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1 NUMERICAL APPROXIMATION OF IVPS

1 Numerical Approximation of IVPs

1.1 Euler’s Method

Example 1.1.1 Problem Set-Up
Suppose y;» represents the population at ¢". Suppose population grow with a parame-
ter \. Then, we form the following equation

Yinrar = Ypm + AtAyn.

Then,
o YprgpAr — Y
AT A T
d
d_?; =)y, y(0) =1y (Cauchy Problem)

1. Solution: Separation of Variables.

y(t) = yoe™

2. Evolution of Solution (Asymptotic Behavior):

* \>0:y > o0ast —
e A< 0:y—0ast—0.
* A=0y=yy Vt.

3. Stability of Solution:

(yo + 8)eM

At
Yol difference = 26e™

(yo — 6)e™
Yo +0

Yo
Yo—0

difference — 0




1 NUMERICAL APPROXIMATION OF IVPS 1.1 Euler’s Method

* When )\ > 0, no matter how close our perturbation were, we will get very differ-
ent asymptotic behavior = unstable.

* When )\ < 0, with perturbation, we are certain the asymptotic behavior of solu-
tion is to approach 0. So, y = 0 is an asymptotically stable solution.

Remark. Though we can find the exact solution in this example, it is not always the

case. So, we need numerical approximation.

1.1.2 Solving the (Cauchy Problem) Numerically.

= Ay(1).
1. Explicit Euler’s Method: Collocate the problem at ¢, ¢, t3, ..., where t;, 1 = t; + At.

y(to + At) — y(to)

X = \y(to) Denoteu; = y(ty + At) = y(t;)
U1A_tyo — Mo = U = yo(l + At)\)

U2 — U
Ly — wp = w1+ AN
— U; = Uj,1(1 + At)\) == yO(l + At}‘)J

Question: Given \ < 0. If ¢t — oo, j — oo, does u; = yo(1 + AtA)! — 02

Short Answer: No. We need |1 + At)\| < 1. So, the convergence depends on At.

2. Implicit Euler’s Method:

Note that we can rewrite the derivative using

dy _ oyt =yt = A1)

dt  Ais0 At = (D)
— — A
y(t) yA(;f t) _ (D) Denoteu; = y(t)
Uy — Y = Yo
Ar O w T T TA
Up —uy B Uy _ Yo
A A — 2T A (1 —AAL)?
Uj_l o Yo

7 WTIAL T (1= At



1 NUMERICAL APPROXIMATION OF IVPS 1.1 Euler’s Method

Same question: Given A < 0. Ift — oo, j — oo, does u; — 0?

1.1.3 General Cauchy Problem.

dy

i t

dt ft.y) (GCP)
y(0) = vo

Theorem 1.1.4 Existence and Uniqueness of Solution
Suppose f is continuous for ¢ € [. If f is such that 3 positive constant
Lst |f(-,;1) — f(-,y2)| < Llyn — y2| (Lipschitz continuity)

e fory;,y» € R C R, Jalocal unique solution to (GCP).

* Yy, y2 € R, 3 aglobal unique solution to (GCP).

Algorithm 1: Explicit Euler (EE)

Uy — Yo .
At - f(thyO))

2 up = yo + Atf(to, yo);
3 uy = uy + Atf(ty, u);
4 = u; =ujq + At f(tio1,uj1).

Algorithm 2: Implicit Euler (IE)
U1 — Yo

At
Uz — Yo

At

= f(t1,u1) // implicit as uj is unknown. This is a root finding problem

= f<t27 u2);

1

2

3

1.1.5 Analysis of Explicit Euler’s Method.

Definition 1.1.6 (Convergence). Let u; be our numerical solution and y be the true
solution. From EE, we know w;, ~ y(t;). Then, EE is convergent if

i = y(ts).
Jim y(tr)

Theorem 1.1.7
EE is convergent.




1 NUMERICAL APPROXIMATION OF IVPS 1.1 Euler’s Method

Proof 1. Define error e, = y(t) — ug. S0, exy1 = y(try1) — upy1. Define the linear approxi-
mation of u;, | as

upq = y(tr) + Atf(te, y(tr))-

Then, we can rewrite e ; into two parts:

* *
err1 = Y(trr1) — Urr1 = Y(trr1) — Uppq + Upyy — Ukt
-~ N -~ o
local Roll over

y(®)

* Focus on the local part:
uy .y — y(tr)

A = [(te, y(tr))-

Butin general,
Y(trs1) — y(te)
At

Using Taylor’s expansion, we have

# f(te, y(tr))-

d 1d?
Y(tis1) = y(te) + —yAt + ——yAt2 4

dt 2 dt?
So,
At oo 2 2
local truncation error
Therefore,
* * 6}:3-{-1 ]' h 1 l .
€pr1 = Y(tit1) —upy = N §ckAt, the local truncation error.



1 NUMERICAL APPROXIMATION OF IVPS 1.1 Euler’s Method

Note that

*

e 1
lim ~+*L — lim —¢, At =0 — consistency.
A?—I}o At A?—I}o 2Ck Y

e The rolling over part:

Uy — U1 = Y(te) FALf (e, y(te)) —ur —ALf (L, ur)

= e+ ALf(tr, y(tn)) — ALf(te, ur)
By Lipschitz continuity, we have
|f(t,ua) = f(tup)| < L-|ua —usl.
So, by triangle inequality,

ekl < Jepa| + [L+AtLle
~—— N—————

—0as At—0 as At—0,accumulates,
but bdd w.r.t At = stability

So, the rate of convergence:
lex| < cAt

is in the first order.

Definition 1.1.8 (Absolute Stability). A numerical solution is absolutely stable when
fory(t) — 0,t — +o0, u; — asi — +oo.

Example 1.1.9
Consider the ODE .
Y
— = Ay y(0) = yo; A <0.
3 = W y(0) =0y A<
e With EE,
ui%;ui = )\ul = Ujy1 = Ui<1 + At)\) = yo(l + At)\)i+1.

When i — oo,
"LLZ'+1| = ‘yo(l + At)\>1+1} — 0
when |1 + At)| < 1. (1 + At is called a damping factor)

So, we have
-1 <1+ A<,




1 NUMERICAL APPROXIMATION OF IVPS 1.2 Crank-Nicolson Method

As At > 0and ) < 0, we have

2
—1<1-AHN <1l = At<m.

So, EE is conditionally absolutely stable. However, this condition is bad, especially
for large \.

e With IE,
U; — Uy

-1 Uj—1 Yo
At

1At (1= A\

To have u; — 0 as: — +o0o, we need

1.
- Ay

As \ < 0, it s equivalent as
1

T+ AN
This is true V At. So IE is (unconditionally) absolutely stable.

1.

1.2 Crank-Nicolson Method

Consider the Cauchy problem

y(0) = vo.

dy
{E :f(tay)

One can compute y(¢) by
t
vty =w+ [ fryr)dr
0

So, if we discretize the problem, we have

y(t) = o + / Fry(r) dr.

If we use the trapezoid rule to approximate the integral, we get the numerical solutions:
At
U = Yo + T(f(tovyo) + f(t1,u1))

Uy = up + %(f(tbyl) + f(t2,u2))



1 NUMERICAL APPROXIMATION OF IVPS 1.3 Heun Method

Generalize, we have
At
Uiyl = Ui + 7% + fiv1), where f; = f(t;, u;). (CN)

This is an implicit method because u;.; appears on both sides of the formula.
As the error of Trapezoid Rule is ~ O((b — a)?), the error of Crank-Nicolson method is also

~ O(AP?).

1.3 Heun Method

Recall (CN):

At
Uip1 = U; + T(f(tia w;) + f(tiv1, wit1)) (CN; Corrector)

is an implicit method. We can integrate it with EE:
Uiy = Ui + ALf (L, u;) = ui (EE; Predcitor)
Then, we form the Heun method as follows

At
Ujp1 = U; + 7(f(tia w;) + f(tiv1, wi1))

At
= u; + 7(]”(% u;) + f(tia, Ufﬂ)) (H)

Heun is also a second order method, and it is explicit.
In Heun, v}, , uis called a predictor, and CN is called a corrector.

Theorem 1.3.1
Crank-Nicolson is unconditionally stable.

Proof 1.
t
Uil = Uy + 7(—)\UZ — )\ui—i-l)-
A At [T
1-— 5/\ 1-— 7/\
Uitr = —— A7 Wi = Uiy1 = —Ar | Yo
1+ 7)\ 1+ 7)\



1 NUMERICAL APPROXIMATION OF IVPS 1.4 From Model to General Problems

. At At
Since At, A > 0,1 — 7)\ <1+ 7>\. Hence,
-8ty
1 —
+ 5 A
So, u;11 — 0 when i — oco. Then, CN is unconsidtionally stable. [ ]

Summary: ODE Methods

Table 1: Summary of Numerical ODE Methods

Method Order | Absolute Stability | Implicit/Explicit
Explicit Euler 1 Conditional Explicit
Implicit Euler 1 Unconditional Implicit

Crank-Nicolson 2 Unconditional Implicit
Heun 2 Conditional Explicit

The stability condition of Heun method is the same as that of Explicit Euler.

All explicit methods are conditionally stable.

But implicit methods may be both conditionally or unconditionally stable. There
is a trade-off: more accuracy = less stability.

So, it is a case-by-case decision for which method(s) to use.

1.4 From Model to General Problems

If we use )\ to denote the characteristic of the problem that determines the stability of the
problem, what are \’s in general problems?

(1)

% = f(t,y) (General ODE)

Note that o
f(ty) = f(to,yo) + 8_y<y — %) = Ay + fo — Yo,

where fo = f(to, yo), we see that A ~ g

Y

(2)
— = Ay (System of ODEs)



1 NUMERICAL APPROXIMATION OF IVPS 1.5 Multistep Methods

Let’s apply EE to the system:
Uil — Uy
B
At !

On the other hand, if we apply IE for the system,
(I — AtA)u;y = ;.
We, therefore, need to solve the following linear system:
Bu;y1 =u;, where B=1— AtA.

Hence, IE converges as long as I — AtA is nonsingular.

From the two examples of applying EE and IE, we see that eigenvalues determines the
stability of the system. Hence, we choose A = max |eig(A)|, the spectral radius. Mean-
while, the system is asymptotically stable if Re(eig(A)) < 0.

(3)=(1)+(2)
dy _
dt
where F' = (fi, fo,..., fm) : R™ — R"and y = (y1,¥2,...,¥,). Then, we can form the

Jacobian of F':
5
J = ;
9Y; | 3.5

F(t,y),

and thus the quantity of interest is
A = max |eig(J)].
1.5 Multistep Methods

1.5.1 Midpoint Method (Two-Step Method)

Let’s approximate the derivative in the following fashion:

% ~ Yi+1 — Yi—1
dt " 2At
dy Ujy1 — Ui—1
Liyyi) = /| R ————
iy = g . 2AL
= Uiy = Uiy + 208 f (5, i) (Midpoint)

11



1 NUMERICAL APPROXIMATION OF IVPS 1.5 Multistep Methods

¢ Initial Condition:
ug = yo + 2Atf(t1, uy),

where u; = yo + At(fto,y0) from EE. However, this approach is bad since its error only
~ O(At). Another approach to consider is to use Heun to compute u,. This approach is
relatively good since its error is ~ O(At?).

Remark. How to build the initial condition(s) is one key for multistep problems.

* This method is unconditionally unstable.

Proof 1. Consider the Cauchy Problem

dy

= = - A

T Y, >0
y(()) =Y

Using the (Midpoint), we have
Uip1 = Ui— — 208 u; = uipy + 208 u; — u;—y = 0. (2" Order Difference Equation)

To solve it, let’s guess

u; =cp', c#0

is a solution. Then, plut it in to the difference equation, we get

cp F2AtNep —cpt =0, c#0
PP 4+2AtAp —1=0 [Divide by cp' ']

Suppose py and p; are two solutions. Then,

(p—po)p—p1) =0 = P2 — (po+ p1)p + pop1 = 0.

So, it must be that
lpopr| = 1.

WLOG, suppose py < 1, then p; > 1. Then,
u; = copy + c1pl,  forsome ¢, c;.

Then, we know u; 4 0 when i — +oc in all cases. So, this method is unconditionally
unstable. [ |

12



1 NUMERICAL APPROXIMATION OF IVPS 1.5 Multistep Methods

1.5.2 Design a Better Method: Backward Differentiation Formula (BDF)

Since (Midpoint) is unconditionally unstable, we should not use it at any cost. However, a
multistep method adds more accuracy to the numerical solution. Our job now is to find a
design such that the error can be of order p, where p is of the user’s choice (i.e. error ~ O(At?)).

Taking inspiration from IE:
du

dt

t;

So, to design a two-step method, we consider the Taylor’s expansion:

du dPul| A2 dPu| AL
R T A T2 vl

du d®u| 4A2  d3u| SA#
A = i e 2

. du
We want au;_; + fu;_o to contain only up to the EAt term. So, we want

d .
—a —28 =1 sothatthe d_? term has coefficient of 1

d? .
a+45 =0  sothatthe d_t?; term has coefficient of 0

Remark. Coefficients are chosen according to coefficients in the Taylor’s expansion. ]

Solving the system, we get

a=—2
B 1
=3
Let’s test that this method really works:
du d?u
—u; 4 = —2u; +2— | At——| A2+ O(AL
Ui—1 w; + dt . dt2 . —+ ( )
1 1 du d?u
Uy = —u; — — | At+—| A2+ O(AL
gt T T |, S A, +O(Ar)
1 1 du 3

13



1 NUMERICAL APPROXIMATION OF IVPS 1.6 Higher Order Methods

Then,
du 1 3
E tlAt = §Ui_2 - 2Ui_1 - EUZ + O(Atg)
du Uj—2 — 4ui,1 — 3UZ 3
—| = O(At°).
a |, 2AL +o(at)

Thus, we have successfully built an implicit order 2 method.

Extension 1.1 (Higher Order Method) If we want to build a 4-th order method, we can con-
sider the Taylor expansion for u;_1,u; »,u;_3,u;_4. Then, we choose coefficients o, 3,7, such

) du
that au;—y + Bu;_s + yu;—3 + du,_4 only contain up to T term.

Remark 2. (Partical Considerations).

e When building such a method, we need to consider the differentiability of the
function when deciding the order.

* Theoretically, we can go as many orders as we want, but we need to be careful
when getting too high orders. Generally, higher order, more accuracy, but less
stability.

1.6 Higher Order Methods

Definition 1.6.1 (Linear Multistep Methods).

p p
Unp+1 = Z ajun_j + At Z bjf(tn_j, Un_j) + Atb_lf(tn_H, un—i—l)
=0 =0
* This method is implicitif b_; # 0.
e We can use a polynomial to represent the method:

m(p) =™ = a7

Jj=1

Example 1.6.2 BDF Methods

14



NUMERICAL APPROXIMATION OF IVPS 1.6 Higher Order Methods

) du
Given that T ~ f(tns1,uns1), We have
t=tn

p

Un+1 — g Q5 Up—j

=0
]At ~ f(tn+1aun+1)a
where
a1
a9 0
a; = aE bj: : fOIjZO,l,...,p, andb_l#O.
ap 0
Specifically, BDF2 gives us
4
Up+1 = gun - gun—l + gAtf(tn—&—l) un+1)-
4 1
So, =p’—-p+-.
mpor2(p) = 07— 5P+ 3

Definition 1.6.3 (Adams). We know that

Y(tns1) = y(tn) + /f - f(r,y(r)) dr.

v

We can interpolate points {¢;, y(t;)}\_, using polynomial p(¢). Then, we have

tn+1
Y(tra) ~ y(tn) + / p(t) dt.
tn

Example 1.6.4 Examples of Adams Method

e Adams-Bashforth: A
Upt1 = Uy + E(Q?)fn —16f—1 + 5fn—2) (AB3)

15



1 NUMERICAL APPROXIMATION OF IVPS 1.6 Higher Order Methods

23 16

5 .
E’bl =—— by=—,and ag = 1,a; = 0, a, = 0. Meanwhile,

Here, b_; = 0,b; = 12 12

mass(p) = p' — p*.

e Adams-Moulton:

At
Up4+1 = Up + ﬂ(gfn+1 + 19fn - 5fn71 + fnf2)- (AM4)
9 19 ) 1
Here,CLOZ 1,a1 =0, a9 :0,andb_1 = ﬂ’bo: ﬂ’bl = ﬂ’bQ: ﬂ

Theorem 1.6.5 Consistency and Convergence

p p p
. Ifz a; =1and — Z ja; + Z b; + b_; = 1, then the method is consistent.
=0 =0 =0
e Suppose r is the root of 7(p) = 0. If V r;, either:
1. |r;| <1,or

2. |r;| = 1and #'(r;) # 0,

then the method is convergent.

Example 1.6.6 BDF2 is Consistent

Recall BDF2: A | )
Upt1 = gun — gun—l + §Atf<tn+l7 Up+1)-
4 1 2
Then,ay = -,a; = —=,b_; = —. So,
en, ag 3 aq 3 1 3 (0]

and

16



1 NUMERICAL APPROXIMATION OF IVPS 1.7 Systems

So, the method is consistent. Further, the polynomial representation of BDF2 is

1 1
Then, the rootsarer; = 1, 7, = 3 Note that || = 1 and |ry| = ‘5‘ < 1. Further, 7'(1) # 0.

So, the method is convergent.

Definition 1.6.7 (Runge-Kutta Method). u,, . ; = u,+At Z b; K;, where s is the number
=1l

of stages, and K; = f(t, + ¢;At, u, + At Z a;;K;). The quantity of ¢, 4, and b" will be
j=1
represented using a Butcher array.

1.7 Systems

Consider
yi(t)
d t
d—i = f(t,y), where f,y are vectors, and y(t) = y2.( )
Yn(t)
1.7.1 Stability. We can regard the system as
dy
— = f(t,y) = Ay.
o = [ty =4y
Then, we can diagonalize A as A = T~!DT. Hence,
dy
—= = Ay = (T"'DT
by = ( )y
dy -1
T—=T(T""DT
d(T
% = D(Ty) Denote w = Ty
dw
— = Duw.
a0

17



1 NUMERICAL APPROXIMATION OF IVPS 1.8 Terminology Clarification

Suppose we apply EE to the system, we get

1
At (un+1 ) Aun

Ups1 = (L + AtA)u,

Then, for stability, we require

2 2

At < <
| il

where max |)\;|is the Spectral Radius.

max |\

So, EE is conditionally stable.
However, if we apply Crank-Nicolson, we get

Up41 — Up

At (f(thrla un+1) + f(tna un))

1
At (Un+1 Uu ) Aun + Aun+1

(=)o ?f )

A A
Denote —TtA = B. Then, eig (I - TtA) = eig(/+ B) = 1+eig(B) > 0. Therefore, the system

will always be solvable, and thus CN is unconditionally stable.

1.8 Terminology Clarification

Definition 1.8.1 (Consistency). Given

dy

E - f(t>y)'

An algorithm is consistent if

I Yi+1 — Yi
m —

e ey Ftiv1, Yitr)-

Example 1.8.2

18



1 NUMERICAL APPROXIMATION OF IVPS 1.8 Terminology Clarification

d
Consider d_?i = —\y with y(0) = 1. Then, yexact = €.
y(tiv1) —y(t
Wort) 08D 4y t,.0)
e Al — o= e
At '

We want to investigate the quantity

e~ (titAl) _ =Xt e AEAY _ e~ Mig=AAL _ =Xt n \e Mip—AAL
At At
—\At
—\t; € - 1 —AAL
—e (T e :
( AL )

Consider Taylor’s expansion:

A2 A3
e M =1 \At + 3&2 — A4

3
2 3
e Mt 1 — AL+ %Aﬁ — %At?’ 4
| A2 A3
—:_A _At__AtQ R
At Ty g ot
3 4
Ae M =\ — N2At + %A# - %Aﬁ’ +
So, A ) 5
6_ t - ]. )\At )\ )\
- — A=A~ At) = C'At.
— e AL TAC O(At) = CAt
Then,
o (2T e Z opgen
At '
When A — 0,

efAAt -1
e M (T + )\6_’\At> = OAte™ — 0.

So, this method is consistent.

19



1 NUMERICAL APPROXIMATION OF IVPS 1.8 Terminology Clarification

Definition 1.8.3 (Zero Stability and Convergence).

d
Pexact:d_gz:fv y(O):Oz
dataexa:t/ Yexact

convergence
U

Ay, Zero-stability
Auw is controlled by Adata

1
u
Au A Adata

Py : Near-by Problem

Example 1.8.4
Consider the linear system Au = r(At) with ||r|| — 0 as At — 0. Then,

u= A"1r.

One have ||u|| < ||[A7|-||r||. When At — 0, though ||r|| — 0, ||A~!|| can be still huge, leading
to unstable w.

Definition 1.8.5 (Absolute Stability). Asympototic behavior of the method when ¢ —

Q.

20



2 ITERATIVE METHODS

2 Iterative Methods

Problem: Az =b.

2.1 Introduction and Definitions

e Direct methods: Gauss-Elimination:
A= LU,
where L is lower triangular and U is upper triangular.

To solve, Az = LUz = b. We solve two systems: Ly = band Uz = y.

(+) Cost O(n?) for A € R™"
(+) Finite number of steps to solution

(-) If Ais sparse (# non-zero entries < total # of entries), in general, L and U are full.
Therefore, computing LU factorization will consume huge memory.

e Iterative Methods General Expression:
2 = Ba® 4 ¢ (Iter)

Cost: O(n? - M), where M is the number of iterations. So if n? - M < n? (thatis, M < n),

we win.

Example 2.1.1 Iterative Methods

1
Consider 27,z = b with exact solution z¢x = §b.
We know x + = = b. So,
r=—x+b.

Then, our iterative update will be
e ) = —1,2® 4 b, whereB=—1I;, g=0b

1
o IfzM) = gy = 3 do we say at z,?

1 1
?L’UH_I) =—1I;- (Eb) +b= §b = Tex-

So, yes. The method is therefore consistent.

21



2 ITERATIVE METHODS 2.1 Introduction and Definitions

o If () = 0, then we have
x(k+1)20+b267 x(k+1):_]d.b_|_b:()7 x(k+3):0+b:b,...

The iterates oscillates between 0 and b. BAD initial guess.

What if we change a method? Note that
2lyr = algr + (2 — a)lyz =b.

Then, the update rule can be

1) 0 — 2 a_zfd,g:lb.
a

1
e ) = — Z12® 4 Zp where B =
o o

«

Let our initial guess to be z(%) = 0.

. 1 .
e If « = 2, then the solution converge to xex = §b in 1 step.

3 1 2 1 ) . .
o Ifor = > then (¥ = 0, z(V) = _§b + b= -b2® = —§b, .... We do converge in this

3 3
case, but we need a lot of steps.

1
e Ifav = 5 we have (O = 0, 20 = 2p, 2@ = —p. and 2® = 5b. In fact, we don’t
converge with this choice of a.

Theorem 2.1.2 Convergence of an Iterative Method
Let p(B) be the spectrum radius of B. i.e., p(B) = max; | \;|.

e the iterative method converges () — Zask — co <= p(B) < 1.

* T = I (i.e., T is the exact solution for Az = b) <= T = BT + ¢ (i.e., T is a fixed
point of the iterative method).

e The smaller p(B), the faster convergence.

Therefore, since B = —— I,, we know that p(B) =

v

oz—2’

—2
e Optimal convergence: p(B) = 0: a =0 = a*=2.
(0%
1 1/2 -2
e When o = Y p(B) = 1 =3 >1 = no convergence.
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2 ITERATIVE METHODS 2.2 Richardson Method

Definition 2.1.3 (Consistency).An iterative method (Iter) is consistent with the linear
system Ax = b when z is a stationary point of (Iter) (i.e., fixed point):

BZex + g = Tex

Definition 2.1.4 (Convergence of an Iterative Method). The iterative method (Iter) is
convergent to the solution z¢ of the linear system Az = b when

lim |le®]| =0,

k—o0

where e¢®) = z*)

If3C = p(B) < 1s.t. |e®] < C - |[e®]|| V& > 0, then we guarantee convergence

= PByec

regardless of the initial guess #(?).

2.2 Richardson Method

Ax =b
r—rz=alb—-Ax)=0
xx — oAz + ab
e Y = (I — aA)z® + ab,
where B=1—aA,g=ab

* We converge <= p(I —aA) < 1.

o If Ais SPD (all eigenvalues are real and 2" Az > 0), then if

O<a<

Y
)\max

we converge. The optimal convergence rate attains when

2
)\min + >\max.

of =

)\max
> 1.
)\min -
If k(A) is high, slow convergence. If x(A) is slow, fast convergence. Specially, if k(A) = 1,
then A is unitary matrix such that A*A = AA* = I,.

e Conditioning: x(A) =
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2 ITERATIVE METHODS 2.3 Preconditioning

* Stopping Criteria:

— Residual: r®) = b — Az®): |[r®]| < tol
Problem: If x(A) is high, BAD.

— Consecutive iterations: ||z*™) — z(®|| < tol
Why it work?

e(k) e(k+1)

So,
[e®]] < [[e® = 2®H D[+ [l

If the method is convergent, ||e**V|| < p(B)||e™||. So,

L R ]

< [l = 29|+ () )
1
M < L k) _ (D)
e £ Tt = a0,

2.3 Preconditioning

Definition 2.3.1 (Preconditioner). A preconditioner P is an invertible matrix (i.e.,
det(P) # 0) such that P~' Az = P~'b with reduced (P~ 'A).

Remark. In other words, we require P~ A ~ I. So, P needs to be close to A and be easy
to solve at hte same time. However, these two requirements are exactly the opposite.

Example 2.3.2 How to come up with a P?
In Richardson method, we have

P (:v(k“) — x(k)) = —aAz®™ +ab

————
1

= ar®,  wherer® = — Az™® is the residual.

Note
§=gFtD — 20— ) — k) 4 5 = P 1 Az®) 4 o P,

So, we want k(P 1 A) < x(P~'b).
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2 ITERATIVE METHODS 2.3 Preconditioning

Theorem 2.3.3 Convergence

For A SPD, 5

)\min + )\max’

the following convergence estimate holds:

K(P1A) —1\*
™11, < (m) e+

*

where ||-|| , is the energy norm defined as

llvll, = VvTAv  for Areal, SPD.

Theorem 2.3.4 Common Choices of P
e P = diag(A): Jacobi method.
e P =lower(A): Gauss-Seidel method.

e P = LU, incomplete LU factorization.
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3 FINITE DIFFERENT FOR BVPS

3 Finite Different for BVPs

3.1 Introduction to BVPs

Problem Set up: Suppose we have a string with fixed endpoints. There is a force adding on the
string. One can write

—— = f(z), z€(0,1)

d d
From ODE, we can denote w = d—u Then, &

P f(z). The above problem can be written into
T i

]

Definition 3.1.1 (Bondary Value Problem (BVP). A boundary-value problem (BVP) is
given by

an ODE system:

dy |00
dt |1 0

d2u
{—u@ — f(z), z€(0,1), >0

(BVP)
uw(0) =, u(l)=p.
Example 3.1.2 Poisson Equation
0%u 82u>
—| ==+ |=[f(r,y), (xr,y) e
(6m2 0y? f@y),  (@y) (Poisson)

u(boundary of Q) = 0

Pu 0%u
@ * @) = A,
2

where Au = V?u = Z %, and A is called the Laplace operator, the divergence of gradi-
i=1 1

One can further write

ent.

3.1.3 Derive the BVP from String. Note that the energy of the string is given by

1Y fdu)? !
J(u):§/0 ,u<£) dx—/0 frudz.

J is called a functional (function of a function). The boundary condition is given by u(0) =
u(1) = 0. In nature, things tend to minimize energy, so we want to min J(u). Let’s take the
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3 FINITE DIFFERENT FOR BVPS 3.1 Introduction to BVPs

gradient: suppose ¢ € R, then

lim J(u+ev) — J(u) _o,
e—0 g

where v is an arbitrary function such that v(0) = v(1) = 0. Note that

1t /d d 1 /Y /du)? 1
Numerator = — / u+5—v dx—/f u+5v)dx——/u = d:c—/f-uda:
2 dz 2 0 dx 0
du 1 dv 1 ! dv
d 2 -—d —¢?
M+25/0 ’ud:); T+ 5/,u( )
‘ M_g/fvdx_M M
0 dx

Udu do 1
= —d g2 — | dx — -vdax.
E/o Mdﬂf dz v 2 /o u(dx) e 0 f o

_ U du d 1 (dv)’ '
c o dx dx 2 Jo z

Then,

So, the limit is given by

lim =
e—0 g

J(u+ev) — J(u) /1 du dv !

This gives us an equilibrium solution, and

is called variational / weak (we get the solution from a perturbed system).

/Fg:[FG]—/fG.

Now, use integration by parts:

Denote q d 1 /4d
U v U
So,
/1 d_u %dx— du 1 - /ldQUde——u/lcp—uvdx
0 Fae ae "= H dz’ 0 a o dx? o dz? '
——

=0as v(1)=v(0)=0
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3 FINITE DIFFERENT FOR BVPS 3.2

Finite Difference

So, the variational becomes

—,u/ —Udm—/1f~vdx:0
—/01( d*u +f)-vdx:0.

We want the equation to be true V v, so it must be

2

P2 +f=0.
That is, )
d“u
e =
u(0) = u(1) = 0.

Assumption: u is twice differentiable.
3.1.4 Two ways to formula a BVP.

e Find u s.t. Vv with v(0) = v(1) = 0,

1
/,udu —dx—/ frode
o dx

(BVP)

In this formulation, we only require « to be once differentiable. This formulation is used

in Finite Elements

e Find u s.t. L
U
_M@:fa 16(071)
u(0) = u(1) = 0.

This formulation requires u to be twice differentiable. This formulation is used for Finite

Difference

3.2 Finite Difference

Let’s use Taylor’s formula to approximate u(z;. ;) and u(x;_1):

du 1d%u
du 1 d2u
w(w;_1) = u(z;) — EA@" + E@Amz +--
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3 FINITE DIFFERENT FOR BVPS 3.2 Finite Difference

Then,
(ig1) + u(w; )—2()+d Az? +1d4A T+ o()|Az]h)
u(ist) +uliog) = 2ul(@i) + 15 dad x
d?u 1 d'u 4
@Ax = u(ziy1) + u(wi—y) — 2u(x;) — —2d—A + O(||Az]]")
d*u u(@i) +ulwiog) — 2u(z;) 1 dhu 9
7 A - Tagrdet + oA,

So, second order derivative approximation is

dPuu(zig) +ulei1) — 2u(z;)

dz? Ax?

Denote u; = u(z;) and f; = f(x;). Then,

dPu U Fuig — 2w
_:ude = —u A.I'g - fZ

Then, we form a linear system Au = f, where A is given byu

Claim 3.1

e Au = f is solvable because A is positive definite (" Az >0 Va #0.)

 Since A is symmetric, all eigenvalues of A is real. Further since A is positive definite, all

eigenvalues are positive. So, A is nonsingular.
)\min
°

Amax

U Ax.

Theorem 3.2.2 Consistency and Convergence
FD is consistent and convergent.

Proof 1. Note that Au = f is the system we want to solve. Consider u.x, the exact solution

to the BVP. Then, we know, in general, Aue, # f. Instead,

2
Atex = |:a :| + 7,
0

r2
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3 FINITE DIFFERENT FOR BVPS 3.3 Advection-Diffussion Equation

where 7; = C(z;)Ax?. From previously noted,

C@
oxt

C(x;) =

So, one can write Auex = f + 7.
Define e = uex — u. Then, Ae =7 = e = A~'7. So,

lell < [[A= ] < |AZH] - li 1l
So, to have convergence, we need
|[A7Y| <oo and |7 -0 as Az — 0.

min

As claimed before, 1l Az, we know || A~Y|| is bounded regardless of Ax. Since ||7]| ~ Az?,

max
|7|| — 0 as Az — 0. Then, the method is consistent.
Further, we have that
le]| =0 as Az —0.

So, this method is convergent. [

3.3 Advection-Diffussion Equation

The problem:

( d%u du

et Py =
o

diffusion advection ( Adve ction—Diffusion)
u(0) = up,
\u(l) = ug.

One can think of this equation to model a particle’s random walk. Based on the Guassian
distribution, the particle has 50% chance to move to the left or to the right at each time point.
3.3.1 Discretization. By Taylor’s Expansion:

du 1w, , 13w, , 1dw, , 4
du 1d%u
0 = wl@jn) —ulzy) + §@A$2
du  wjpy —u;  1d%w,
R — A
dx Ax 2da? "
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3 FINITE DIFFERENT FOR BVPS 3.3 Advection-Diffussion Equation

Can we achieve a better discretization?

du 1d%uw, 5, 1%, 5 1du, , 4
Consider (1) — (2):
du 1d%u
w(@jr1) — ul(@j1) = QEAHU + g@Alﬁ +O(|| Az|).

Then,

du  u(zj) —ulr;y) 1d%, ||
cu_ BN (i
dzx 2Ax 6 dx? =40 2

So, the final numerical solution is given by

Uj+1 — 2uj + Uj—1 ﬁuj-‘rl —Uj-1 f ~ O(A$2)
= f; .

Ax? 2Ax
Example 3.3.2 A Specific Example
d?u du

g TP =0

u(0) =0

u(l) = 1.

u — decreases
i
1
— increases
E = — 00 H
1

B=0

B . 1 X

/Li

.
er” —1
Uex = —5 -
er —1

If we have ‘:ﬂ > 1: convection dominated problem.
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3 FINITE DIFFERENT FOR BVPS 3.3 Advection-Diffussion Equation

Numerical experiment shows that when || is large, the numerical solution will not be
consistent anymore. What’s wrong?

e Mathematical explanation:

Ujp1 — 2Uj + Uj—1 Bu]qu — Uj—1 —0

Ax? 2Az
I 5 24 1 B _
( Ax? i 2Ax)u]+1 * Ag? " (Aaz‘2 N QA(I?)ujl =0

This is a difference equation: guess a solution u; = cp’. Then,

L P (S L P
< Ax2+2Ax>ij+1+(Ax2>ij <Ax2+2Ax)Cp] =0
EREEE I (U PO (U
( Ax? * A:p)p * (Aﬁ)'o (AZL‘2 * 2A$> =0

We can find p; and p; from this equation. Then,

uj = c1p1 + cap2, alinear combination.

Note that p; and p, are solutions, so

_ Ax? 2A 2/
PRI u B A
Azx? Az 241
A
e Péclet=P, = ﬂ
24
1B]A s .
o If o > 1, p1p2 < 0, and then we have oscillating solutions.
w

3.3.3 Another Method: Upwind Method. Our previous computation relies on symmetry.
However, there is a clear physical information flow. So, this problem is asymmetric in real-
ity. We don’t want as fancy as ~ O(Az2?) solutions, but we can use a ~ O(Az) method:

U; — Uj—1

ou .
B£ ~ [ AL (upwind)
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3 FINITE DIFFERENT FOR BVPS 3.3 Advection-Diffussion Equation

e Now, let’s show (upwind) is stable:

Bui — U1 Buz‘ﬂ — U1 ﬁui—&-l 8 2u;
Ax 2Ax 2Ax 2Ax
Ujp1 — Uj—1 _5AZU Ui — 2U; + Uiy
2Ax 2 Ax?
S——— ~ ~~ o
central mean approx. of 2nd derivative

So, we can consider the equation:

B B|Az O*u L Ou
(M L 022 "oz = 0
—_——

/»‘(1+Pe)
Apply a central approximation:

Uip1 — 2U; + Uiy 6ui+1 — Uj—1

Ax? + 2Ax =0

Then, upwind solution of the original problem is the central approximation of a per-
turbed system:
Central (Perturbed) = Upwind (Original)
Recall Péclet:
_ |plAe
2u
Then, p* = u(1 4+ P,.). So, the Péclet of the perturbed system is

P

|B|Az |6|Ax P,
P = = = 1V d Az.
¢ 2p* 2u(1+P.) 1+P, < |5]and Az
So, this upwind method is always stable.
e Consistency: when Az — 0, u* — p.

e Order: for the perturbed system, we have a 2"¢ order approach, but with the original
problem, it is only a 1% order method.

3.3.4 Design a Better Method.
p = (1 + ®(P,.)) such that

e o(P,) — 0as Az — 0.

sla
2Msmart

. ]szart —
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3 FINITE DIFFERENT FOR BVPS 3.4 2-D Problem

Our upwind method takes ®(P,) = P, ~ O(Ax). But can we take some ®(P,.) ~ O(Ax?)?

» We consider the Scharfetter-Gummel Method:

2P,
o(P,)=P.— 1+ P P(P,)
&= P(P,) = P,

Bernoulli function

» The worst case order of Scharfetter-Gummel is ~ O(Az?).

 Scharfetter-Gummel is also a special ®(IP.) choice that produces exact solutions.

3.4 2-D Problem

Consider

—pAu+p-Vu=f
Q
u(0f2) = data, i
where 02 is the boundary of ().
Write this problem out:
Pu  Pu
diffrlglon w?rqd
u(0) =d
3.4.1 Only consider Diffusion.
y
L Wiy — 2 Uiy Ui — 2Ui Ui o
,u AZ'Q 1% Ayg - f(ajlu y]) ’
A
Y . 4(@Q) =
Ax x
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3 FINITE DIFFERENT FOR BVPS 3.5 Parabolic Problems

To solve, we form a system: (i, j) — f such that Au = b, where A is SPD and takes the form

of:
3.4.2 Turn on the wind.
y
e,
A .;/.
/ u(dQ) = d
Ax x
We see that the points are not good points.
3.5 Parabolic Problems
du 0%u
e = 1 T
5% Moz fs re(0,l)and 0 <t <

w(0,t) = ur(t), u(l,t)=ug(t)
u(z,t =0) = up(x).

Discretization along x (semidiscritization): u;(t) = u(z;, t). The equation becomes

du; wipr(t) — 2uy(t) +wioi(t) A .
a i — 00) = Fla0).

So, we form a system Au = f:
JUR— )
A= m Trlad(—l, 2, 1)7 U(t) = : f(T) =

Then, we have a system of ODE to solve:

du
Y Au=t.
a A=t
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3 FINITE DIFFERENT FOR BVPS 3.5 Parabolic Problems

We can now do time discretization and use ODE methods.

e EE/FE: u" = u(t"). Then,

du untt —
_ ~__ 7 Au”
dt |, At S Au
u"Th = w4+ AtAU" + AL
— (I + AtA)" + At
= (I + AtA)"up + At f".
e IE/BE:
du u —un !
al, T A A

tTL

u" —u"t = A"+ AtAu"
u" — AtAU" = Atf"+ !

I — AtA)u™ = u™ '+ ALf" + alinear system to solve
Yy

I—AtAis SPD and A is time-independent. So, we may favor direct method over iterative
method (as we can store A = LU and reuse it).

Now, let’s discuss the stability by setting f = 0.

» EE is conditionally stable:

Let \; be eigenvalues of A. Then, we need

2
At < B for stability.
B c
Further, A = A2 Triad(1, —2,1), s0 p(A) ~ N Then,
2 2 2
At < < —— = ZAx%
Al T p(A) e

So, if we decrease Ax by 2, to have stability,

2 (Az\> At . .
Atpew < — (795) = 4°1d — we need finer intervals for time
c

* [E is unconditionally stable.
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

Definition 3.5.1 (¢ Methods).

n+1 n

% — 04U + (1 — ) Au" + 0f ™ + (1 —6)f*, 0€0,1]
* EE: 6 = 0, ~ O(At), explicit, conditional stability
e [E: 0 =1, ~ O(At), implicit, unconditional stability

1
e CN:0 = o O(At?), implicit, unconditional stability

To numerically solve § methods, suppose f = 0. Then,

n+l _ ,n
“ N LA (1 - 0)Au”

" —u" = At AU + A1 — 0) Au”
(I — AthA)u" T = (I + At(1 — 0)A)u”

We essentially solve a linear system in each iteration.

Theorem 3.5.2 Stability and Order of / Methods

* § methods are unconditionally stable for # > 1. Otherwise, itis conditionally stable

for 6 < %, and the stability condition for parabolic problem is At < cAxz?.

e Meanwhile, the method is order 1 for 6 # % and order 2 for 6§ = %

e Although the # method is ond grder is space, the order of error is dominant and deter-
mined by the order in time.

e CN is the most vulnerable to lack of regularity and sensitive to non-smoothness.

3.6 Hyperbolic Problems

Ou + Ou 0 > 0 constant
— ta—= «
{ ot ox ’

u(z,0) = ug(x)

Exact solution: u(x,t) = ug(x — at).
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

Example 3.6.1 Modeling Density of Pollutant
u: pollutant, z: displacement of boat, ¢: time.

du
— = 0 (pollutant and boat moves at the same velocity)
b

< (N
N

— = a (boat moves at velocity of a)

dt

dx

—=a
Consider the solution to ¢ d¢ We have z(t) = z, + at. With different initial value
z(0) = xp.
xo, we form different characteristic curves.

t x(t) = xo +at

X uex ~at)

Consider u(z(t), t):
du  Odu Ou dxr Ou ou

@ o o ay "o T

3.6.2 Similar Problems.

¢ Conservation Law:
ou N Jg(u)

ot ox

=0,

umax

where ¢(u) = v(u) - u With v = Vyax (1 - )

- % + Upmax | 1 — Y @ =0 <+« models the density of traffic
ot Umax ) OT

J/

-~
[P}
="a

Here, a is no longer a constant.
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

* Heat Equation:

0%u 0%*u
o Vo T
ou ou
Define wy, = % and Wy = a
awl 28’(1)2 .
oo

% B % _ 0 0u B 0%
ot or Oxdt  Otox |’

Wa

Define w = [w1] and A =

0 — - .
| 07 ] . Then, the original equation becomes a system

ow ow
N —i—A% = 0.

The eigenvalues of A: )\, » = £y = Diagonalizable.

3.6.3 Find the Numerical Solution.

ou u;m —uff ou a U?j-_ll — u;z_+11
—— =——— and a— = .4
Ot [ s At 0T a1, 2 At

e With Backward-Euler Centered (BE-C):

-y . ul i — it Ly
At 2 At
- a ;
- = 90 0 ..
At 2At
= a 1 a
2At At 2At

* With Forward-Euler Centered (FE-C): Unconditionally unstable. NEVER USE IT!

ntl _ . n n  _ ,mn
o A A £ B

j—1
At 2 At =0
al\t

n+l _ n n )
= uj =uj + _2At(uj“ uj_y).
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

» With Forward-Euler Upwind (FE-Upwind):

un""l —u” ur — u”
J J J j—1
+a =0 a>0
At Ax
Wt —wr w, —
j j j+1 j
+a =0 a<0
At Ax
u T — u , —ul la| At uf — 2u} +uf
j i A+ j—1  |a j+1 j i1 _
At 2 Az 2 Az?

diff?lgion
» With Lax Wendroff (LW): FE-Upwind with modified coefficient

n+l _ n n I 1) 2 n _ n n

J J — 0
At 2 Ax 2 Az? '
Proof 1.
ou 1 0%u 2
n+1 n n+1 n n+1 n\2 n+1 n
U(l'],t + ):u(ﬂ'}],t >+ E . (t + — 1 )+§ @ . (t + — 1 ) +O<||t + — 1 H >
Note that
ou _aa_u Pu _a82u Pu Ly Pu a282u
ot 0z’ 0Oxdy 022 022 Ox0t  Ox?
Substitute:
ntl _on (Wi T U a? (ujiy —2uf +ui g
u;t = uj a( N )At—{— 5 = At
|
3.6.4 Consistency of Numerical Methods. 7: truncation error
® TBE.C ~ O(At + A$2)
® TRE-UPW "~ O(At + AZL‘)
® TIw O(AtQ + Az? + AtAﬂ?)
Theorem 3.6.5 Necessary Condition for Stability
aAt|  |a|At o
— | = <
N Ao = 1 (CFL Condition)

Remark. This is also a sufficient condition for FE-UPW and LW.
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

t
At
H+1
n+1 4
EEEEYS
X + At H x
] Ax b

e FE-UPW:
n n a n n
ujJrl =u; + _t(uj — uj_l)

o IW: «*! depend on u?, u? ,, and v, ,
* Unit analysis:
[u] [ [U]] []
_— = a " — = —_——
- | = Lo

1 G
= a is the velocity of exact solution.

: velocity of numerical solution

At

So, CFL condition: vexact < Unumerical
» Boundary of IW: At boundary of z, we require v, ,, v, and «, , to find «};"'. However,

uy, ., is out of region of interest.

t
At
H+1
n+1 i
l /_\‘ = at + xg
n
m X

What to do? We use the characteristic curves:

n _.n
Uy = um+ A(L’a(um = Uy
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3 FINITE DIFFERENT FOR BVPS 3.6 Hyperbolic Problems

3.6.6 Wave/Heat Equation.
o~ ox2
e Form alinear system and solve using tools for conservation laws:

ow A ow

E-i- %:0.

ou ou
(Deﬁne W= o and w, = E)

 System of first order equations: apply relevant tools.

* Wave equation Specific methods: Leapfrog Method

At
HF1
n+1 s
n
n-1
j x
?H 2“’ _|_u” ! 2 ]+1 2u —|—'LL] 1 f( tn)
= (L’»7
AL -7 Al J

,YZAtQ

n+1 Athn+2u —U, 1+ AIZ ( ]+1

u; —2uj +uj )
- Explicit
- Second order in time and space: 7 ~ O(At? + Az?)

— Stable under CFL condition:
At
Axr —
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4 FINITE ELEMENTS

4 Finite Elements

Motivation: Consider

J(u) = %u/(u’)2 — /fu, (Energy)
where u(0) = u(1) = 1.

e FE: Find u (u(0) = u(1) = 0) such that

u/olu'v'—/olfv:O Vo (v(0) =v(1) =0),

Weak as u € C' is enough.
* FD: Discretize approximation: —uu” = 0.

Strong and requires u € C2.

4.1 Elementary Functional Analysis

Definition 4.1.1 (Space of Functions). Suppose S is a set of functions. S is a space of
function if

e Closed under addition: f;, fo, € S = fi+ fo € S.

e Closed under scalar multiplication: f; € Sand A € R = \f € S.

Definition 4.1.2 (Convergence of Functions).
e f,— f — h_)m d(fn, f) =0.

* d(fn, f) = 0and d(f,, f) = 0asn,m — co = d(fn, fm) = 0asn,m — 0.

e Cauchy sequence:

d(fn, fm) =0 asn,m —0 = d(f,, f) = 0.

Definition 4.1.3 (Complete Space). A metric space (have distance defined) is complete
if all sequences are Cauchy.

Definition 4.1.4 (Banach Space). A complete space with a norm defined is a Banach
space.
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4 FINITE ELEMENTS 4.1 Elementary Functional Analysis

Definition 4.1.5 (Hilbert Space). A Banach space with a scalar dot product defined is
a Hilbert space.

Theorem 4.1.6 Banach Space / £? / Hilbert Space
Collect all the functions on (0, 1) s.t.

/Olfpdx

We form a Banach space. The norm is defined as

1 1/p
1l = ( / I dm) .

This Banach space is called a £7(0, 1) space.
More specifically, if p = 2, £2(0, 1) is a Hilbert space. The scalar dot product is defined as

1 1
(. 9) :=/0 g — ufuﬂ:,//o £ de.

Definition 4.1.7 (Distributional Derivative). Suppose v € C*°(R) and vanishes out of

< +00.

an interval. Say we want to find the derivative of f, denoted as f’. Consider f’ - v:

T—r+00 %

/Rf’v dr = lim xf’v dz = EEIJPOO [f@)v(Z) - f(-Z)o(-T)] - /_x fo' dz

=0 since v vanishes

= —/Rfv’ dz.

/Rf’vdx:—/Rfv’dx:—/jv’dx:—v(ﬁ)#—v(a).

Therefore, we define the distributional derivative as

So,

= /Rf’v dz = —v(B) + v(a).
VAN f
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4 FINITE ELEMENTS 4.1 Elementary Functional Analysis

Definition 4.1.8 (Dirac-¢). The dirac function is defined as

/ v =v(0), where v isregular enough.
R

/Réav = v(a).

Meanwhile,

So,
f/ = _'U(B) + U<Ck) = —55 + 0q.

distributional derivative. Then, the collection of f forms a space named H'(0, 1).
#1(0, 1) is a Hilbert space, with

<fg>7-[1— fgg2+f g

/ fgdx—i—/ f'g

H* space is the space of £? functions with k derivatives in £%(0, 1).

Definition 4.1.10 (#}(0,1)). We define

Hi(0,1) = {f € H(0,1) | (0) = F(1) = 0}.

‘ Definition 4.1.9 (#'(0, 1) Space). Suppose f € £2(0,1) can be differentiated using the

Remark. 71(0,1) does not form a space.
Proof. Suppose H}(0,1) = {f € H'(0,1) | f(0) = f(1) = 1}. Let f,g € H1(0,1). Then,

(f+9)0)=(f+9)(1) =2

So, f + g ¢ H1i(0,1), implying H{ is not a space. O

Theorem 4.1.11 Poincaré Inequality

£ = (F Fha = 1122 + 1122 > (111 %e

Specifrically, in #;(0, 1), 3 constant C,, > 0 s.t.

2
1Flze < 1F 150 < Coll £lze-
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4 FINITE ELEMENTS 4.2 Introduction to Finite Element

With all the terminologies, we can rewrite (Energy) as: For
1 1
J = 5 /0 u? — / fu,

1 1
/ u'v' de = / fodz, Ve H0,1).
0 0

find u € H{(0,1) s.t.

where f € £2(0,1).

4.2 Introduction to Finite Element
Notation 4.1.
o V :=71}(0,1) is a Hilbert space.
cal,):VxV oRsLYf guveVandV\pucR:
= a(Af 4 pg,v) = Aa(f,v) + pa(g,v), and
= a(u, A\ + pg) = Aa(u, f) + pa(u, g).

e F:alinear functionon V: Vv, v, € VandV A\, u € R,

F(Avy + pvg) = AF (v1) + pF (vg).

» General Problem for FE
Findu € V s.t.
a(u,v) =F(v) YoeV (P)

Theorem 4.2.2 Lax-Milgram Lemma
Suppse

* a(u,v) is continuous: VY u,v € V, v > 0 s.t. |a(u,v)| < v||ull||v],
e F(v)iscontinuous: Vv € V, 3M > 0s.t. |F(v)| < M||v||, and
e a(-,-)is coercive: Vu € V, 3a > 0s.t. a(u,u) > allul*.

Then, (P) is well posed. i.e., (P) is solvable and the solution is unique.
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4 FINITE ELEMENTS 4.2 Introduction to Finite Element

Remark.
o Ja(u,v)| < pllw'||p2llvllez < w0 (lullga vl
=y

* [F < Mfllcollvllze < [1F1l 22 1vlla-
——

=M

o a(u,u) = p [y (W)? = plle'|[7. > (/jp lull30, where [Jullz < Cpller || za-
e
Claim 4.3 The problem
pu” + 6u'+ou =f o>0
—pu” =f 2¢€(0,1)
u(0) =u(1l)=0

can be written as

/uuv+/ Buv+/ auv—/fv

This problem satisfies Lax-Milgram conditon.
Proof 1.

* a(u,v) is continuous:

< Bl 2 l1vll 2 < 1B [l 0]l

’5/0u

1 1 d 2
5/0 u'u = g/o % = g(u2(1) —u*(0)) = 0.
7 [ =l

e F(v)is continuous.

* a(u,u) is coercive:

2 2 2
a(u,u) > pGyllullzs + ollullzz = pCpllully-
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4 FINITE ELEMENTS 4.3 Galerkin Method

4.3 Galerkin Method

Findu € V s.t. a(u,v) = F(u) Vv € V.We write the numerical problem as
Py : Find vy € Vy s.t. CL(UN,UN) = .F(UN) Yoy eVy CV.

» Py satisfies Lax-Milgram condition, and thus is well-posed.

 Ifu is the exact solution to the original problem, then « is also an exact solution for Py:
a(u,vy) = F(oy) Vove Vy.

In other words, Py is strongly consistent and truncation error 7 = 0.

 Convergence: Suppose
aluy,vy) = F(vy) and a(u,vy) = F(vn).
Whatis ||u — un||,» as N — oo?

allu — UN||3.¢1 <a(u—un,u—uy)

a(u —uy,u —wy +wy — uy)

a(u—uy,u —wy) + a(u — uy, Wy — uy) [Bilinearity]
Since v and uy are exact for vy. So, by strong consistency,

a(u,vy) = F(oy) and  a(uy,vy) = F(uy).

Therefore,
a(u —uy,vn) = a(u,vy) — a(uy, vy)
= F(vy) — Flow)
=0.
Then,

alu —uy,u —uy) =alu—un,u—wy)+alu—uy,wy — uy)

J/

g
=0
=a(u—uy,u—wy)

<llu = unllyp - flu = wnll-
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4 FINITE ELEMENTS 4.3 Galerkin Method

We have

allu — un|f < vl =i - o — wally

fy
”U - UN”HI < a”u - wN”Hl'

Lemma 4.1 Cea Lemma: We have
lu — un|[,p < 7 inf |lu— wyl|q-
H = o wyEVN H

When N — oo, we have inf |u—wyl|,» — 0. Then,
wnyEVN

|u —uyll2 = 0 aswell.

Remark 1. (Implication of Cea Lemma). The Galerkin solution u might not be
the best solution wy. However, it converges to exact solution « at the same rate

dasS wy.

* How to find uy? Interpolation with Piecewise Polynomials

continuous on a set of given intervals
polynomial of order 1 (linear functions) [

Vy = {functions \
We use Lagrange polynomials: piecewise linear polynomials ¢;(x) s.t.

1, 1=y
pjlxi) = 7
0, ©#7.

and
oy (z) = chgoj(:ci) where ¢; = v;.
J

So, the numerical solution is
uy = Zujgoj(:z:).
J
Plug-in a(uy,vy) = F(vn):

Z uja(p;, o) = F(vn).

What is vy? Try ¢;’s:

VN = Z Cz(;pz

(2
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4 FINITE ELEMENTS 4.3 Galerkin Method

Then,
N N
ZQ’Z uj Alpss i) = Flpi) -

1~ —— \7),../

uj Ai

So, we can form a linear system to solve: | Au = b|.

=1 j=

Example 4.3.2 Poisson Problem

1 1
u/ u’v':/ fo
0 0

1
alp;, pi) = u/ Pi;
0

Note: we don’t need to integrate for every combinations of i and j. For example, when
support(ps) Nsupport(y7) = @ = no need to compute the integral.
Therefore, the matrix A is tridiagonal.

4.3.1 Nonhomogenous Condition

—pu”" + Bu +ou = f
x € (0,1).

e Under non-homogeneous condition, FE will not work because

Hionhom = 1./ € H'(0,1) : u(0) =1, u(l) =2}
does not form a space.

e What to do instead?
w(z) = u(z) + 0(x), £(0)=1land/(1)=

where /(z) is a lifting function. Then, we need to find u € #}(0,1) s.t.
1 1 1
/ uv +5/ uv—i—a/ uv—/ fo—pu / A /—5/ €'v—a/ v
0 0
Fv)

* Another example: u(0) = 0 and «/(1) = 0. Define

V={fen (0,1)st f(0)=0} =Hp(0,1).
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4 FINITE ELEMENTS 4.3 Galerkin Method

1 1 1 1
—u/ u"v—l—ﬁ/ u'v+a/ uv:/ fu.
0 0 0 0

Apply integration by parts:

1 1 1 1 1
u[u'v} —l—,u/ u'v'—l—ﬁ/ u'v—i—o/ uv:/ fov
N 0 0 0 0 0
1 1 1 1
,u/ u’v’—l—ﬁ/ u’v—l—a/ uv:/fv.
0 0 0 0

=—p(uw (Dv(1)—u/(0)v(0)
So, the problem looks the same, and the only difference is the space we search.

With FE:

e 4(0) =0and /(1) = d. Then,

1 1 1 1
u/ u’v'+ﬁ/ u’v—i—a/ uv:/ fo+ pv(1)d
0 0 0 Jo

New F(v)

e 4(0) =0and /(1) + u(1) = d.

1 1 1 1 1
u[u'v} —l—u/ u’v'+ﬁ/ v —|—0/ v :/ fo.
N 0 0 0 0 0

Note that

—p(u'(Do(1) = ' (0)v(0)) = pdv(1) + pu(Lo(1)  [plugin (1) = d — u(1)]

So,
1 1
u/ u'v' + 8 uv+a/ uv + pu(l /fv+udv
0 0

-~

New a(u,v) NEW-F( )
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4 FINITE ELEMENTS 4.3 Galerkin Method

4.3.2 Notes on Code Implementation

* Node-wise (Physical Element):

For each note, we compute:

/ ©i 1
Ti—1

Tit1 : T 9 Ti41 9
[ == e
Ti—1 Ti—1 T;

Ti41

/

/ Pir1Pi

¢ Flement wise (Reference Element):
On one sub-interval:
Yi—1

a(pi-1, Pi-1)  alPi-1, Pi) ©i
a(%a%’—l) a(%’»%’)

We can further map the interval [z;, z;,1] to [0, 1] by setting £ = i Then,
Tig1 — X4

Po(§) =1-¢ and &(§) =¢.
Meanwhile, we have = = z; + {(z;4+1 — x;), SO we can move back-and-forth.

e Computing integral: quadrature rule:
b
[ 1= wite
“ j

* ¢; can be other types of functions. For example, piecewise quadratic. Then, on each
interval, we need 3 points to interpolate a quadratic function.

u(r) = Zuj%‘(ﬂ?)»

where ¢;(z) is composed of midpoint quadratic function and node function.

Generalization: X] = {V}, € C°(Q) : Vi|y, € P, Vk; € T, }, where h is the level of dis-
cretization, P, is the set of polynomials with degree r, and 7, is the triangulation/mesh.
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4 FINITE ELEMENTS 4.3 Galerkin Method

Definition 4.3.3 (Interpolant). The interpolant of v in the space X is the function
I17 (V) s.t.
T} (v(x;)) = v(z;) VY x; node of partition 7.

Theorem 4.3.4
Letv € H™(I) withr > 1, and let IT} (v) € X;. Then, the following estimates hold

Theorem 4.3.5

Let u € V be the exact solution of the variational problem via the finite element approx-
imation of order r, where v, = X7 N V. Moreover, let u € H*!(I) for » < p. Then, we
have a priori estimate

M T
i = wnlly < = CR ulyren ey,

M
where the constant — comes from Cea Lemma.
o

Remark 2. (Implication of Theorem 4.3.5). Increasing  too much will not help us gain

faster speed on convergence.

r ueH! ueH? |ueH | ueH
1 | convergence h h

2 | convergence h h? h?

3 | convergence h h?
4 | convergence h h? h3

S0, [[u = unllzn < Ch*|ul

4s+1, where s = min {r, p}.

Example 4.3.6
Consider the problem
—u" =f xz€(0,1).

The exact solution is given by

[
)
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4 FINITE ELEMENTS 4.4 Advection Diffusion and Reaction in 1D

rized as
‘821‘822‘823
g=1 1 1
¢g=21] 1 2
¢=3| 1 2

We know that the boxed denotes the optimal selection, and

[thex — wp|| < CR™A50}

* Question: what is the space of (S)?

1. (S) is continuous

2. First derivative is also continuous.
Second derivative is not continuous but € £2(0, 1).

Third derivative is not in £2(0, 1).

3. S0, uex € H?(0,1).

be only linear.

* Recall: ue, € H*1(0,1). Let uy, be the solution of FE in P?. The accuracy is summa-

Hence, s = 1. Regardless of the degree of FE we use, the order of convergence should

4.4 Advection Diffusion and Reactionin 1D
4.4.1 Advection Diffusion
—pu" + pu' = f >0, peR, BeR.

e With FD:

Uip1 — 2U; + Uiy 5Ui+1 — U1 £,
Ax? 2Ax ’

If f=0,u(0) =0,and u(1) = 1, we get that

eB/mz _q
Uex = G/ — 1
A
We also know (FD) is table when P, = |62| z > 1.
i
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4 FINITE ELEMENTS 4.4 Advection Diffusion and Reaction in 1D

We can also consider the upwind scheme to make (FD) stable regardless of IP.:

Ui — Uj—
0 vl
pu ~ Uj41 — Uy
AP0

e With Linear FEM: the formulation is

1 1
—M—l—u/ u’v’—i—/ ﬂu’v:/fv.
0 0 0

With v, = Z u;jp;(x), where ; is linear, we get

J
1 1 1
/U’v’zu/ 90}-902+6/ ©5p;
0 0 0

constant linear

The FEM equation is

Uip1 — 2U; + Ui Ui 1 — Ui
Uit Ly 3 +1 1
Az 2

=0 (FEM)

Note that .
—(FEM) = (FD).
Ax( ) = (FD)
So, FEM is also suffering from oscillations, and we require P, < 1.
* FEM with upwind scheme:

Change p to p(1 + P.). Or, in general, the Scharfetter-Gummel (SG) Method:

p=p(l+ (Pe)).

Then,
_|BlAx |BlAz P,

Pupw = = = <1 VAx.
YT g 2n(1+ B 11P, !

4.4.2 Advection Reation
—u" +ou=f, f€L£*0,1), o > 0.

e With FD: )
Ujr1 — LUy + Ui
— 1 . +ou; = f(x;).
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4 FINITE ELEMENTS 4.4 Advection Diffusion and Reaction in 1D

Form a system:
Ag+ol=Ff
1. If o = 0: only diffusion
2. )\(Ad), p(Ad) 1 of Ax
3. MAg+ol) = A(Ay) + o, 1L of Az = no oscilations.

e Linear FEM:
_ Uiyl — 2uz + Uu;—1 oAz

Ax 6

1. We can have instability: The condition is

(Wigr + 4u; + ui1).

2
P, = oar < 1.
6

we need to enforce the roots of the characteristic polynomials to be > 0.

2. Compare with AD:

AD AR

A Ax?
Pe:|5|x<1 Pe:0x<1

] 2 G

Am<2—M Az < 6_,u
18 V o
i

Suppose Tk o O(107%). Then, Azap < O(1079) is hard to achieve. However,
g
Azar < O(1073) is easier.
3. Can we avoid this condition? We can do so by using trapezoidal rule.

(

0, j#£0,i+1
| TAw, j=i+l
0/ pip; dr = 6
0
20 .
\?A:c, j=1

If we compute this integral with trapezoidal rule:

(T) / ’ [~ M(b —a) (Trapezoidal)
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4 FINITE ELEMENTS 4.4 Advection Diffusion and Reaction in 1D

Then,
1 0, j#ii+tl
(T)/ pip; =10, =i+l
0
Ax, j=1i.
So,
! 0, L7 : :
o(T) / Yip; = 7 = ol matrix representation
0 ocAx, i=7
Then, the FE formula becomes
i1 — 2u; +
_Mu+1 ¢ +u+1 +O'U1A,I'Ifz
Az
i+1 — 2u; +
— Ax <—,uu = Au;—u Ly aui) = f;.
xZ

~
FD formula, stable

This procedure is called Mass Lumping.

@) [ oo

Original approximation is given by

— Mass matrix:
— Lumping:

o
g(uiﬂ + 4U1 -+ ui,1>Al'
When moving u;,; and u;_; to u;, we get
o

Mass lumping stabilizes the FE solution for AR problem.

4.4.3 Generalization

* Recall:
Exact problem: Findu € V s.t. a(u,v) = F(v) Vv eV.

Numerical problem: Find up, € Vj, s.t. a(uh, Uh) = ./_"(Uh) Y, € V.

e What happens if we do upwind or mass lumping?
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4 FINITE ELEMENTS 4.4 Advection Diffusion and Reaction in 1D

A modification to the numerical problem:
Find up € Vy, s.t. ah(uh, Uh) = ]:h(vh) Y, € Vh,

where

1. upwind:

h 1
an(up, vp) = alup, vp) + ﬂ/ uy vy,
2u Jo

2. mass lumping:

1

an(up, vj) = (T)/O pa, vy + (T)/ Buyvp, + (T)/0 R

= a(up,vy) + (T) /01 _0/01
—Jo__Jo,

integration error

This is called the generalized Galerkin shceme.

e Under generalized Galerkin, we don’t have strong consistency anymore:
ap(u — up,vp) # 0.

a(u,vy) = F(vp)
an(un, vp) = Fu(vp).
= ap(up,vn) = alup,vp) + (up, vp),

where 5(uh, ’Uh> = 5]:(Uh).

¢ For Galerkin method: we have Cea Lemma

o= unllys < C fnf [lu =]

 For generalized Galerkin method: we have Strang Lemma:

_ < inf — form Cea
= unlly < o it ffu = wy form Cea

+Cy inf sup |ap(wp, vp) — a(wn, vp)|
WhEVR 4, €V,

+ C5 sup |Fu(vn) — F(vp)|

v EVY
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4 FINITE ELEMENTS 4.5 2D Problems

 For upwind:
O(h*) + O(h) + 0,

where ¢ = min {s, p}. This implies that regardless what s and p we have, the upwind will
only produce a convergence rate of linear.

e For SG: O(h?)
e For mass lumping:

O(h?) + O(h?) + O(h?).

4.5 2D Problems

4.5.1 Poisson Problem in 2D
—pAu = f
{u(@Q) = up
* Weak formulation:

1. Green’s Formula;

/Vu-w:/ wuu—/Vw-u
Q o0 Q
/Vw-u:/ w-uu—/Vu-w.
Q o9 Q

w is normal to 012, a standard unit vector. We further have

awo 0w1 3w2

Vow= ox + dy + 0z
_. 3%.
=0
So,
Vw
/A d /fv Au=V-(Vu)
— u -vdw = =V-
"o a =
NN
— 1 Vu-uv—l—u/ Vu -Vv:/fv Vv e H Q).
o9 . Q Q
U(G?ZF)ZO

u/QVu-Vv:/va.
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4 FINITE ELEMENTS 4.5 2D Problems

* FE: Suppose V,, C V. Find uy, € V}, s.t.
a(up,vp) = F(vp) Yo, €V,

where
a(up,vp) = /Vu Vv and F(v,) = /fv

1. FEM in P': v, is a piecewise linear function in ().
Lemma Ifa function isC°(Q), then itisH'(Q) = V.

Assumption, we have no handing nodes (a node that is both an interior of some
lines and the vertex of the others) or overlapping triangles.

On each Tj,, uy, is linear:

up = apxo + bpry + k.

Each u; is determined by the three vertices, and the continuity is for free.

17 (I()uxl) Ep
n(Zo, 1) Zc]gpj xo,x1), where g;(zg, 1) = . / !
. o/w.

So,
anxl E UJSOJ 370,1'1

Then, the FEM discretized problem is

> wjalei ¢;) = F(g))

— Au=2»>

* Loop over elements: Reference element

Yo

(O (1,0)

930(07 O) — l‘o(l

BS)
=)

I
—_
|
)
|
<)

transform to physical elements

©1 =7 1’0(1,0) —>l'0(j)
P = :/y\ .%'0(0, ].) — Io(k)
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4 FINITE ELEMENTS 4.5 2D Problems

The mapping:

A~ N A

20(Z,y) = 2o()P0(T, Y) + 20(7)P1(T, Y) + 20())P2(T, )

Change of variable:

Then,
V,;Vid(ze,x1) = /lewalems%|J\ d(z,7),
T

Th
where o, § = 0, 1, 2. So, the submatrix to add is 3 x 3.

4.5.2 Advection Diffusion in Multidimension

We want to model polutant concentration:
—puAu+ - Vu+ou=f,

where if 4 depends on u, p = —V - (- Vu), 5 models for wind, 0 models biological consump-
tion. The initial condition is given by u(I'p) = datap. The Péclet is

.

P,
24

e With upwind method: y — p* = p(1 + P.). We can compute

o _LBIh __18IA _ P,
< 2u 2u(l+P,) 1+4+P,

. 18]~
8 —“(”W)

L0%u L 0%u
Hogr —H 0y?

<1l Vh.

e If the wind is only along z:
is a bad implementation

Here, the second p* related to y is not helping at all. It affects accuracy. So, we consider

the following method
_ P O

which is a better practical implementation.
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4 FINITE ELEMENTS 4.6 Time Dependent Problems

e Generally: Streamline Diffusion.

—pAu+ fVu+ou = gV . ((B . Vu)ﬁ) = f.

Weak formulation:

u/ﬂVu-Vv—l—/gﬁVu-ij/Qauv—l— \g/g(ﬁ-Vu)(ﬁ-Vv)H%Hl :/va.

Ve
normalizing along $, direction of wind

Theorem 4.5.1 Strang Lemma
For generalized Galerkin method, we have consistency in the following way:

lu — unll < Ch wilgfh lu — w| [form Cea]
+ C inf sup |ap(wp, vi) — a(wh, vn))|
whrEVR vREVH

I C3 sup |Fh(vh) — .F(Uh)|

vRLEVR

Theorem 4.5.2 Strong Consistent Methods (Thomas Jr. Hughes)

a(u,v) + Ly (u,v) = F(-,v) + gn(-,v),

[ J/ [\ J/
-~

ap (u,v) f;(rv)

where ¢;,(u,v) = gn(v).

—puAu+5-Vu+ou—f=0
ZK(—uAu+6-Vu+au—f,—uAv+5-Vv+au):O,

T

where K depends on % and j.

4.6 Time Dependent Problems

* 1D heat equation:

e Multiple dimension:
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4 FINITE ELEMENTS 4.6 Time Dependent Problems

with boundary condition «(0€2) = 0 and initial condition u(z,y,0) = ug(x, y).
* General approach: FD in time and FE in space.

e Variational formulation: V = H} () and v € V:

?v+/uVUVU+/5-VUU+/Juv:/fv YovelV,
o Ot 0 Q Q Q

where
—/V-(uVu)v:—/uVu-uv—i—/uVqu,
Q Q 0

if 11 is not space dependent.

We can add some regularity: £2(0,7;HL(Q)) = £2(H') and £>2(0,T; L3(Q)) = L>=(L?).
Then, the problem becomes: Find u € £2(H}) N L>(L?) s.t.

(%,0 = a(u,v) = (f,v) YveV =HiQ).

By Lax-Milgram, this problem is:

1. Continuous for a(-,-) and F(+),

2. Weak coercive.
So, the problem is well-posed.

e Numerical problem: V},, C V = H}(Q).
Find u;, € £2(Vh> N LOO(,C2) s.t.

0
(%,w& + a(up,vp) = F(vp) Yo, € Vi,

where uy(z,y,t) = Z u§t)<,0j(a:, Y).
e Solution from separation of variables:
u="T(t)X(x),

where T represents time and X represents space.

dT X

=X - T —

dt 0x? 0

1dT 1 d%°X
T X4 K < separable
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4 FINITE ELEMENTS 4.6 Time Dependent Problems

So, we have
A numerical solution will be
The error is

decays with a factor of e=". Not bad, but the problem is that this approach only works
on a specific type of problem: separable.

* A more generic method:

du;
Z a e +3 ui(t) aley, i) = by(t)

massmatrlx A
M - d—u+Au—b
dt
1 n n n VA
ME(U+1_U)+Au+l:b+1
1M+A =b' + 1M 0
Al A
! — M+ A|u _b"+1+iMu0
At At '

We can solve this system by § method.

— M (u" = u") + AT 4 (1 — ) Au” = 00" + (1 - 0)b"
1 n+1 n+1 n 1 n
— = 1— — M- (1-— .

(AtM + GA)u oo™ + (1 —0)b" + AtM (1-0)A |u

e CFL condition for stability:

At <e<1
—lal < e
Ax' ' T ’

1. ForILX:c =

&IH

2. For UPW: ¢ = ;)

* Wave equation: Leap frog can be incorporated with FEM. Also need to satisfy CFL con-
ditions.
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