y1 + coy» is a general solution to the system.,

Choose t = 0, we have Wy, y] =

OJ
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Theorem 2.2.25 Summary: Solve Homogeneous System of Linear ODE

Given y’ = Ay, A € R**2, Then, y = ze’, where ) is an eigenvalue of A and z is the
corresponding eigenvector. When finding A, we need to solve det(A — AI) = 0. That is,
A2 — (@11 + a)\ + a1ax — ajpag = 0, or in general, al? + b\ + ¢ = 0. Then, we have

b+ VA

A = b — dac
2a

Ao =

e If A >0, )\ # Ay and A\, \; € R. Then,

At Aot
Y1 = x1°, Yo = Tae ",

and y = c;y; + c2y» is a general solution.
© IfA:O,)\lz)\QZ)\ER.Then,

U1 = xe)\ta Yo = (tﬂ? + w>e)\t7

where z is such that (A — A\I)x = 0 and w is such that (A — A\I)w = z. Meanwhile,
y = c1y1 + coy» is a general solution.

 If A <0, wehave \; = Xy, and A1, A» € C. Suppose y© = ze*, theny; = Re (y©) and
yo = Im (y©), and y = c1y1 + coy» is a general solution.

Example 2.2.26

L, |3 -2
y—4_1y-

Complex eigenvalues: y; = [

.,_3—4
Y 1_19-

2
Repeated eigenvalues: y; = [1] el and y, = (t

cos(2t) . B sin(2t) .
cos(2t) + sin(Zt)] ¢ andy, = [sin(%) - Cos(2t)] <

2
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2 SYSTEM OF ODES 2.3 Phase Portraits

|2 s
y=1 v

Complex eigenvalues: y; = [2 cos(t) — Sm(t)] and y, = [2 sin(t) + COS@)] .

cos(t) sin(t)

2.3 Phase Portraits
y’1 _ air ai2| |Y1
yé Qg1 Q22| |Y2

0
If y is a constant solution, ' = 0 and Ay = 0. So, if det(A) # 0, we have y = ol If

* Setting up:

det(A) = 0, we have infinitely many constant solutions (a line). But we are not interested
in constant solutions. If y is a non-constant, then (y;(t), y»(¢)) moves along a curve C,
where C is the trajectory of infinitely many solutions.

1. Two trajectories cannot intersect.

2. A trajectory of a nontrivial solution cannot obtain (0, 0).

3. (0,0) is the trajectory of the trivial solution y = 0.

T
4. Generally, if y = [k:l, l{;z} is a constant solution, its trajectory will be the point
(K1, ko).

» Case of Real Eigenvalues (Non-defective)
1. Suppose repeated eigenvalues: A\ = A\, = A:

y = c1z0e™ + comae™ = (cr1x + comg)e™ = we.
The trajectories of nontrivial solutions of the system are half-lines through the ori-
gin. If A > 0: Jim zeM = 400 and lim ze* = 0. So the direction of the trajectories
—+o0 ——

are moving away from the origin. On the other hand, if A < 0: thin zeM = 0 and
—+00
A

lim ze® = —oo. So the direction of the trajectories are moving towards the origin.

t——o00
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2 SYSTEM OF ODES 2.3 Phase Portraits

Proper Node Proper Node

Unstable Asymptotically
Stable

@x>0 (b) A<0

2. Suppose \; > \; # 0. Then, y = c;xz,eM! + cyr0e’?t. Let Ly be the line parallel to
and L, be the line parallel to xs.

(@) Ifc, = 0, then y = cyzpeMt. If ¢; # 0, the trajectory is a half-line of L. If A\; > 0,
motion is away from the origin. If \; < 0, motion is towards the origin.

A2 <0

L
L L L L 2 Ly

(c) 02:0;)\1>0 (d) 02:0;)\1<0 (e) 01:0;)\2>0 (f) 01:0;)\2<0

(b) Ifc; = 0, then y = cyzpe?. If ¢y # 0, the trajectory is a half-line of L,. If A, > 0,
motion moves away from origin. If \; < 0, motion moves towards origin.

(c) Ifc; # 0and ¢y # 0, then y = cy21eM! + cox0e*2t. The trajectory cannot intersect
L, or Ly. The trajectories lie entirely in one of the open sectors bounded by L,
and L,. The direction is the same as

- Note that e 'y(t) = cize” P2~ ! 4 oz, Therefore as ¢t — oo, we have
e *ly(t) — cory = trajectory is asymptotically parallel to L.

- Note that e My(t) = c121 + cowpe®2~*t, Therefore as t — —oo, we have
e Mly(t) — cpr; = trajectory is asymptotically parallel to L.

i. If \g > A\ > 0.
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2 SYSTEM OF ODES 2.3 Phase Portraits

o N A

Figure 1: Origin: Unstable Node (Source)

Note that lim [ly(t)|| = lim |crm1eM! + compet|| = 0. Therefore, the trajec-
——00 ——00
tory is asymptotically tangent to L, at origin.

Further note lim [jy(¢)|| = lim ||cizie™ +com0e??!|| = oo, and we know that
t—+o00 t—+o00
tlim ly(t) — comoe™?|| = tlim |crz2e|| = oo. Then, the trajectory is asymp-
00 —

totically parallel to Lo, but not tangent to L.
Direction: Away from the origin.

ii. If 0 > )\2 > )\1.

S

ginast — oo

|
00 m\
ST RN

Figure 2: Origin: Asymptotically Stable Node (Sink)

L

We have lim [[y(t)| = lim |craaet 4 cozee™??|| = 0, so the trajectory is
— 00 — 00
asymptotically to L.
Further we have 1tlim lly(®)|l = 1tlim ez et + coxqee|| = oo, and we have
——00 ——00
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M| =

that tlim ly(t) — crxqe tlim comee?|| = oo. So, the trajectory is
——00 ——00

asymptotically parallel to L;.
Direction: Toward the origin.

iii. If Ay >0 > )\
Y24

2

~

L, r

Figure 3: Origin: Unstable Node (Saddle Point)

Note that lim ||y(t)|| = lim |[c;z1e™? + coz9e™|| = oo, and we know that
t—00 t—00

lim ||y(t)—cozee™|| = lim ||c;z1e™|| = 0. Therefore, the trajectory is asymp-

t—o0 t—o0

totically tangent to L.

M cymee|| = 0o, and we

Further we have that tLiEnOO ly()] = tLi{noo |lcrz1e
know lim [ly(t) — ey et = dim ||comae???|| = 0. Therefore, the trajectory
is asymptotically tangent to L;.

iv. If \y = 0, \; # 0. Then, y = c122eM! + cows.
y = x5 is a constant solution (a line).
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2 SYSTEM OF ODES 2.3 Phase Portraits

}\1>0 M <0

BN

‘ Y1 Y1

15 i L E

(@ A >0 (b) A1 <0

If \; > 0, we have lim ||y(t)|| = lim ||c;ze™!
t—00 t—00

+ o] = 0.

If \; <0, we have tlggo ly(t)]| = tlirglo lcrzie™? 4 coms|| = 0.

Also, we know tli)rgo ly(t) — crze™t|| = tli>nc;lo l|lcaza|] = caa.

We get parallel half-lines because we know all the solutions must be parallel
to L;.

» Case of Repeated Eigenvalues (Defective):
y = cve™ + ey (w + ta).

1. Assume \ # 0. Call L the line through origin parallel to z. If ¢; # 0, the solution is a
parametric equation of the half-line of L.
— In the direction of x if ¢; > 0.
— In the direction of —z if ¢; < 0.
2. Assume c; # 0.

The trajectory cannot intersect L since every point on L is on a trajectory obtained
by setting ¢, = 0. The trajectory must lie entirely in on of the open half-planes
bounded by L, but does not obtain any point on L. Since the initial point (v, (0), y2(0))
defined by y(0) = ¢,z + cow is on the trajectory, we can determine which half-plane
contains the trajectory from the sign of c,.

We call the half-plane where ¢, > 0 the positive half-plane and ¢, < 0 the negative
half-plane.

Multiply the solution by e=*!, we have
e My(t) = c1z + cow + et
When |[¢| is large, the last term is dominant; therefore,
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2 SYSTEM OF ODES 2.3 Phase Portraits

(a) Along the trajectories in the positive half-plane:
The direction of y(¢) approaches z as t — +o0; the direction of y(¢) approaches
—xast — —oo.

(b) Along the trajectories in the negative half-plane:

The direction of y(¢) approaches —z ast — +o0; the direction of y(¢) approaches
rast — —oo.

3. IfA>0:
tlim laze 4 coe (w + tx)|| = oo
—00
and
tlim |crze + coeM(w + tz)|| = 0.
——00

(¢) A > 0: Origin: Improper Node (Und- (d) A < 0: Origin: Improper Node (Asymp-
able) totically Stable)
4. If A < 0:
lim ||c;ze™ + ce(w +tz)|| =0
t—+o0
and
lim |cyze 4 ce(w + tx)|| = oo
t——o0

* Case of Complex Eigenvalues:

y = e“[c1(cos(Bt)u — sin(Bt)v) + ca(cos(St)v + sin(Bt)u)],

which can be written as
y = e*{[c; cos(Bt) + cysin(Bt)]u + [—c; sin(Bt) + ¢y cos(Bt)]v}.
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2 SYSTEM OF ODES 2.4 Autonomous System of Differential Equations

= Tl HU—H, and multiply the solution by e=*, and call the curve traversed
u v

by e~ **y a shadow trajectory, then
ey =2 U + 2V,
where z; = ||ul|[c; cos(Bt) + ¢o sin(ft)] and 2z = ||v]|[—c1 sin(5t) 4 ¢, cos(5t)]. We can verify
2 2

that W + W = ¢ + 2, meaning the shadow trajectories are ellipses centered at the
u (%

origin with axes parallel to U and V.

Y24

e | The vector ' The vecto: Y24
a=0 | direction ] x>0 | direction
| with U. | with U. e
— e e
u \h\
) u
A%

(e) o = 0: Origin: Center (Stable) (f) « > 0: Origin: Spiral Point (g) o« < 0: Origin: Spiral Point
(Unstable) (Unstable)

2.4 Autonomous System of Differential Equations
2.4.1 The Predator-Prey Model

1. Setting-ups and Assumptions:

(a) Rabbits: R(t) = the number of rabbits.
The rabbits have ample food supplies.

In the absence of predators, the food supply would support exponential growth of

the prey:
% =rR, r>0.
(b) Wolves: W (t) = the number of wolves.
The wolves feed on the rabbits. In the absence of prey, the predators would decline

at a rate which is proportional the actual population:

dw

YW ko
a B2
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2 SYSTEM OF ODES 2.4 Autonomous System of Differential Equations

Theorem 2.4.1 Principle of Mass Action
Given two populations, the rate of contact between the populations is propor-
tional to the product of their sizes.

2. In the model, we need to consider: (a) the cause of death for the prey are the predators;
and (b) the birth rate of the predators depends on the prey. So, we have the following

system of ODEs:
d—R =rR—aRW
dt
, k,r,a,b>0.
dWw
= kW +b
T W + bRW

3. Definition 2.4.2 (Autonomous Systems of ODEs).

() = f(x,y), x=x(t), population of = at time t
y'(t) =g(x,y), y=uy(t), population of y at time t

x/ = I‘? . .
4. Definition 2.4.3 (Nullclines). Given f(( y)) , the z-nullclines are the curves in
y =g(z,y
the zy-plane that satisfy f(z,y) = 0. Along these curves, we have 2’ = 0. The y-nullclines

are the curves in the zy-plane that satisfy g(z, y) = 0. Along these curves, we have y' = 0.

5. Definition 2.4.4 (Equilibrium Point).Any point at which an z-nullicline intersects a y-
nullcline is an equilibrium point, where both = and y are not changing.

Theorem 2.4.5 Phase-Plane Analysis

1. Set f(x,y) and ¢g(z,y) to 0 to find the nullclines and the equilibrium points.
2. Draw nullclines and equilibria on the zy-plane.

3. Study the signs of functions f and g, and draw the combined arrows in each differ-
ent region of the plane. At which values of x and y are functions f and g increasing
or decreasing?

4. Describe the equilibrium points (extinction of both = and y, extinction of = or v,
coexistence of x and y, etc.)

5. Estimate the behavior of z(¢) and y(¢) as t — oo, and make conclusion about the
long term behavior of the populations.
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2 SYSTEM OF ODES 2.4 Autonomous System of Differential Equations

Example 2.4.6 Consider

R =rR—aRW
W'= —kW 4+ bRW

, k,r,a,b>0.

1. Find R-nullclines: R’ = rR — aRW = R(r —aW) =0 — R=0o0r W = 2

k

2. Find W-nullclines: W/ = —kW +bRW = W (bR —k) =0 = W =00rR = 5
. el . k r

3. Find equilibrium points: F;(0,0) and F; (E’ 5) .

4. Studysign of R: R' <0 = rR—aRW >0 = R>0and W < _.

a

5. Studysignof W': W' >0 = —kW +bRW >0 = W>OandR>%.

2.4.2 Competing Species

Let z, y be populations of two species X, Y. we model z, y using logistic growth:

x':rx<1—£>, g/zsy(l—%), r,K,s,L >0

K
Example 2.4.7 Model I
o = 0.051:(1 _ 2‘”—0) —0.0020y ¢ = 0.09(1 — 1%) — 0152y
Example 2.4.8 Model II

¥ =x(0.2 —0.052 —0.02y) o' =y(0.1 —0.01z — 0.02y)

Example 2.4.9 Model 111

v =6z — (2/3)2* — 2y o =10y — y* — 22y
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2 SYSTEM OF ODES 2.4 Autonomous System of Differential Equations

2.4.3 SIR Model

Example 2.4.10 The SIR Model

Let S be the number of the susceptible, the people who are not yet sick but who could
become sick, I the number of the infected, the people who are currently sick, and R the
number of recovered, the people who have been sick and can no longer infect others or be
reinfected.

Since S + I + R = n, the total population, we only need the populations of S and 7, and
then we can compute R. Therefore, we form the following system of equations:

ds dr

Using the phase plane analysis, we can find a threshold value St such that it will maximize
I. Considering the multi-variable chain rule:

dI  dIdt  aSI—bl b
- — 1+

ds — dtdS ~  —aSI ' aS

Then, we can solve for I as a function of S by separation of variables:
b
I(S)=-S+ - In(S) + C.

Given some initial conditions, we can easily find C. By substituting different values of S
we can find the value of I at any desired time.

47



3 SECOND ORDER ODES

3 Second Order ODEs

3.1 Introduction to Linear Second Order ODEs

Definition 3.1.1 (Linear Second Order ODEs). Generally, we can write linear second order
ODE:; in the following form:

y' = f(z,y.9)

Echoing what we have did in first order ODEs, we can further write it as
Fo(z)y" + Pi(z)y + Py(x)y = F(x) 6)

Definition 3.1.2 (Homogeneous and Non-homogeneous Second Order ODEs). In the form
of Eq. (6), if F'(z) = 0, then the ODE is homogeneous. If F(z) # 0, then the ODEe is non-
homogeneous.

Remark. If Py(z) # 0, we can rewrite Eq. (6) as

y' 4+ plx)y +qlx)y = f(x),

P P F
wherep(x) = F(l)’ q(z) = FZ, and f = %

3.2 Homogeneous ODEs
Definition 3.2.1 (Initial Value Problem/IVP). We need two initial conditions for an IVP:

()

y' +p(r)y +q(r)y =0
y(fo) = ko, ?/(xo) =k

Theorem 3.2.2 Existence and Uniqueness

1! + / + — O
Given the IVP {y P}y +a(x)y asin Eq. (7). If

y(zo) = ko, ¥'(z0) = k1
* p(x) and ¢(x) are continuous on (a, b),
* 79 € (a,b), and
* ko, k1 € R,

Then, the solution to the IVP exists and it is unique on (a, b).

Definition 3.2.3 (Trivial Solution). For a homogeneous second order ODE, we always have
this trivial solution y = 0.
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3 SECOND ORDER ODES 3.2 Homogeneous ODEs

Example 3.2.4 Given the equation ¢y — y = 0. Verify y; = ¢* and y, = e~ are solutions
of the problem on (—oo, +00). Further, show that if ¢; and ¢, are two arbitrary constants,
then y = c1y; + coy» is a solution of the equation on (—oo, +00). Finally solve the IVP with

y(0) = 1,4/(0) = 3.

Solution 1.
=€ Yi=e — Y -y=e—e"=0
and
yé:_efx yé/zefm _ y//_yzef:p_ef:vzoi
Since p(z) = 0 and ¢(x) = —1 are constants so they are continuous on R. Then, y; and y,

are solutions on R. Since

x —x
Y =cC1y1 + CYa = c1€” + o€ 7,

we have

Yy =cre” —ce ",y =cie” + e

Then,
y// —Yy= cie’ +coe” " — (Clex + Cgeix) =0 Vcl, c € R.

To solve the IVP, we solve the following system

y(0) = c1€® + e’ =1 . c+cp=1 ¢ =2

y'(0) = 1€’ — cpe® = 3 g —cy=3 g =—1

Theorem 3.2.5 Principle of Superposition
Given y" + p(z)y’ + q(z)y = 0. If y; and y, are two solutions on (a,b), then any linear
combination of y; and y,, that is, ¢;y; + c2y», is a solution of the equation on (a, b).

Proof 2.
y=cy ey Y =ay oy, Y =cayl + ey,

49



3 SECOND ORDER ODES 3.2 Homogeneous ODEs

Then,
Y+ @)y + q(x)y = ciyy + cayy + p(x)(ary) + cays) + (@) (ciyn + c2y2)
= a1y + ap(@)y) + crq(@)yr + ey + cap(x)ys + c2q(x)y2
=1 (Y + p(@)y + a(@)y1) +ea (s + p(x)ys + a(@)y2)
Y1 is solut;(;n — =0 Y2 is soluti‘(:n — =0
=0
Therefore, y = ¢y + 21 is a solution. [ ]

Definition 3.2.6 (Second Order Linear Constant-Coefficient Homogeneous ODEs). The fol-
lowing second order linear homogenous ODE is called to have constant coefficients:

ay" +by +cy=0, a,bceR.

Example 3.2.7 Find a solution to ay” + by’ + cy = 0, a,b,c € R. Note that not all y’s is
going to work. For example, if y = 22, ¢/ = 2z, and 3’ = 2. Then, 2a + 2bx + cz* = 0. This
can never happen for x € R. Inspired by Example 3.2.4, we guess y = ¢'* is a solution.
Then we have iy = re™ and y” = r?e™. Then, ar?e™ + bre™ + ce™ = 0. That is, we need

(a7’2 +br + c)em =0

Since " can never be zero, we need p(r) = ar? 4+ br + ¢ = 0. We call this p(r) the character-
istic polynomial of the solution.

Theorem 3.2.8 Solving ay” + by’ + cy =0
To solve ay” + by’ + cy = 0, we solve the characteristic polynomial p(r) = ar?+ br +c = 0.

Example 3.2.9 Suppose p(r) = 0, and we have r1, 7, € R with r; # r,. (That is, we have two
distinct real roots). Then, y; = e"* and y, = €"*. S0, y = c1y1 + a2 = c1™* + c2e™*. Given

ay" +by +cy=0
the IVP Y J Y , we have

y(ifo) = ko, y/(ﬁo) =k

y(wo) = c1y1(o) + c2y2(70)

Y (z0) + c1y1(20) + c2ys (o)

a system of linear equations with unknowns ¢; and ¢;. We can rewrite the system into the
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3 SECOND ORDER ODES 3.2 Homogeneous ODEs

matrix form as follows:

[y(ﬁo)] _ [?/1(5100) QQ(IO)] [01]
y' (o) Yi(wo) yp(x0)| |2
—— ~ —~~

Y A c

This system can be solved when det A # 0. That is,

det A = y1(0)ys (o) — Y1 (20)y2(0) # 0 (8)

We call the condition Eq. (8) the Wronskian of y; and ys.

Theorem 3.2.10

Assume that y; and y, are two solutions of " + p(x)y’ + ¢(z)y = 0 with initial conditions
y(xo) = ko and y'(z¢) = k1. Then, it is always possible to choose constants ¢; and ¢, such
that y = c1y1 + coy» satisfy the IVP if and only if

Wiy, p)| #0

zo

\.

Theorem 3.2.11
Suppose that y; and y» are two solutions of ¢y + p(X)y' + ¢(x)y = 0. Then, y = c1y1 + c2yo
is the general solution of the equation (contains all possible solutions) if and only if
Wiy, y2]| # 0at some z.

o

J

Definition 3.2.12 (Fundamental Set of Solutions). If the general solution of " + p(x)y’ +
q(z)y = 0 can be written as y = c;y1 + ¢2y» on (a,b), then the set {y,, y»} is called the funda-
mental set of solutions.

Theorem 3.2.13 Abel’s Formula
Suppose that p, ¢ are continuous on (a, b). Let y; and y, be two solutions of y” + p(x)y’ +
q(z)y = 0on (a,b). Define W = y,v5 — yy2. Let xy € (a,b). Then,

W(z) = W (zg)e JeoP® & 9)

Therefore, either W has no zeros on (a, b) or W = 0 on (a, b).

Proof 3. Eq. (9) looks like a solution to first order homogenous ODE. So, we will prove the
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3 SECOND ORDER ODES 3.2 Homogeneous ODEs

formula by constructing a differential equation.

W = y1ys — Y192
W' = y1ys + 115 — Yiv2 — 195
= 1Ys — YiY2
= y1(=pys — qy2) — (=pYi — qy1)ye yi +pyr +qyn =0
= —PY1Yy — QY12 + DY1Y2 + Q1Y
= =15 — ¥1¥2)
= _pW

When solving W' = —pW, we will have Eq. (9).
|
Corollary 3.2.14: If W{y,, y»] # 0 at one point of zo, W{y;, y2] # 0 for all 2’s in the interval.
Proof 4. From Theorem 3.2.13, W(z) = W(zo)e J?® % Since e 7?4 > 0, we know
W(z) =0 < W(zg) =0. [

Theorem 3.2.15
Suppose that p and ¢ are continuous on («, b), and let y; and y, be solutions of

Y + p(x)y +q(x)y=0 on (a,b) (10)
Then, the following statements are equivalent:
1. The general solution of Eq. (10) on (a,b) isy = c1y1 + cays.
2. {y1,y»} is a fundamental set of solutions (FSS) for Eq. (10) on (a, b).
3. y; and y, are linearly independent on (a, b).
4. The Wronskian of {y;, y»} is nonzero at some pointin (a, b).

5. The Wronskian of {y;, y»} is nonzero at all points in (a, b).

Example 3.2.16 Find the solution of the equation y” + 6y’ + 5y = 0 given the initial condi-
tions y(0) = 3,¢/(0) = —1.

Solution 5.
The characteristic polynomial is r* + 6r + 5r = 0 = (r+ 1)(r +5) = 0. So, r; = —1
and r, = —5. Therefore, we have y; = e ® and y» = ¢~°*. Then,

—x —b5x
Y =cC1y1 + Yz = c1e 7+ coe
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is still a solution, and y' = —ce™* 4+ —5¢,e~**. Then, by the initial condition:
y(o)zcleo+02€0201+02:3 01:7/2
=
?/’(0) = —c1e’ — 5’ = —¢; — bey = —1 Cy = _1/2
So,
yIVP — ;e—x o 16 5x

Example 3.2.17 Find the solution of the equation y” + 5y + 6y = 0 given the initial condi-
tions y(0) = 2,¢'(0) = 3.

Solution 6.
The characteristic polynomial: 7? + 5 + 6 =0 = (r+2)(r + 3) = 0. So, 1 = —2 and
ry = —3. S0, y; = e~ 2 and y, = e~3*. Therefore,
_ _ —2z -3z
Y =cC1y1 + CYs = c1e T+ e 7
and then y/ = —2c¢;e7%* — 3cye~32. By the initial condition, we have
y(0) = c1€® + e =1 + o =2 =9
—
y'(0) = —2c16 — 3coe® = —2¢; — 3¢y = 3 co = —T7

So,

yIVP — 961 o 76761.

Example 3.2.18 Find the general solution of the equation y” + 6y’ + 9y = 0 with initial
conditions y(0) = 3,y'(0) = —1.

Solution 7.

The characteristic polynomial: 7> + 6r +9=0 = (r+3)?=0 = r =r, = -3.In
this case, we have repeated roots. Suppose y = ue~ 3%, where u is a function of .

Y =u'e™® — 3ue™ = (u — 3u)e "

y// — (u// . 3u1)€—3z _ S(U, _ 3u)e—3a:
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So,

y' + 6y + 9y = (v — 6u' + u)e ™ + 6[(uv — Bu)e ] + Jue™*
" — 61 + 9u + 61’ — 18u + Yu)e

//6—31:

(a») g ~—~

Sincee™™* >0 VzeR, itmustbev’ =0 = v =c¢; = u =z + 1. SO,

y=ue ¥ = (cyx +c1)e” = cre7 + e,

Lety, = e3* and y» = ze~3%. Then,

6—31 xe—?)a:
_36—3$ 6—330 _ 31,6—3m
=e (6_3”5 — 3xe_3x) — (—36_3:5) (:Ee_“)
= e % — 3ze7% 4 3ze O

—e %40 VzeR

W[yla 3/2] =

S0, y = c1e73" + cyre 3% is the general solution, and y' = —3cie™3% + cy(e™3% — 3we™3).
Therefore, by the initial condition, we have

y(0) =c; =3 cg =3
y'(0) = —=3c1 +co=—1 co =8

Therefore, solution to the IVP is given by

y™"P = 367" 4 8™ = (3 + 8x)e .

Example 3.2.19 Find the general solution of the equation y” + 4y’ + 13y = 0.

Solution 8.

The characteristic polynomial: r? + 4r + 13 =0 = r? + 4r + 4 + 9 = 0 So we have
(r+2)2=-9 = r+2=+-3i = r;5,= -2+ 3i. In this case, we have complex roots:
y© = (=237 and y$ = (=232 Key: any linear combination of y* and S is a solution. So,
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3 SECOND ORDER ODES 3.2 Homogeneous ODEs

C.,.C c_.C
we can choose % = Re (yf) and y12_yg = Im (yf).
1

y© = (23T — o=2%(c05(32) + isin(3x)]

= e *" cos(3x) + ie **sin(3x)
Therefore,
11 = Re (yic) =e *cos(3r) and gy, =Im (yf) = e " sin(37)
Compute the Wronskian:

e 2% cos(3z) e~ 2% sin(3x)

—2e7% cos(3z) — 3e " **sin(3x) —2e " sin(3z) + 372* cos(3x)
= e cos(3x) [—2e** sin(3z) + 3¢ cos(3x)|+

— e~ **sin(3z) [—2e > sin(3z) — 3e~ > sin(3z)]
= e **[—2cos(3z) sin(3z) + 3 cos®(3z)] +

— e **[—~2cos(3z) sin(3z) — 3sin’(3z)]
= e (=2 cos(3z) sin(3z) + 3 cos*(3x) + 2 cos(3z) sin(3z) + 3sin*(3x))
= 3¢~ (sin*(3z) + cos®(3z))
=3¢ £0 VreR.

W[yh ?JQ] =

Therefore, y; and y, are fundamental set of solutions, and the general solution is given by

Y = 1y + Cayp = e 2% cos(3z) + coe” 2 sin(3). O
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

Theorem 3.2.20 Summary I: Solving Constant-Coefficient Second Order Homoge-
neous ODE

Let p(r) = ar? + br + c be the characteristic polynomial associated to the equation ay” +
by + cy = 0. Then,

e If p(r) = 0 has two real distinct roots 1, 75, then the general solution of the equa-
tionisy = c1e™* + cpe™”.

Proof 9. Verify that y; and y, are linearly independent.

ere era®
(ri+r2)e Tle(rlJrrg)x

W[yla 92] =

1T rox| r2€
1€ To€

= (ry — ry)elntr2)e

Since e"*72)* > 0 Vo € R, W #£0 <= ry, —r; # 0. As, by assumption, r; # 7y,
ro — 1 # 0, and thus W # 0. So, y; and y, are linearly independent. [ |

e If p(r) = 0 has two repeated real roots r; = r, = r, then the general solution of the
equation is y = cie’” + cowe’™.

e If p(r) = 0 has two complex conjugated roots r; = 75 = « + if3, then the general
solution of the equation is y = ¢;e** cos (z) + c2e™* sin (Sz).

3.3 Method of Undetermined Coefficients

s N

Theorem 3.3.1 Existence of Solutions
Suppose that p, ¢, f are continuous on (a, b). Let zo € (a,b), and let kg, k; be arbitrary real
numbers. Then, the initial value problem

y" +p(@)y +q(@)y = f(2)
y(xo) = ko, y,(xo) =k

has a unique solution on (a, b).

Definition 3.3.2 (Complementary Equation). The complementary equation of vy’ + p(x)y’ +
q(z)y = f(x)is given by v + p(x)y’ + q(z)y = 0.
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

Theorem 3.3.3 Solution to Non-Homogeneous Constant Coefficient Second Order
Equations

Suppose that p,¢, and f are continuous on (a,b). Let y, be a particular solution of
y" 4+ p(z)y + q(x)y = f(x). Let {y1,9.} be a fundamental set of solutions of the com-

plementary equation y” + p(z)y’ + q(z)y = 0 on (a, b). Then, y is a solution if and only if
Y = Yp+ il + Y.

Proof 1. To prove this theorem, we need to prove the following two things:
e Show that y, + c;y1 + c2y» satisfies the equation.

e Show that y — y, satisfies the complementary equation.

Example 3.3.4 Find the general solution of ¢ — 2y’ +y = —3 — 2 + 2%
Solution 2.

By the method of undetermined coefficients, suppose

y, = A+ Bx + C2”.

So, y, = B +2Cx and y,, = 2C'. Therefore, we have

y' — 2y +y=2C—2(B+20z)+ A+ Br + Cx?
=20 — 2B +4Cz + A+ Bx + Ca2?
= (A—2B+2C)+ (B —4C)x + Ca”
= -3 —z+2°

So, we have the following system:

A—-2B+2C=-3 A=1
C=1 C=1

Thus,
Y, = 1+ 31 + 2%,

Solve the complementary equation: y” — 2y’ + y = 0. Consider the characteristic polyno-
mial: 2 —2r+1=0 = (r—1)?=0 = r; =ry = 1. S0,y = ¢®* and y, = ze®. Therefore,
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

the general solution is

Y=y + coya +yp = c1e” + coxe” + 1+ 3x + z2.

Example 3.3.5 Given the equation y” — 7y’ + 12y = 4¢**. Find a particular solution and
then find the general solution.

Solution 3.

By the method of undetermined coefficients, suppose y, = Ae?*, and then we have
Yy, = 2Ae* and Yy, = 4Ae* . So,

4Ae* —T(2Ae™) + 124> = 4¢**
4A - 14A+12A =14
2A=4 = A=2.

So, y, = 2¢**. Now, consider the complementary equation: y” — 7y’ + 12y = 0. Then, we
have the characteristic polynomial r? — 7r +12 =0 = (r — 3)(r —4) = 0. Then, we have
ry = 3and r, = 4. So, y; = €3* and y? = ¢**. Check linearly independence:

W[ _ 6333 e4x _43:p 4:1:_331 dr Tz 0
Y1, Ya| = godr gete| = e*’e e = e £ 0.

So, y; and y, are linearly independent, and the general solution is

y=ciyr+ Yo+ y, = 1637 4 coe!® 4 2627

Example 3.3.6 Given the equation y” — 7y’ + 12y = 5¢?®. Find a particular solution and
then the general solution.

Solution 4.

Suppose y, = Ae'*. Then, y, = 4Ae" and y = 16Ae"". So,

16Ae™ — 7(4Ae4m) + 124%™ = 5et*
16A —28A +12A =5
0-A=5
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

This conclusion indicate that e** is a solution in the fundamental solution set. So, we need
to try something else: y, = ue’®, where u is a function of z. Then,

Y, = u'e* + due = e (u' 4 4u)
y;,' = u"e™ + 4/ e* + ' e*® + 16ue®

= M (u" + 8u’ + 16u)
So,

e (u” 4 8u' + 16u) — Te* (u' + du) + 12ue®® = 5¢**
u +8u +16u—Tu —28u+12u=5 = v +u =5
Guess u;, = 5,uy = 0 == 04w, = 580, u, = 5z. Therefore, y, = ue® = Hrer,
The complementary equation and the characteristic polynomial are the same from the

previous question. So,

Y = 1y + CoYa + Yp = 17" + cpe®® + Hret”

Example 3.3.7 Given the equation y” — 8y’ + 16y = 2¢?®. Find a particular solution and the
general solution.

Solution 5.

Complementary equation: y” — 8y’ + 16y = 0. Consider the characteristic polynomial

P=8r+16=0 = (r—47°=0 = r =r,=4.
So, FSS = {e**, ze?}. Now, guess y, = ue’®. Then, we have

yp = u'e' + due'™ = e (u' + 4u)
Yo = u"e* + du'e™ 4 du'e™ + 16ue™

= e (u” + 8u' + 16u)
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

So, we have

Y — 8y 4+ 16y = e* (v 4 8u' + 16u) — 8 (v + 4u) + 16uc®® = 2e**
u” 4+ 8u' + 16u — 8u’ — 32u + 16u = 2

/)
u = 2.

So,up =2 = w, =20 = u, = z%. Therefore, y, = u,e* = z?¢**. Thus, the general
solution is

Y=y + ey + Y = e + cowe™ + e’

Remark. Ifwe find the general solution tovu” = 2:
UW=22+c = u=1>+cx+0c

Then we have

4 2 4
y:ue"”:(x —|—CQJJ—|-01)6 v

exactly the general solution.
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

Theorem 3.3.8 Summary II: Method of Undetermined Coefficients
If f(z) = e**, when finding the particular solution to

y' +p@)y +q(x)y = f(=),
we have the following situations when apply the method of undetermined coefficients:
* If e** is not in the FSS, then y, = Ae*”.
e Ife* € FSS, but ze®® ¢ FSS, then y, = Aze™”.
o If e** xe®” € FSS, but 2%e** ¢ FSS, then y, = Az?e®”.

If we want to solve ay” + by’ + cy = f(x) with the method of undetermined coefficient,
in general, we suppose f(z) = P(x)e*. With deg(P) = deg(Q), we have

* y, = Q(x)e*” if e** ¢ FSS
e y, = 2Q(x)e*” if e* € FSS and ze®” ¢ FSS.

o y, = 2?Q(x)e™ if e** xe™” € FSS.

Theorem 3.3.9 Superposition
Suppose y,, is a particular solution of v + py’ + qy = f1 and y,, is a particular solution
of v + py' + quy = fo. Then, y,, + y,, is a particular solution of ¥ + py’ + qy = f1 + fo.

Example 3.3.10 Find a particular solution of 3y’ — 7y’ + 12y = 4e*® + 5e'®.

Solution 6.

2¢% is a particular solution of ¢ — 7y’ + 12y = 4e**, and 5x¢** is a particular solution of
y" — Ty’ + 12y = 5e**. Then, y, = 2¢** + bxe?® is a particular solution of " — 7y’ + 12y =
4e2® + Hetz, O

Example 3.3.11 Find the general solution of 3y — 3y’ + 2y = €**(—1 + 2z + 2?).
Solution 7.
Suppose y, = ¢**(—A + Bz + Cx?) = y, = ue®”, where u is a function of z. So,

Y, = 3ue™ + u'e
y;/ — 9U,63$ + Sule&r + u1/63m + 3u/e3m

_ u//€3x 4 6ule3x 4 9ue3$
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3 SECOND ORDER ODES 3.3 Method of Undetermined Coefficients

So, we have

e + 6u'e3® + Jued® — 3(3ue3x + u’e?”) + 2ued® = 37 (—1 + 2z + xz)
W +6u +9u—9u—3u +2u=—1+ 2z + 2°
W'+ 3u 4 2u = —1+ 2z + 22

We don't have to find the general solution. Instead, we just need to find a particular solution.

Letu, = A+ Bz + C2? = u;:B—i—QC'a: = uZzQC’.Then,

20 +3(B+2Cx) +2(A+ Bz + Ca?) = =1+ 2z + 2°
20 + 3B + 6Cx + 2A + 2Bx + 2C2* = —1 + 2v + 2°
(2A+3B+20) + (2B + 6C)z + 2C2* = —1 + 2z + °

So, we have the following system of equations:

2A + 3B + 20 = —12 A=-1/4
B+6C =2 — (B=-1/2
20 =1 C=1/2
111,
Therefore, up:—Z—§x+§x , and then

1 1 1
_ 3z _ = = — .2
Yp =€ ( 1 2x+2x)

The complementary equation is y” — 3y’ + 2y = 0, and the characteristic polynomial is
r?—=3r+2=0 = (r—1)(r—2)=0 = r; =1,r, = 2. So, the general solution is

1 1 1
Y=y +cys +y, = cre’ + coe®® 4+ €37 (_Z — §$ + §:c2>

Example 3.3.12 Find the general solution of 3y — 43/ + 3y = €3*(6 + 8z + 122?).

Solution 8.

The complementary equation is y”—4y'+3y = 0, and thus the characteristic polynomial
isr?—4r+3r=0 = (r—1)(r—3)=0 = r; =1,r, = 3. So, FSS = {¢*, ¢*"}. Suppose
y, = ue**. Then, we can find the first and second derivatives of y, to be Yy, = 3ued® +u'ed” =
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¥ (3u + ') and

y;/ — 9U,63x + Sule?m: + u1/63m + 3u/63x
_ u//e3x 4 6u/633: 4 9ue3x

= (u" + 6u’ + 9u).
So,

e (u” + 6u' + 9u) — 4e* (3u + u') + 3ue® = €** (6 + 8z + 122°)
W+ 6u + 9u — 12u — 4u’' + 3u = 6 + 8z + 1222
w4+ 2 =6+ 8x + 1222,

Suppose u, = A + Bz 4+ Cz?, then u)) = B + 2Cz. So,

(B+2Cz) +2(A+ Bz + C2®) =6+ 8z + 122°
B +2Cx + 2A + 2Bz + 2C2* = 6 + 8z + 1227
(2A+ B) + (2B + 2C)x + 2Cx* = 6 + 87 + 1227

So, we have the following system:

2A+B=6 A=14
2B+2C0=8 == {B=-2
20 =12 C=6

So, uj, = 4 — 2z + 622 = w, = 4z — 2> + 223, Then, y, = uye®” = (4o — 2 + 22°)e*. So,
the general solution is

Y=y + coy2 +yp, = c1e’ + €3 + (43: — 2+ 2%3)631.

Example 3.3.13 Find the general solution of 4/ — 2y’ + y = 5 cos(2x) 4+ 10sin(2z).

Solution 9.

The complementary equation is 4 — 2y’ + y = 0, and so the characteristic polynomial
isr?—2r+1=0 = (r—12%?=0 = r; =ry = 1. So, FSS = {e*, ze"}. So, suppose
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yp = Acos(2z) + Bsin(2z). Then,

y, = —2Asin(2x) + 2B cos(2x)
y, = —4Acos(2x) — 4B sin(2x)

So,

Yy — 2y, +yp = [—4Acos(2z) — 4B sin(2z)] — 2[-2Asin(2x) 4 2B cos(2z)]
+ [A cos(2z) + Bsin(2z)]
= (—4A — 4B + A) cos(2z) + (—4B + 4A + B) sin(2x)
= (—3A —4B)cos(2z) + (4A — 3B) sin(2x)
= 5cos(2z) + 10sin(2x)

So, we have the following system:

—3A—-4B =5 A=1 _
== = 1, = cos(2z) — 2ssin(2x)
4A—-3B =10

So, the general solution is

Y = c1yy + 2y + Yp = c1€” + cowe” + cos(2x) — 2sin(2x).

Example 3.3.14 Find the general solution of y” + 4y = 8 cos(2x) + 12sin(2x).

Solution 10.

The complementary equation is y” + 4y = 0, and so the characteristic polynomial is
p(r)=r*+4=0 = r*=—-4 = r = £2i. Since ¢*” = cos(2z) + isin(2z), we know the
ESS is {cos(2z),sin(2z)}. Suppose y, = x(A cos(2x) + Bsin(2z)). Then,

y, = Acos(2z) + Bsin(2z) + x(—2Asin(2z) + 2B cos(2x))
= (A + 2Buz) cos(2z) + (B — 2Ax) sin(2x)

y, = 2B cos(2r) — 2(A + 2Bx) sin(2z) — 2Asin(22) + 2(B — 2Ax) cos(2x)
= (2B — 4Ax + 2B) cos(2z) + (—2A — 4Bz — 2A) sin(2x)
= (4B — 4Ax) cos(2x) + (—4A — 4Bx) sin(2z).
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Therefore,

y"' + 4y = (4B — 4Ax) cos(2x) + (—4A — 4Bx) sin(2z)
+ 4x(Acos(2z) + Bsin(2z))
= (4B — 4Ax + 4Ax) cos(2z) + (—4A — 4Bz + 4Bx) sin(2xz)
= 4B cos(2x) — 4Asin(2x)
= 8cos(2z) + 12sin(2x)

So, we have the following system

4B =8 A=-3 .
— = y, = x[—3 cos(2z) + 2sin(2x)].
—4A =12 B =2

So, the general solution is

Y = 191 + Cay2 + yp = €1 €08(2x) + cosin(2x) + x[—3 cos(2z) + 2sin(2x)]
= ¢ cos(2x) + ¢y sin(2z) — 3z cos(2z) + 2z sin(2z).

Example 3.3.15 Find the general solution of " + 3y’ + 2y = (16 + 20x) cos x + 10sin .
Solution 11.
The complementary equation is y” + 3y’ + 2y = 0, and the characteristic polynomial is
pir)=r*+3r+2=0 = (r+1)(r+2)=0 = r = —1,r, = —2. So, we know that the
FSS = {e7%, e}

Remark. We might consider to set our initial guess asy, = (A+ Bx) cos x+C'sin z. However,
it will not work since we will end up with 3 parameters with 4 conditions. Therefore, the rule
is treat cos x and sinx in the same say. So, the true guess should be y, = (Ax + B) cosz +
(Cx+ D)sin.

Suppose y, = (Az + B) cosx + (Cz + D) sinz. Then, we have

y, = Acosx — (Az + B)sinz + Csinz 4 (Cx + D) cos
=(Cx+ A+ D)cosz + (—Az — B+ C)sinzx

y, = Ccosw — (Cx+ A+ D)sinz + (—A)sinz + (—Az — B+ C)cosx
=(—Azr—B+C+C)cosz+ (—Cx—A—D — A)sinz
= (—Azx — B+2C)cosz + (—Cx —2A — D)sinz
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So,

Yy + 3y, + 2y, = (—Az — B+ 2C)cosz + (—Cz — 2A — D)sinzx
+3((Cx+A+ D)cosz + (—Az — B+ () sinx)
+2((Az + B)cosz + (Cz + D)sinx)
=(-Arz —B+2C+3Cx+3A+3D +2Ax +2B) cosx

+(—Cx —2A—D —3Ax —3B+3C +2Cx +2D)sinx
=((A+3C)x+34A+ B+2C+3D)cosx)

+ ((C —3A)r —2A—-3B+3C+ D)sinx

So, we have the following system:

(A +3C =20 (A =29
3A+B+2C+3D =16 B=1
—
C—3A=0 C=6
| —2A4 — 3B +3C+ D = 10 D=1

Therefore, the general solution is

Y=+ cy2 +y, = cre” "+ cpe” + (22 4+ 1) cosw + (62 — 1) sin z.

]
3.4 Variable Coeff Nonhomo Second Order ODE
3.4.1 Method of Reduction of Order (RoO)
Theorem 3.4.1 Method of Reduction of Order
Given the equation
Py(z)y" + Py(z)y' + Py(2)y = F(x), (11)

and a solution y; = y;(x)o fits complementary equation (Py(z)y" + Pi(z)y + Pz(x)y = 0).
Then the general solution of Eq. (11) has the form y = uy;.

Proof 1. Given y = uy,, we have ¢y’ = vy, + uy] and

y// — ?/L//y1 _'_u/yi _'_ulyi _'_uy:/l/ — ,u//y1 + 2u/y1 _'_uy:lll
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So, Eq. (11) becomes

Po(u"yy + 2u'yy 4+ uyy) + Pr(u'yy +uyy) + Pa(uy) = F
(Poyr)u” 4+ 2Py, + Py v’ + (Poy) + Piy) + Payr) u = F

J/

-~
=0

(Poy1)u” + (2Pyyy + Puy)u’ = F

Let Qo = Pyy; and Q; = 2Fyy| + Piy;, so we want to solve Qou” + Q1u' = F. Set z = v’ and

F
2 =u",wehave Qyz' + Q12 =F = '+ @z = —. By the method of integrating factor,

Qo 0

M(ﬂf) — ef Q1/Qo dz

So,
(z) = eff%é de {/ Qiefgé 2 qe + 02} = u'(x)

0

Therefore, u(z) = [ z(z) dz + ¢;. So, the general solution is

y = u(@) () = 0 (2) / 2(z) dz + erp (2).

Example 3.4.2 Given the equation
zy" = (20 + 1)y + (x + 1)y = 2

verify that y; = ¢” is a solution of the complementary equation and find the general solu-
tion of the equation.
Solution 2.

 Verify y; = €” is a solution of the complementary equation. We have y;, = ¢%, y| = €7,
and y/ = e*. As the complementary equation is 2" — (22 41)y’ + (z+1)y = 0, consider

oyl — 2x + Dy + (. + Dyp = ze® — 22+ 1)e” + (x + 1)e”
= 2xe” — 2ze” — e 4"

=0.

e Compute a u(z) such that y = uy; = ue®. So, we have ¢y = v'e” + ue” and

y":u"e$+u'e$+u'e$—|—uex:u”ez—{—Qu'e”C—l—uex.
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So, we have

w(u'e” + 2u'e” + ue®) — (2z + 1) (u'e” + ue®) + (z + 1)(ue®) = 2?
ve®u" + (2ze” — 2xe” — " u' + (ve” — 2xe” — " 4 ") u = 2?

J/

-~

0
6x(3§u// . U,/) — 372

2 _—x

v —u = x*e ",

. . . 1
From the original equation, we know that = # 0. So, v — —u’ = ze™”. Set z = v’ and
T
so 2/ = u”. Then,

1
Y —Zr=xe " = plx)=el 5 =) =
T T

So,
-z —x 1 2 —x 2
u(z)= [ —ze " +coxdr=ce¢ (x+1)+502x +a=e¢(r+1)+cz”+ .
Then, the general solution is

y = u(x)y(z) = (e (z + 1) + cox® + ¢1) = c1€” + cz?e” + (x4 1).

» From the general solution, we know FSS = {¢”, 2%¢*} and a particular solution y, =
x + 1. We can verity these as well.

Example 3.4.3 Given the equation

22y vay —y=a2>+1.
Verify that y; = z is a solution of the complementary equation and find the general solu-
tion of the equation.
Solution 3.
Note thaty; = z, y; =1, y{ = 0. So, 2%y} + zy}, —y1 = 2*(0) + 2 — = = 0, and thus itisa
solution of the complementary equation.
Find y = ux, where « is a function of z. Then, 3/ = u + «/z and

y//:ul+u//x+u/:2u/+ul/x.
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So, the original equation becomes

2y +ay —y=2*2u +u"z) + 2(u+u'z) — ux

—_ :123u” + (2I2 +x2)u’

= 230" + 32%u = 2% + 1.

Set z =« and 2/ = «”. So, we have

3 241
22 + 3022 =241 = z/+—z:$ j; _— M(x):ef%dl‘:xi‘_
x x
So,
241
zu(x):/,u(x)cotw 43_ dm=/$2—|—1dx+02
x
3 _ 13
Z-T :§x + T+ o
1
z(x):§+x_2+02x_3
So,
1
u(z) —/z(m) dr = 3% Ve 4.

Therefore, the general solution is

Co 1

y(z) = u(z)y (z) = x(%x e e+ cl) —ar -2+ <§x2 - 1).

3.4.2 Method of Variation of Parameters (VoP)

Theorem 3.4.4 Method of Variation of Parameters
Given the equation
Po(z)y" + Pi(z)y' + Po(x)yr = F(z),

and two solutions y; = y;(z) and y» = y»(z) of its complementary equation, then a
particular solution to the equation has the form y = uyy; + uays.

Proof 4. Since y = uyy; + usy2, we have y' = ujy; + uay; + uhys + usyh. Set|ujy; + uhys = 01|,
Therefore,

Y =y + usyy = Y = uiy) + iyl + uhys + oy
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3.4 Variable Coeff Nonhomo Second Order ODE

So, the original equation becomes

Po(uyy) + wiyy + ubys + ugyy) + Pr(uiyy + ugys) + Pa(uiys + usys) = F
Po(uiyy + usys) + Po(uryy + uayy) + Pr(uiy) + ugyy) + Pa(urys + uaya) = F
)=F

Py(uyy + upys) + ur (Poyy + Pryy + Payr) +us (

.

J (.

Poy + Piyy + Poys) =

0

Hence, solving the original differential equation becomes solving the following system:

uiyr +uby, =0 @
uyy) +uhyy, = F/Fy @

Consider @ - ¢}, :  ujy1yh + ubyoyy =0 @  and @ x y,

F
Then, we know that ® — @ : wjy,y5 — v\ yiy. = — 5t
0
/ / / F
Uy Y1Ya — Y1Y2 = —392
N—— 0

=Wly1,y2]#0 as y1,y2 €FSS

0

Po(uyyy +upys) = F

’ o ror
U Yy + Uy = -~

DUy + ubyeyy = F/Py -y

Fy

F

UIZ—

F(x)

B-wW"2 7 “1(55):_/130(9;

YWy, yQ]y2(f) dz

Similarly, we can find

Fy,

uh = = |us(z :/
2 Po(yivh — yiye) 2(7) Po(x

YWy, 2] V!

(x) dz|.

So, the general solution is

Y = C1Y1 + C2Y2 + U1Y1 + UaYs.

@

Example 3.4.5 Given the equation

wa// . ny/ + 2y _ .1‘9/2, T

and two solutions y; = z and y» = 2? of the complementary equation, find the general

solution.

£0
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3 SECOND ORDER ODES 3.5 Application of Second Order ODEs

Solution 5.
The general solution is

Y= C1y1 + Coys + Y1 + UsYo = 1T + 2% + u T + usx?

The Wronskian is
2 x a’ 2 2 2
Wz, 2%] = =2x"—a*=2"#0 VzeR\{0}.
1 2z

So,

2, 5/2 2 17

ul(x):—/mx dx:—/x/ dx:—?x/.
29/? 2
u2<x):/m‘xdx:/x3/2dx:gx5/2.

So, the particular solution is

2 2
Yp = U1 T + UQZBQ = —?x”z - T+ gzs/%z
_ 202 2 0

7 )
22\ 90 _ 4 op
* <5 7)3“" 35
Then, the general solution is given by

4
y=cxr+ cox® + — %2,

35

O

Remark. When given two solutions from the FSS, we can choose to use either RoO or VoPR With
constant coefficient equations, RoO and VoP can also be used in addition to method of unde-

termined coefficients.

3.5 Application of Second Order ODEs

3.5.1 Vibrating Springs

Example 3.5.1 Assume no Friction.
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3 SECOND ORDER ODES 3.5 Application of Second Order ODEs

We can have the following equation
F=—kx, k>O0.
Since we know F' = ma = —kx and a = z”, then
max” +kx =0,

which is a second order, linear, constant coefficient, homogeneous ODE.
Attempt to solve this ODE, we consider the characteristic polynomial.

| k
p(r)=mr* +k=0 = 1’ = —k/m = riy=+iy/—.
m

[k
Letw = {/ —, we have
m

So,

2¢ = e = cos (wt) + isin (wt).

x(t) = c1 cos(wt) + co sin(wt).

This is called the simple harmonic motion.

/ 0 2 4 6 8 10 12 14

-2

Figure 4: The Simple Harmonic Motion

Example 3.5.2 Take Friction into Account.
If we take friction into account, then we should have the following equation

—/
F=—-kr—cv =5 F=—kx—cr
Similarly, since F' = ma = —kz — c2’, we have

ma” +cx' + kx = 0.
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3 SECOND ORDER ODES 3.5 Application of Second Order ODEs

To solve this ODE, we consider the characteristic polynomial.

2 —C :i: V C2 - 4mk Ai=c?2—4mk —C :i: V A
pry=mr +ecr+k=0 = rip= 5 s 7’1,2:2—.
m m

Overdamping. A > 0, thenr, = _C;—\/Z andr, = ﬂ So,

m 2m

z(t) = cre™" + cpe™!

If 1y or o > 0, then x — oo when ¢t — oo. That is impossible. So, we need 1,7, < 0. Since
—c — /A < 0 for sure, we need

VA=V —dmk <V =c = —c+ VA <0,

So, ast — oo, z(t) — 0.

-2 ! { 1 ! -4

Figure 5: Overdamping

Critical Damping. A =0, thenr =, =r = —, So,

2m

z(t) = c1e™ + cpze™ = (¢1 + cpx)e It

—c+iv—A —c—iv—A
[Case 3| Underdamping. A < 0, then r; = —T VTR and ry = —— V72 Let

2m 2m

vV=A

w = ——, then
2m
—c+iv-A —c —A —c .
ry = — — = — F 1w
2m 2m 2m 2m
So,
2C(t) = ent = e~z i)t — e~ zmt[cos(wt) + isin(wt)].

Therefore,

z(t)[e1 cos(wt) + ey sin(wt)]e”2m’.
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3 SECOND ORDER ODES 3.5 Application of Second Order ODEs

-]
S
]

g

q

{

Figure 6: Underdamping

Example 3.5.3 If we have an external force, then we will have the following non-
homogeneous system.
ma” + cx' + kx = F(t).

Example 3.5.4 A spring with a mass of 2kg has natural length 0.5m. A force of 25.6N is
required to maintain it stretched to a length of 0.7m. If the spring is stretched to a length
of 0.7m and then released with initial velocity 0, find the position of the mass at any time
t.
Solution 1.
We attempt to sove
mz” + kx = 0.

Form the question, we know

F=—-kx k>0

—25.6 = —k(0.7 — 0.5)

25.
k= ﬁ = 128.
0.2

Given: m=2, k=128, z(0)=0.7-05=0.2, 2'(0)=0.

2¢" + 1280 =0 = 2" + 64z = 0.
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3 SECOND ORDER ODES 3.5 Application of Second Order ODEs

The characteristic polynomial: p(r) = 2r> + 128 = 0 = r;5 = £8i. So,
2C =t = 8 = cos(8t) 4 isin(8t)
That is,
x(t) = ¢1 cos(8t) + co sin(8t).
So,
z'(t) = —8cy sin(8t) + 8¢, cos(8t)
We solve the following system:
x(0) = ¢y cos(0) + ¢osin(0) = ¢; = 0.2 =02

—
2'(0) = =8¢y sin(0) + 8¢z cos(0) = 8¢y =0 co=0

Then,
VP (1) = 0.2 cos(8t).

3.5.2 Circuit with Resistor, Inductors, and Capacitors

The general equation is

Lr+Rri=9 - E(t).
C
Since I = ()’, we can also write the equation to be
" / Q o
LQ" + RQ)" + o= E(t).

Therefore, depending on the question (what are given), we could have a first order or a second
order equation.
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