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1 MATH PRELIMINARIES

1 Math Preliminaries

1.1 Introduction to Optimization

Definition 1.1.1 (Optimization Problem). The main optimization problem can be stated as
follows

min f(), (1)
where
* 1 is the optimization variable,
 Sis the feasible set, and
* fisthe objective function.
Remark 1.1 max f(z) = — min — f(z). Hence, we will only study minimization problems.

zeSs zeSs

Theorem 1.1.2 Solving an Optimization Problem

» Theoretical Analysis: analytic solution

e Numerical solution/optimization

Definition 1.1.3 (Solution Methods depend on the type of z, S, and f).

e When z is continuous (e.g., R, R", R™*", ...), then the optimization problem stated in
Eq. (1) is a continuous optimization problem. 1 i aiso be the focus of this class.

Opposite to continuous optimization problems, we have discrete optimization problem
if = is discrete.

If x has both types of components, then we call the problem mixed.
* Depending on S, we can have

— Unconstrained problems: where S = R”, S = R"™*", ... (m,n are fixed).
- Constrained problems: where S C R", S C R™*", . ...
Both types of problems will be studied.

* Depending on f, we have

- Smooth optimization problems: f has first and/or second order derivatives.
Only smooth optimization problems will be studied.

— Non-smooth optimization problems: f is not differentiable.



1 MATH PRELIMINARIES 1.1 Introduction to Optimization

Definition 1.1.4 (Linear Optimization/Program). If f is linear and S consists of linear con-
strains, then the optimization problem is called a linear problem/program.

Example 1.1.5 Classification of Optimization Problems

1. Consider the following problem

min x% —4dx1x9 4+ 3T9x3 + Sin x3
1,22,T3

Solution 1.

e Optimization variable: x = (21, 22, 73) € R3. — continuous.
* Feasible set: S = R3. — unconstrained.

 Objective function: f(xy,xy,23) = 23 — 42179 + 3793 + sinx3. — smooth but

non-linear.
O
2. Consider the following problem
max T + 225 + 373
4r14+Txo+3x3<1
r1,72,273>0
Solution 2.
e Optimization variable: z = (xy, 75, 23) € R3. — continuous.
* Feasible set: S = {(z1, 9, 73) : 1, T2, 13 > 0,42 + Txo + 323 < 1} C R3. —
constrained.
* Objective function: f(x1, z9,x3) = x1 + 225 + 323. — smooth and linear.
O

Remark 1.2 This problem can be considered as the budget constrained optimization
problem in Economics.

3. Consider the following problem

min 4z; — 3|za| + sin(z7 — 2z,)
z1,2220

Solution 3.

e Optimization variable: z = (1, z5) € R?. — continuous.
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e Feasible set: S = {(x1,23) : 1,22 > 0} C R%. — constrained.

* Objective function: f(z1,22) = 41 — 3|22| + sin(z? — 2z5). — non-smooth and
non-linear.

O

Remark 1.3 In this particular problem, zo > 0, and so f(x1,x2) = 4x1 — 3z +
sin (z? — 2x,) on the feasible set. Hence, this problem can be equivalently written as

min 4x; — 3x5 + sin (:cf — 2:1:2),
z1,2220

which is a smooth optimization problem.

1.2 Linear Algebra Review

Example 1.2.1 Why linear algebra for optimization?
Consider miﬂg f(x), where f(z) = ¢+ bx + az?, a,b,c € R.
TE

b . .
*a>0:2" = ~gg 15 a global minimum and f(z*) = ¢ — 1

¢ ¢ < 0: no minimum exists.
* a=0:f(zr) =c+ba.

— b # 0: no minimum exists.

- b=0: f(x) = ¢, and every x is a minimum point.

We can approximate any smoothing function using Taylor’s approximation and make
them simple into the case discussed above.

Theorem 1.2.2 Taylor’s Approximation

£@) = Flan) + Flao)@ —a0) + (o — ) + el — o) — 20’

. > ~
N error
q()

where lim (z — zy).
T—rT0

. J

Remark 1.4 The hope is that the quadratic approximation will inform us on the behavior of f
near xy and be useful for instance in referring x, on the subject of optimality.

4



1 MATH PRELIMINARIES 1.2 Linear Algebra Review

Definition 1.2.3 (Quadratic Approximation in Higher Dimensions). When d > 1, we con-
sider min f (x). Then, the quadratic approximation of f is defined as
z€R

q(x) = c+ (bx) + (z, Az),

wherec € R, b € R?, A € R4,

Remark 1.5 Then, to know if a minimum exists, we need information on the matrix A and the
vectorb.

Definition 1.2.4 (Vector, R?%). We define a vector in R¢ as a column vector.

T
r=|:]eR% xR

Zq

On R4, we also have the following operations defined

e Addition:
1 Y1 1+ %
xq Yd Tq+ Yd
* Scalar multiplication:
X1 AT
al : = : ,a,r; € R
Tq axq

Definition 1.2.5 (Basis of R%). A collection of vectors v; . .., v; € R?is a basis in R?if V z € R,
Hag,...,a0 € Rs.t.x = v + - - - + agug.

Example 1.2.6 The Standard Basis
The standard basis is defines as

where 1 is at the i-th position for 1 < i < d. Note that Vo € RY, x = z1e1 + - - + 24¢4.
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Notation 1.7.

O0g=1":
0

Definition 1.2.8 (Inner Product). (-,-) : R x R? — R is an inner product if

(symmetry) (z,y) = (y,z) V,y € R?

(additivity) (z,y + z) = (z,y) + (x,2) Vz,y,2 € R?

(homogeneity) (\z,y) = \(z,y) Vz,y € R4, N eR

(positive definiteness) (z,z) > Vz € R?and (z,z) =0 < =0

Example 1.2.9 Examples of Inner Products

1. Definition 1.2.10 (Dot Product). The dot product of z,y € R is defined as
d
(T,y) =11+ + Taya = Z%‘yz‘ Vr,y € RY,
=1

It is also referred as the standard inner product, and we often use the notation z - y to
denote it.

2. Definition 1.2.11 (Weighted Dot Product). The weighted dot product of z,y € R?
with some weight w is defined as

d
<177 y)w = Z W;iZiYs,
i=1

where w, ..., w; > 0 are called weights.

Remark 1.6 When d = 2, then (z,y) = |z||y|cos Z(x,y). Dot product measure how corre-
lated are two vectors (with respect to their directions).

Definition 1.2.12 (Vector Norm). ||-|| : R? — R is a norm if
 (non-negativity) ||z >0 Vre R?and|z]|=0 < x=0
* (positive homogeneity) || \z|| = |\|[|z]] VA € R, z € R4
o (triangular inequality) ||z + y|| < ||z| + |ly|]| Vz,y € R%

Remark 1.7 Vector norm introduces the notion of length of vectors in R,

6



1 MATH PRELIMINARIES 1.2 Linear Algebra Review

Example 1.2.13 Examples of Vector Norms
e If (-,-) is an inner product on R¢, then
|zl = /{2, z) V&R
is a norm. For instance, )
d 2
wm=ﬁ7¢<zpﬁ.
i=1

This norm is called the standard (Euclidean) or /5 norm in R¢.

* Definition 1.2.14 (¢, Norms). Suppose p > 1, then
d ,
- (32
=1

— ' d
Il = max || Vo € R,

¢ Definition 1.2.15 (co-Norms).

Remark 1.8 lim ||z, = ||z .
p—00

Theorem 1.2.16 Cauchy-Schwarz Inequality
Assume that (-,-) : R x R? — R is an inner product, then

(o, 9)* < (z2) - (y,y) Va,y €RY
In particular, if ||z|| = \/(z, x), then
[z, )| < Nzl - llyll - Va,y € RY

For the standard inner product, we have

Z LiYi

=1

<llzllz- lyll. Va,y € R%

The equality holds when z and y are linearly dependent.
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Definition 1.2.17 (Matrix). Let d, m € N. We say that A € R™™ is a d x m matrix if

aix Q2 - Qim
Q21 G2 -+ Q2m d,m
A= . . . = | Ay
. . ‘. . i=1,j=1
Qq1 Qg2 - Qdm

Definition 1.2.18 (Operations with Matrices).

e Let A, B € R™, then (A + B)l —ay+by Vi, j.

Z)]

* Let A € R”™and a € R, then (aA) - =aa; Vi, j.

v
m

* LetA € R"and B € R™", then AB € R, and (AB) = auby Vi J.
Y k=t
Remark 1.9 Matrix multiplication is not commutative. In fact, if A € R™™ and B € R™",
then BA is defined if and only ifn = d. In that case, AB € R and BA € R™™, and so if
m # d, AB and BA have different sizes. Finally, even ifm = d = n, AB # BA in general.

Definition 1.2.19 (Linear Transformation). The mapping £ : R™ — R?is called linear if
L(axy + Prg) = al(xy) + L(x2).

Theorem 1.2.20 Matrices and Linear Transformation
VA € R&>™ [ ,(x) = Az is a linear mapping from R™ to R?. Moreover, VL : R™ — R4
linear, 3IA € R>*™ s.t. L = L 4.

Proof 1. Here, we offer an intuition on why this is true. Suppose A € R¥™ and 2 € R™ s.1.

@11 - Qim gl
A=+ .. and ze | : | e R™*L

Qg1+ Qdm Tm

Then, Az € R¥! is the following

air - Qim 1 a11T1 + -+ G Tm
A=+ .. | = . e R,
107 Adm L Aq121 + e AdmTm
So,if £L4(z) = Az for z € R™, then £, : R™ — R%is linear. [



1 MATH PRELIMINARIES 1.2 Linear Algebra Review

Theorem 1.2.21 Matrix Multiplication as Composite Linear Transformations
Suppose £, : R™ — R?and L : R® — R™, where A € R”™ and B € R™". Define
L(x) = Lao Lp(x) = La(Lp(x)) Vo € R*. Then, £ : R* — R<. Since L4 and L5 are
linear, we found that £ is also linear. Hence, £L = L fis. C € R, It turns out that
C = AB.

Definition 1.2.22 (Transpose of Matrix). Let A € R¥™, then its transpose A" € R™*? and
(AT> = Qji-
ij

d
Corollary 1.2.23 : If 2,y € RY, then (z,y) = Z Ty =1 y=u1xy'.
i=1

T
Proof 2. Supposez = | : |, thenz' = (xl xd>.
T4
Y1
xly = (331 ﬂfd) | =+ + Taya.
Yd

|
Corollary 1.2.24 Cauchy-Schwarz: |z "y| < [|z[|2]y]|2.
Definition 1.2.25 (Trace of a Matrix). Assume that A € R?*¢, the trace of A, denoted as Tr(A),

is defined as ;

TI'(A) = Z (077
i=1
Definition 1.2.26 (Determinant of a Matrix). Assume that A € R%*? the determinant of A,
denoted as det(A), is defined as

det(A) = Z (=1 a10(1)a2002) * - Ado(a):

ocESy

where S, is the set of all possible permutation of size d and i(¢) denotes the sign of the per-
mutation.

Definition 1.2.27 (Eigenvalue and Eigenvector). Assume that A € R?*?, We say that ) is an
eigenvalue for A if 3z € R4\ {0} s.t. Ax = \z. In this case, z is called an eigenvector.

Definition 1.2.28 (Diagonalizability). A matrix A € R is called diagonalizable if 3 basis
U1, ..., 0q 8.5 Av; = My, V1 <i < d.
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Theorem 1.2.29 Diagonalization, Singular Value Decomposition (SVD) of Squared
Matrices
Assume that A is diagonalizable and

V:<Ul Vg - ’Ud>.
Then, A = VDV !, where D is a diagonal matrix such that

A1 0
D = .
0 Ad

Example 1.2.30 Application of Diagonalization
A= (VDV HY)(VDV™Y) =VDY 'V DV =VD?*VL
N——

Generally,

Remark 1.10 Remarks on Diagonalization
» There might be repeating eigenvalues. Typically, we enumerate \'’s s.t. \; > Xy > -+ > A,

 In general, it is hard to decide whether A is diagonalizable. For example, rotation matri-
ces have no eigenvectors nor eigenvalues.

o If A is symmetric; thatis A = AT, then A is diagonalizable. Moreover, we can choose basis

Vi, ..., 0qS.t.
0, i
oIy = #J
1, i=j
Such bases are called orthonormal. In matrix form, if V = <v1 vy e vd) , then
v
VTV: (Ul ’Ud) =1.
Vd

Thatis,V' =V~ and hence A=VDV~!'=VDVT,

10
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1.3 Basic Topology

Example 1.3.1 Introduction
Consider the optimization problem Hl[(l)rh f(z). Suppose that z* € [0, 1] is a solution for
zell,
this problem, then we have
flz) > f(z*) Vze]|0,1].
Then, we can conduct a case study on the necessary condition we need to have on f'(z).
1. 2* € (0,1) = f'(z*) = 0.
Y
0 x* 1 x
2. 17 =0 = f'(z*) >0
Y
0 x* 1 x
3. 2 =1 = f'(z*) <0.

Definition 1.3.2 (Open/Closed Ball). The open ball with center ¢ € R™ and radius » > 0 is the
set

B(e,r) ={z eR": ||z —c]| <r}.

The closed ball with center ¢ € R™ and radius » > 0 is the set
Ble,r] ={x € R" : ||z — ¢| < r}.

11
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Remark 1.11 The boundary is not included in an open ball.

Definition 1.3.3 (Interior Point). Assume that U € R". We say that x € U is an interior point
if3r > 0s.t. B(x,r) C U. The set of all interior points of U is denoted by int(U)

Example 1.3.4 Interior Point Example

Suppose U = [0, 1]. Prove that int(U) = (0, 1).

Proof 1. To prove this, we have to show int(U) C (0,1) and (0,1) C int(U).

(D): Letx € (0,1). WTS: x € int(U). Take r = min {z, 1 — =}, then the open ball B(z,r) C
U. proof omitted. So, x € int(U), and thus (0,1) C int(U). O

(Q): Letz € int(U). WTS: z € (0,1). omitted. |

Definition 1.3.5 (Open Set). A set U C R" is called open ifint(U) = U.

Example 1.3.6 Open Set Counterexample
U = [0, 1] in Example 1.3.4 is not an open set.

Remark 1.12 When f is defined over an open set U, then we can define differentiability on f on
U.

Definition 1.3.7 (Closed Set). A set ' C R" is called a closed set if V (z,);", C F such that

n=1
lim x, =2 = x € F.

n—oo

Example 1.3.8 Closed Set

» Take F' = R", then F'is a closed set because we have taken everything into the set.

* F'=10,1] is closed.

Proof 2. Take zy,xs,...,2,--- € [0,1]. Thatis, 0 < z, < 1, Vn > 1. Then, set
z = lim z,. ltmustbethat0 <z < 1,orz € [0, 1]. |

n—oo
* F'=(0,1] is not closed.

Proof 3. Take zi,...,z,,--- € (0,1], where z, = Vn > 1. Then, 0 < z, < 1.

. : .1 .
However, notice that = lim =, = lim — =0 ¢ (0, 1]. Hence, F'is not closed. [

n—oo n—oo N,

n

Remark 1.13 In general, optimization problems are set on closed sets for otherwise, we cannot
guarantee, in general, existence of optimal solutions.

12
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Example 1.3.9 Optimization Problem on a Set that is not Cloased
Suppose f(z) = x and consider the optimization problem

min f(x) = min z.
0<x<L1 f( ) 0<x<L1

Then we know that this problem does not have a solution.

Remark 1.14 A set can be neither open nor closed.

Definition 1.3.10 (Boundary Points). A point x is a boundary point for U itV r > 0, B(z,r)
contains points from both U and its complement. The set of all boundary points of U is de-
noted by bd(U).

Example 1.3.11 Boundary Pooints
e U=[0,1] = bd(U) ={0,1}.

« U=(0,1 = bd(U) = {0,1}.

Definition 1.3.12 (Compact Set). A set C' € R" is called compact if it is closed and bounded.
The latter means that 3 M > 0 s.t. ||z|| < M Vz e C.

1.4 Continuity and Differentiability

Definition 1.4.1 (Continuity). Let S C R", f: S — R,z € S. We say that f is continuous at =
if
lim f(2) = f(x).

Z—T
zeS

If f is continuous at all points x € S, we simply say f is continuous on S. We also use the
notation f € C(S5).

Theorem 1.4.2 Weierstrass Theorem
Assume that S C R” is a compact set, and f : S — R is a continuous function. Then
d Zimin, Tmax € S S.L

f@)> f(xmn) VeSS and f(z) < f(Tmax) YT €S.

In other words, migl f(z) and max f(z) problems are guaranteed to have solutions.
xe zE

13



1 MATH PRELIMINARIES 1.4 Continuity and Differentiability

Example 1.4.3 Classes of Continuous Functions

1. Polynomials.

2. sin(z) and cos(x); tan(x) and cot(z) at certain domain.

w

. Exponents: e**, a € R.

4. Logarithm: Inz, = > 0.

Theorem 1.4.4 Building Continuous Functions

e If f and g are continuous, then f - g, f + g, and af are continuous Va € R.

f

e If f and g are continuous, then = is continuous for z s.t. g(z) # 0.
g

e If f, g are continuous and » = f o g makes sense, then £ is continuous.

Definition 1.4.5 (Differentiability). Let S C R", x € int(S), and f : S — R. Then, the i-th
partial derivative of f at x is the limit (if it exists)

0f(w) _ . flw+te) = f(a)

where ¢, is the standard basis.
o0x; t—0 t

If all partial derivatives exist, then we assemble them in a column vector called gradient.

We say that f is continuously differentiable on S if 3 U openset s.t..S C U and V f(x) exists
Vo € U and is continuous. In this case, we write f € C!(.9).

Example 1.4.6 Continuous Function that is not Continuously Differentiable
Consider f(z) = |z|. Then we know its derivative

1 x>0
flx)=4-1 <0

undefined z =0.

So, f € C(R) but f ¢ C'(R).

14
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Definition 1.4.7 (Directional Derivative). Let f € R"\{0}. Then, the directional derivative of
f at x is the limit (if it exists)

f/(l‘;d) — lim f(x+td) B f(ZL')

t—0t t

Remark 1.15 Iff € C!(S), then
f'(x;d) =V f(x)" - d.

However, the converse is not true in general. Indeed, for f(x) = |z|, we have that f'(0;1) = 1
(the positive direction), and f'(0; —1) = —1 (the negative direction). But f'(0) does not exist.

Definition 1.4.8 (Second-Order Differentiability). The (i, j)-th partial derivative of f at z is

*f 0 (0f(x)

If all second order partial derivatives exist and are continuous on S, we say that f is twice
continuously differentiable on S and write f € C*(S).
If f € C*(S), then
o*f o*f .
= Vi, j.
6@890 j ox j(‘?xi

If f has all second-order partial derivatives at x, then we denote the Hessian of f at x by the

matrix 82f .
2 _

i,j=1

If f € C%(9), then V*f(z) is symmetric forall x € S.
Definition 1.4.9 (Small-O Notation). o(r) is the small-o notation and means that this quantity
is much smaller than r. For example, o(||y — z||) is any quantity s.z.

L ollly = )
ey =2l

= 0.

Theorem 1.4.10 Taylor Approximation I
If f is differentiable at z, then

fy) = f(z) + V(@) (y — ) +olly — «l)).

Theorem 1.4.11 Taylor Approximation II
If f is twice differentiable at x, then

F() = (@) + VI@) (y—2) + 5~ 2) V(@) — )+ o(ly — /).
———

small error

15
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Theorem 1.4.12 Taylor Approximation III
If f is twice differentiable at x, then

fly)=f@)+ V) (y—=z)+ %(y —z)"V?f(c)(y — z) for some c(z,y, f ...),

where the point ¢ is dependent on z, y, and f, but we do not know exactly what c is.

Remark 1.16 From Taylor Approximation II to III, we improve our approximation from an
expression with a small error, to an exact equation. However, the trade-off here is that we have
to introduce a new constant ¢, which we do not have any information about.

16



2 UNCONSTRAINED OPTIMIZATION

2 Unconstrained Optimization

2.1 Global and Local Optima

Definition 2.1.1 (Global Minimum and Maximum). Let f : S — Rbe defined onaset S C R™.
Then, z* € S'is called a

* global minimum point of f over S'if f(z) > f(z*) forany x € S.
* strict global minimum point of f over Sif f(x) > f(z*) forany z* # = € S.
* global maximum point of f over S'if f(z) < f(z*) foranyz € S.
e strict global maximum point of f over S'if f(z) < f(z*) forany z* # z € S.

Definition 2.1.2 (Feasible Set and Feasible Solution). The set S on which the optimization of
f is performed is called the feasible set, and any only x € S is called a feasible solution.
Definition 2.1.3 (Minimizer and Maximizer). We refer to a global minimum point as a min-
imizer or a global minimizer, and a global maximum point as a maximizer or a global maxi-
mizer. A vector x* € S is called a global optimum of f over S if it is either a global minimum
or a global maximum.

Definition 2.1.4 (Maximal and Minimal Value). The maximal value of f over S is defined as
the supremum of f over S:

max {f(z):z € S} =sup{f(z) 2z € S}

If z* € S is a global maximum of f over S, then the maximum value of f over S'is f(z*). The
minimal value of f over S is the infimum of f over S,

min{f(z):z € S} =inf {f(z) : x € S},

and is equal to f(2*) when z* is a global minimizer of f over S.

Remark 2.1 (Difference between min and inf) For A C R, min A = y* ify* € A, and y* <
y Yy € A. On theother hand, inf A = y* ify* <y Vy € A, and anyy' > y* is NOT a lower
bound for A.

Remark 2.2 There could be several global minimum points, but there could be only one mini-
mal value.

Definition 2.1.5 (Set of Global Minimizers and Global Maximizers). The set of all global
minimizers of f over S is denoted by

argmin {f(z) : x € S}

17



2 UNCONSTRAINED OPTIMIZATION 2.1 Global and Local Optima

and the set of all global maximizers of f over S is denoted by
argmax {f(x) : x € S}.

Definition 2.1.6 (Local Minima and Maxima). Let / : S — R be defined on a set S C R".
Then, z* € Sis called a

* local minimum point of f over S if there exists » > 0 for which f(z*) < f(z) for any
r € SN B(z* ).

e strict local minimum point of f over S if there exists » > 0 for which f(z*) < f(z) for any
z* #x e SN B(z*r).

* local maximum point of f over S if there exists » > 0 for which f(z*) > f(x) for any
r € SN B(*r).

e strict local maximum point of f over S if there exists » > 0 for which f(z*) > f(x) for any
z* # e SN B(z*,r).

Lemma 2.1.7 Fermat’s Theorem: For a one-dimensional function f defined and differen-
tiable over an interval (a,b), if a point z* € (a,b) is a local maximum or minimum, then

f'(z7) = 0.

Remark 2.3 Moving into multidimensional extension of this Lemma, the result states that the
gradient is zero at local optimum points. We refer to such an optimality condition as a first
order optimality condition .

Theorem 2.1.8 First Order Optimality Condition for Local Optima Points
Let f : U — R be a function defined on a set U C R". Suppose that 2* € int(U) is a local
optimum point and that all the partial derivatives of f exist at z*. Then, V f(z*) = 0.

Proof1. Leti € {1,2,...,n} and consider the one-dimensional function ¢(¢) = f(z* + te;),

where e; is the standard basis. Note that g is differentiable at ¢ = 0 and that ¢'(0) =

3@-
Since z* is a local optimum point of f, it follows that ¢ = 0 is a local optimum of ¢, which
immediately implies that ¢’(0) = 0. The latter equality is exactly the same as gf = 0. Since
Z;
this is true foranyi € {1,2,...,n}, the result V f(z*) = 0 follows. |

Remark 2.4 Our proof of the multidimensional First Order Condition relies on the first order
optimality condition for one-dimensional functions.

Remark 2.5 Theorem 2.1.8 presents a necessary optimality condition: the gradient vanishes at
all local optimum points, which are interior points of the domain of the function; however, the
reverse claim is not true since there could be points which are not local optimum points whose
gradient is zero.
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2 UNCONSTRAINED OPTIMIZATION 2.2 C(Classification of Matrices

Definition 2.1.9 (Stationary Points). Let f : U — R be a function defined on aset U C R".
Suppose that z* € int(U) and that f is differentiable over some neighborhood of z*. Then, z*
is called a stationary point of f if V f(x*) = 0.

Remark 2.6 Theorem 2.1.8 essentially states that local optimum points are necessarily station-
ary points. However, again, stationary points are not necessarily local optimum points.

2.2 C(Classification of Matrices

Definition 2.2.1 (Positive Definiteness, Negative Definiteness). A symmetric matrix A €
R™" js called

e positive semidefinite, denoted by A = 0, if 2" Az > 0 for every z € R".

positive definite, denoted by A >~ 0, if 2" Az > 0 for every x # 0 € R".

negative semidefinite, denoted by A < 0, if 2" Az < 0 for every x € R™.

negative definite, denoted by A < 0, if x" Az < 0 for every z # 0 € R".

indefinite if there exist x and y € R" such thatz" Az > 0and y" Ay < 0.
Remark 2.7 A matrix is negative (semi)definite if and only if — A is positive (semi)definite.

Lemma 2.2.2 Necessary Condition for Definiteness of Matrices: If A € R™*" is a positive
definite matrix, then its diagonal elements are positive. If A € R™*" is a semidefinite matrix,
then its diagonal elements are nonnegative. Similarly, if A is a negative definite matrix, then
its diagonal elements are negative. If A is a negative semidefinite matrix, then tis diagonal
elements are nonpositive.

Remark 2.8 Note that Lemma 2.2.2 gives a necessary condition for a positive definite matrix.
It is not sufficient. That is, one can easily generate a matrix with positive diagonal entries that
is not positive definite.

Lemma 2.2.3: Let A be a symmetric n xn matrix. If there exists positive and negative elements
in the diagonal of A, then A is indefinite.

Theorem 2.2.4 Eigenvalue Characterization Theorem
Let A be a symmetric n x n matrix. Then,

» Ais positive definite if and only if all its eigenvalues are positive.

A is positive semidefinite if and only if all its eigenvalues are nonnegative.

A is negative definite if and only if all its eigenvalues are negative.

A is negative semidefinite if and only if all its eigenvalues are nonpositive.

A is indefinite if and only if it has both positive and negative eigenvalues.
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2 UNCONSTRAINED OPTIMIZATION 2.2 C(Classification of Matrices

Corollary 2.2.5: Let A be a positive semidefinite (definite) matrix. Then, tr(A) and det(A) are
nonnegative (positive).
Lemma 2.2.6: Let D = diag(dy,dy, . ..,d,). Then, D is

e positive definite if and only ifd; > 0 V..
* positive semidefinite if and only ifd; > 0 V.
* negative definite if and only ifd; < 0 V..
 negative semidefinite if and only ifd; <0 Vi.

e indefinite ifand only if 34, j s.. d; > 0,d; < 0.

Proposition 2.2.7 : Let A be a symmetric 2 x 2 matrix. Then, A is positive semidefinite (defi-
nite) if and only if both tr(A) > 0 and det(A) > 0 (tr(A) > 0 and det(A) > 0).

Example 2.2.8 Square Root of Matrices

For any positive semidefinite matrix 4, we can define the square root of matrix A'/2.
Let A = UDU' by the spectral decomposition. Then, D = diag(d;,ds, ..., d,), where d;’s
are eigenvalues of A. Since A is positive semidefinite, we have dy, . . ., d,, > 0. Now, define

A2 =UEUT,
where E = diag(\/dy, . ..,v/d,). Then
AV2AYV?2 — UEBUTUEU" = UEEU" =UDU " = A.

The matrix A'/? is also known as the positive semidefinite square root.

Definition 2.2.9 (Principal Minor). Given an n x n matrix, the determinant of the upper left
k x k sub-matrix is called the k-th principal minor and is denoted by D (A).

Example 2.2.10 Principal Minor
Consider a 3 x 3 matrix
a1 G12 Aa13
A= |ax ax as;

a31 a3z (33

Then the principal minors are

11 Q12 413

a11 A12
) Ds(A) = |G21 Q22 Q23]

Di(A) = ay1, Dy(A) =

Q21 A22
31 Aazz2 ass
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2 UNCONSTRAINED OPTIMIZATION 2.3 Second Order Optimality Conditions

Theorem 2.2.11 Principal Minors Criterion
Let A be an n x n symmetric matrix. Then, A is positive definite if and only if all its
principal minors are positive. Thatis, D;(A) > 0,...,D,(A) > 0.

Remark 2.9 When the matrix becomes large, computing its determinant will be hard. So, other
method to determine the definiteness of a matrix shall be introduced.

Definition 2.2.12 (Diagonally Dominant Matrices). Let A be a symmetric n x n matrix. Then,

» Ais diagonally dominant if

| Aii| > Z |A;;], fori=1,2,... n.
J#i

» Ais called strictly diagonally dominant if

|A“|>Z|AZ]” fori:1,2,...,n.
JF#i

Theorem 2.2.13 Positive (Semi)Definiteness of Diagonally Dominant Matrices

e Let A be a symmetric n x n diagonally dominant matrix whose diagonal elements
are nonnegative. Then, A is positive semidefinite.

e Let A be a symmetric n x n strictly diagonally dominant matrix whose diagonal
elements are positive. Then, A is positive definite.

2.3 Second Order Optimality Conditions

Theorem 2.3.1 Necessary Second Order Optimality Condition
Let f : U — R be a function defined on an open set U C R". Suppose that f is twice

continuously differentiable over U and that z* is a stationary point. Then, the following
hold:

e If 2* is a local minimum point of f over U, then V?f(z*) = 0.

o If 7* is a local maximum point of f over U, then V?*f(z*) < 0.

Proof 1. Proving the second condition, we just need to employ the result from the first
condition on the function — f. So, we will only prove the first condition here.

Since z* is a local minimum point, 3 a ball B(z*,r) C U for which f(z) > f(z*) forallz €
B(xz*,r). Letd € R" be anonzero vector. Forany 0 < a < Tal’ we have 27, = 2* +ad € B(z*, ),
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2 UNCONSTRAINED OPTIMIZATION 2.3 Second Order Optimality Conditions

and hence for any such a,
f@y) = fa). 2)

On the other hand, by the linear approximation theorem (Taylor’s approximation), it fol-
lows that 3 a vector z,, € [z*, 2% such that

flag) = (@) = V(") (27, — 2") + %(JJZ — ") 'V f(za) (], — 27).

Since z* is a stationary point of f, and by the definition of z},, the equation can be reduced to

2
f@s) = fla*) = Sd V2 f(z0)d. ®)

Combining Eq. (2) and Eq. (3), it follows that for any o € <O, L) , the following inequality

]l
holds:
d"V?f(z,)d > 0.

Finally, using the fact that z, — 2z* as @« — 07, and the continuity of the Hessian, we
obtain that d" V?f(z*)d > 0. Since the inequality holds for any d € R", the desired result is
established. |

Theorem 2.3.2 Sufficient Second Order Optimal Condition
Let f : U — R be a function defined on an open set U C R". Suppose that f is twice
continuously differentiable over U and that z* is a stationary point. The following hold:

o If V?f(z*) = 0, then z* is a strict local minimum point of f over U.

o If V2f(2*) < 0, then z* is a strict local maximum point of f over U.

Definition 2.3.3 (Saddle Point). Let f : U — R be a function defined on an open set U C R".
Suppose that f is continuously differentiable over U. A stationary point x* is called a saddle

point of f over U if it is neither a local minimum point nor a local maximum point of f over
U.

Theorem 2.3.4 Sufficient Condition for a Saddle Point

Let f : U — R be a function defined on an open set U C R". Suppose that f is twice
continuously differentiable over U and that z* is a stationary point. If V?f(z*) is an
indefinite matrix, then z* is a saddle point of f over U.

Remark 2.10 Recall the Weierstrass Theorem (Theorem 1.4.2), which states that a function de-
fined over a compact set must attain its maximum and minimum value at some point. How-
ever, if we loose the condition on the compact set, we will not get this nice property. Therefore,
we wonder if we can come up with some condition on the objective function to ensure the max-
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2 UNCONSTRAINED OPTIMIZAT40Nslobal Optimality Condition and Quadratic Functions

imum and minimum values are attained. This motivates the following definition of coercive-
ness.

Definition 2.3.5 (Coerciveness). Let f : R” — R be a continuous function defined over R".
The function f is called coercive if

| lﬁm f(z) = oco.

Theorem 2.3.6 Attainment Under Coerciveness
Let f : R — R be a continuous and coercive function and let S C R” be a nonempty
closed set. Then, f has a global minimum point over S.

2.4 Global Optimality Condition and Quadratic Functions

Theorem 2.4.1 Global Optimality Condition

Let f be a twice continuously differentiable function defined over R"”. Suppose that
V?2f(z) = 0 forany z € R". Let z* € R" be a stationary point of f. Then, z* is a global
minimum point of f.

Proof 1. By the linear approximation theorem, it follows that for any = € R", there exists a
vector z, € [z*, z] for which

f@) = f*) = 50 = a9) VP () — ),

Since V?f(z,) = 0, we have that f(z) > f(«*), establishing the fact that z* is a global minimum
point of f. [
Definition 2.4.2 (Quadratic Function). A quadratic function over R" is a function of the form

f@) =2 Az +2b"x +c,

where A € R"*" is symmetric, b € R”, and ¢ € R. The matrix A will be referred as the matrix
associated with the quadratic function f. The gradient and Hessian of a quadratic function
have simple analytic formulas:

Vf(z)=2Ax +2b; V2f(x)=2A.

Lemma 2.4.3: Let f(z) = 2" Az + 2b"x + ¢, where A € R™" is symmetric, b € R", and ¢ € R.
Then,

* 1z is a stationary point of f if and only if Az = —b.

e if A > 0, then z is a global minimum point of f if and only if Az = —b.
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2 UNCONSTRAINED OPTIMIZAT40Nslobal Optimality Condition and Quadratic Functions

e if A - 0, then z = — A~ is a strict global minimum point of f.

Lemma 2.4.4 Coerciveness of Quadratic Functions: Let f(z) = 2" Az + 2b"z + ¢, where A €
R™™ symmetric, b € R”, and ¢ € R. Then, f is coercive if and only if A - 0.

Theorem 2.4.5 Characterization of the non-negativity of quadratic functions
Let f(x) = 2" Az + 2b" 2z + ¢, where A € R™" symmetric, b € R", and ¢ € R. Then, the
following two claims are equivalent:

 f(x)=2"Azx +2b"x + ¢ > 0forall z € R".

A b
. = 0.
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3 LEAST SQUARE

3 Least Square

3.1 “Solution” of Overdetermined Systems

Definition 3.1.1 (Least Square Problem). Suppose that we are given a linear system of the
form Az = b, where A € R™*" and b € R™. Assume that the system is overdetermined,
meaning that m > n. Assume that A has a full column rank; that is, rank(4) = n. Then,
the system is usually inconsistent (has no solution) and a common approach of finding an
approximate solution is to pick the solution resulting with the minimal squared norm of the
residual r = Az — b:

min || Az — b||*. (LS)

z€R™

Solution 1.
To solve the Problem (LS), we can rewrite the objective function as

flx)=a"AT Az — 2b" Az + ||b||*.

Since A is of full column rank, it follows that for any = € R”, it holds that V*f(z) = 24T A >~ 0.
Hence, the unique stationary point

zis = (ATA) AT

is the optimal solution of problem (LS). O
Definition 3.1.2 (The Least Square Solution/Normal System). The vector 215 we found is
called the least squares solution or the least squares estimate of the system Ax = b. It is also
common to write the explicit expression for x5 associated with the normal system:

(ATA)ars = ATb.

3.2 Data Fitting

Definition 3.2.1 (Linear Fitting). Suppose that we are given a set of data points (s;,;), i =

1,2,...,m,where s; € R" and ¢; € R, and assume that a linear relation of the form
ti:siTx, 1=1,2,...,m,
approximately holds.
Solution 1.

In the least square approach, the objective is to find the parameters vector x+ € R" that
solves the problem

m
. 2
min (xTx — ti) )
z€ER" 4 T ¢
1=
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3 LEAST SQUARE 3.2 Data Fitting

We can alternatively write the problem as

min ||Sx — t|)?,
TER™

where
—SI—* h
T
—S85 — tQ
s=| 7 | t=
—SIL— tm
O
Definition 3.2.2 (Nonlinear Fitting). The least square approach can be used also in nonlinear
fitting. Suppose, for example, that we are given a set of points in R? : (u;,y;), i = 1,2,...,m,
and that we know a priori that these points are approximately related via a polynomial of
degree at most d; i.e., there exists ay, . . . , a; such that
d .
Zajug ~y, 1=1,...,m.
j=0
The least squares approach to this problem seeks ay, a1, . . ., a4 that are the least squares solu-

tion to the linear system

2 d

1w wy - uf ag Yo
2 d

1wy wy -+ ug a Y1
2 d

1wy wi, - ul aq Ym
TV -
U

Note that, the matrix U is also called the Vandermonde matrix.

Data Fitting

d = linspace(0, 1, 30)7;
e=2xd+ 1+ 0.1 *x randn(30, 1);
plot(d, e, "*");
u = [d, ones(30,1)]\e;
a=u(l), b =u(2);
>>> a =
2.0616
>>> b =
0.9725
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3 LEAST SQUARE 3.3 Regularized Least Squares

3.3 Regularized Least Squares

When A is underdetermined, that is, when there are fewer equations than variables, there
are several optimal solutions to the least squares problem, and it is unclear which of these
optimal solutions is the one that should be considered.

Example 3.3.1
0 ] | |
ConsiderA=|: | | ... ||.Then, consider
0 | | |
0 ‘ | | I
Ax = ‘ | | =b
0 | | |/ \zn

There will be no z; in b. Therefore, changing z; will not alter the value || Az — b||*.

Theorem 3.3.2
Suppose that b = Ax,. Consider all x # z( s.t. Ax = Axg, then A(x — z9) = 0. So,
r —xo € null(A), z € o + null(A).

Definition 3.3.3 (Regularized Least Square). Consider a penalized problem in which a regu-
larization function R(-) is added to the objective function. The regularized least square (RLS)
problem has the form

min || Az — b|* + AR(x). (RLS)

The positive constant ) is the regularization parameter. As ) gets larger, more weight is given
to the regularization function.

In many cases, the regularization is taken to be quadratic. In particular, R(z) = ||Dz|’,
where D € RP*" is a given matrix. Then, (RLS) can be written as

min || Az — b||> + \||Dz|”.
To find the optimal solution, we can equivalently write the problem as
min { frs(z) =2 (ATA+AD D)z — 20" Az + ||b||2}

Since the Hessian of the objective function V? fgis(z) = 2(ATA + ADT D) = 0, any stationary
point is a global minimum point. The stationary points are those satisfying V fris(z) = 0, that
is

(ATA+AD'D)z = ATb.
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3 LEAST SQUARE

3.4 Denoising

Therefore, if AT A+ ADT D = 0, then the RLS solution is given by

rris = (ATA+ADTD) AT,

If we control the norm of the solution, we add the quadratic regularization function ||z, then

TRLS — (ATA -+ )\I)_lATb.

Remark 3.1 The regularization is to find the smallest norm possible. That is, xgs is the one

orthogonal to the null space of A.

Example 3.3.4
Suppose B € R?*3, Then, A = B' B is rank deficient:

rank(A) = rank(B ") rank(B) < min {rank(B"), rank(B)}.

Asrank(B) < 2, dim(null(4)) = 3 — dim(rank(B)) > 1.

Example 3.3.5
Suppose A is invertible. Azqye = birue aNd AZpoisy = bnoisy- Then,

A(xtrue - xnoisy) = burue — bnoisy

—1
Ttrue — Tnoisy — A (btrue - bnoisy)‘

A 000
Suppose A= | 0 X, 0 | with \; > 0. Then,
0 0 X3
/A 0 0
A7'=1 0 X 0
0 0 1/X

If A5 is small, A~ (bgue — bnoisy) Will still be large.

3.4 Denoising

One application of regularization is denoising. Suppose that a noisy measurement of a signal

x € R" is given as
b=+ w.
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3 LEAST SQUARE 3.5 Nonlinear Least Squares

Here x is an unknown signal, w is an unknown noise vector, and b is the known measurements
vector.

Denoising Problem: Given b, find a “good” estimate of z. The least squares problem associ-
ated with the approximate equation x = b is

min ||z — b]|>.
In this case, though = = b is the obvious solution of the problem, it is meaningless.

Solution: Considering the signal is smooth, we can add a penalty on the problem. That is,

b R nt o —
/ [.Q?/(LL)]Q dt < oo Discretization Z (-Tz . $i+1)2, USiIlg J,’/(t) ~ QZerlA SL’z.
a i=1 t
This penalty is equivalent as using the matrix representation R(z) = ||Lz|*, where L
R"—1x7 g given by
1 -1 0 0 0 0
0 1 -1 0 0 0
L=1|0 1 -1 0 0
0 0 0 0 1 -1

The resulting RLS problem is

AY (wi—wiq1)?
min ||z — b||*+ X ||Lz|® |
i | S— \,—/

fidelity regularity

and the optimal solution is given by

fL‘RLS()\) = (] + /\LTL)_lb.

Remark 3.2 )\ controls how smooth we want and how noisy we want. However, note that there
is a trade-off between smoothness and accuracy.

3.5 Nonlinear Least Squares
Problem Assume that we have data {(z1,v1), ..., (7,,y.)}, where z; € R% y € R.

Goal Find fs.t.y; =~ f(x;) Vi we are searching a function. Mathematically, we solve this
problem as follows:

n

min l Z (y; — f(iﬂi))Q’ (4)

feH n £

=1
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3 LEAST SQUARE 3.5 Nonlinear Least Squares

where H is the hypothesis set, and ! E (y: — f(x;))* is the loss function.
n
i=1

H is linear

Suppose H is a linear space: H € span {1, ¢, ..., om}. WeknowthatV f € H, Jaq,...,a,, €
R s.t. arp1 + a9 + - - + amem. Hence, (4) is reduced to

2

1 n m
min ; (y 2,059 (%)) (5)
—_——
f(@i)
In terms of least square:
1 e1(r1) - pm(T1) o
Yo e1(z2) o pm(T2) ay
y = . 7 @ = . . . ) o = .
Yn ©1(Tn) - PmlTn) O
Then, (5) reduces to
rrgnHy—q)aW, (6)
where o1, ..., p, are called features, and ® is called a feature matrix. Example of features:

polynomials, trigonometric polynomials, etc.

‘H is nonlinear

Suppose H is not a linear subspace: H = {¢(-;a) : a € R"}. So, f(z) = ¢(z; ), which is a set
of parametric function. Once « is fixed, we can evaluate f(z). Note, generally, a — ¢(z; «) is
not linear. When # is a linear space with features ¢, . . ., ¢, then

p(w;a) = a191(7) + a2pa(2) + -+ + ampm (@),

and then we are back into the # is linear case.
For example, we can have a one-layer Neural Network as follows, where o : R — R s called
the activation function. Then,

biases
go(:c;zul,...,wm,bl,...,bm,al,...,am)—ala(a:-w1 + b)) tago(z-wy+by)+ - Aoy o(x - wy + by) .
we;grhts <p;(,x) tp;(,x) @T;,(x)

Compare with the case when 7 is a linear subspace, we are now having ¢; () is also dependent
on w; and b;. We let the machine to learn the most efficient basis for the problem. So, this
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3 LEAST SQUARE 3.5 Nonlinear Least Squares

approach will be more adaptable in different contexts.

b

)

More generally, the least square problem when 7 is nonlinear can be written as

3

n

min % Z <yZ — (@ a)) (7)

nonlinear

As o(z; «) is nonlinear, we cannot write it as a matrix-vector product as given in (6).
(7) is called a nonlinear least square problem.

Remark 3.3 We obtain nonlinear least square problems when we fit data with square loss and
nonlinear model.

Problem: Data Classification Given (zq,y1),..., (zn,yn), ind o(z; @) s.t. p(x; ) = y;  Vi.

Measuring Error: What does ¢(z; o) ~ y; mean?

I 1<
 Distance — MSE: - ZZI (y; — p(x; ). Or, more generally, - ZZI lyi — (s 0) 7.
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3 LEAST SQUARE 3.5 Nonlinear Least Squares

o LN BUERRY
Sign: - ;(y, sign(e(x;; «)))”, where

1, x>0
sign(z) =<0, =0
-1, x<0.

* Alternatively, softmax, then the output will be p(z; o) € R", wheren is the number of
classes, with p;(z; «) is the probability of © in class i. For example, taken = 2, then

p(r;a) = (p1(x; ), a(z; @)

where (1,0) means 100% in class 1 and (0,1) means 100% in class 2. Turning every-
thing into positive and probability values, we get

1 (w0) e#2(w50)
(esm(:v;a) T e#2(550) gri(@a) 4 pealwa) ) ‘

Linear Least Square to Solve: Suppose there exists some lines dividing the classes. Those
lines are called hyperplanes with equation

w-xr+v=20.

Goal Find w, v such thatw -z + v > 0 for z; inred and w - x + v < 0 for z; in blue.

However, we can have multiple choices of the hyperplane. Which one is better? We will
evaluate them using the concept of margin.

Definition 3.5.1 (Margin). We define the margin of the hyperplane defined by w-x+v = 0
as follows

If the classification is successful, we should have w - z; + v and y; to have the same sign,
so (w - x; + v) - y; > 0. Therefore, we want the hyperplane that

. Jw - w; + v
max p(w)=  max min
(w-zi+v)y; >0 (wzi+v)y;>0 HUJH
1 .
= max —— by homogeneity of w and v

(w-x;+v)y; >0 HwH

We can further show that the optimization problem can be written as the following least
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3 LEAST SQUARE 3.5 Nonlinear Least Squares

square problem with respect to w and v:

2
]
(wzitv) >0 2

(8)

Proof 1. In this proof, let’s get a sense why we are having a least square problem. Sup-
pose w € R*¥*!, Define

Then,
Therefore, we get
v 0

Nonlinear Least Square to Solve We can form the following nonlinear least square problem

n

1 . 2 2 2
=3 (- 2 A A 9
min ~ 2 (y; —sign(w - z; + v))" + A ||w]|” + A2||v|| 9)

This is a nonlinear least square because sign(w -; +v) does not form a linear relationship
with w and v. This nonlinear least square will fail, in fact. To ensure (9) works, we have
to add the constrain (w - z; + v) - y; > 1.

Nonlinearly Separable Classification If the classes are not linearly separable, neither (8) nor
(9) will work. We need to transform them into a higher dimension. For example, con-
sider the following mapping: (z,y) — (z,y,2* + y?). The map that makes data linearly
separable is the feature mapping. Find a feature mapping can be very difficult.
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4 Constrained Optimization

Goal: Constrained Optimal Problem

* figure out necessary conditions for optimality
* figure out sufficient conditions for optimality
* existence

e MATLAB function fmincon

We will mostly discuss: mig f(z), whereC'is closed and convex, and f can be either convex or
TE
non-convex.

4.1 Convexity

Definition 4.1.1 (Convex Set). A set C' C R is convex if V x,y € C'and X € (0, 1), we have that
(1-XNz+ A yeC.

Remark 4.1 Convexity essentially means that if we know two points are in the set, then every-
thing on the line connecting the two points is also in the set.

././'w:w
(1—=Nz+ Ay

z(A=0)

Example 4.1.2 Example of convex and non-convex sets

Example 4.1.3 Show that C' = {z : ||z — || < r} = B,,(r) is convex.
Proof1.Letz,y € Cand A € (0,1).
We have: ||z — xo|| < rand ||y — zo|| < r. Wewant: ||(1 — XNz + Ay — || < r.
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4 CONSTRAINED OPTIMIZATION 4.1 Convexity

Note that

(1= XNz + Ay — x| = £1 — ANz — )+ My — %Z

7 (.
-~ -~
a

= |[(1 = N)(z — zo)|| + ||\ (y — xo)| triangular inequality
= (1= MN)|lz — x| + Ay — 0| homogeneity
<(I=XNr+Ar=r

We've shown ||(1 — Nz + Ay — x¢|| < r, implying C' is convex. |

Remark 4.2 In this example, ||-|| is an arbitrary norm. So, any B, (r) defined with an arbitrary
norm is convex.

Example 4.1.4 Unit Balls are Convex

o |z, = Z |zi|, zo = (0,...,0), r = 1, then the ¢, unit ball is defined by the following

convex setC {(x1,22)  |x1] + |2z2| < 1}
1/2
o |z, = (Z x; ,zo = (0,...,0),r = 1, and the ¢, unit ball (also known as the unit

circle) is defined by C' = {(z1, x3) : z3 + 23 < 1} convex.

° |zl = max |z;], xzo = (0,...,0), r = 1. The /., unit ball is defined by the following

1<i<

setC' = {(azl,:BQ) s max {|z], |z2|} < 1}.

If we put the unit balls together, ¢;-ball is the smallest and /. -ball is the largest.

X2




4 CONSTRAINED OPTIMIZATION 4.1 Convexity

Remark 4.3 When solving the regularization problem mig f(x)+|z||“, we can choose different
e

types of norms. The shape of the unit ball of the norms will inform which solution is selected.
Usually, the solution will be on the boundary of the unit ball. (,-ball gives sparse solution and
using (1 -norm is called the LASSO method.

Definition 4.1.5 (Convex Function). A function f : R — R is called convex if Vz,y € R? and
A € (0,1), we have that f((1 — M)z + Ay) < (1 — N)f(x) + Af(y). Note that this condition is
equivalent to saying that f has positive second order derivatives.

epi(f) : epigraph, convex

g';&y

(I =Xz + Ay

Remark 4.4 The definition of a convex function is to say that the graph of the function is below
the straight line of connecting any two points on the graph.

Definition 4.1.6 (Epigraph of f). Define epi(f) == {(z,z) € R*: 2z > f(z)}. Note that “epi”
means “up” in greek.

Theorem 4.1.7 Duality of Convexity
A function f : RY — R is convex if and only if epi( f) is convex.

Example 4.1.8 A Nonexample

~

not in epi(f)
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4 CONSTRAINED OPTIMIZATION 4.1 Convexity

Proof 2. (=) Suppose f is convex. Let (z,z), (y,w) € epi(f) and A € (0,1). Our goal is to
show that (1 — \)(z, z) + A(y,w) € epi(f) as well. Note that

(1 =X (z,2) + My, w) = (1 — Nz + Ay, (1 — Nz + \w).
Since (z, z), (y, w) € epi(f), we have z > f(x) and w > f(y). Therefore

(IT=XNz+w>(1=XN)f(z)+ \f(y)

>
> (1 =Nz + \y) by convexity of f [

(<) Suppose epi(f) is a convex set. Note that Vx,y € R?, by definition of epi(f), we have
(z, f(z)) € epi(f) and (y, f(y)) € epi(f). Then, by convexity, we know

(1=, f(2)) + My, f(y)) = (1= Nz + Ay, (1 = A)f () + Af(y) € epi(f)-

Again, by definition of epi( f), we have

JIA =Nz +Ay) <1 =N f(z) +Af(y)

Therefore, f is convex. u
Definition 4.1.9 (a-Level Set). Let f : RY — R be an arbitrary function and o € R. Then, the
a-level set of fis Lev(f,a) == {z:€ R?: f(z) < a}.

VAR W
U

Lev(fi, a) \ 2

Lev(fa, )

I

Theorem 4.1.10
If f is convex, then Lev( f, o) are convex V a € R.

Remark 4.5 By convention, we consider empty set as convex as well

Proof 3. Let x,y € Lev(f,a)and X € (0,1).
WTS: (1 — Nz + Ay € Lev(f,a) <= f((1 =Xz + \y) < a.
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4 CONSTRAINED OPTIMIZATION 4.1 Convexity

Asz,y € Lev(f, ), then f(z) < a and f(y) < a. So,
A=Nf(@)+Af(y) <A =Na+ra=a.
By convexity of f, we know
fF(A=Nz+Ay) < (1 =N f(z) +Af(y) <a.

So, (1 — Nz + Ay € Lev(f, ). [

Remark 4.6 Often, we have fr(n)1£ g(x). In this case, C = {z : f(z) < a} = Lev(f,a). In fact,

every Lev(f, a) is corresponding to a certain convex function. Therefore, Theorem 4.1.10 can be
strengthen into an if-and-only-if statement.

Example 4.1.11 Example 4.1.3 Revisit

Consider B, (zg) = {z € R?: ||z — zo|| < r}. If f(2) = ||z — z0[|, € R, then B, (zo) =
Lev(f,r). Show that B, (z,) is convex.

Proof 4. To prove the statement, we first consider the convexity of f(x):

Claim. f is convex.

Proof. Letx,y € R and )\ € (0,1). WTS: ||(1 — XNz + My|| < (1 = N)||z| + \||y]|-
Note that

— Az + Ay|| < — A)z|| + ||[AY triangular tnequality
1—A A 1—A A ) lar 1 li
= (1=N)|lz] + Ayl homogeneity

So, f isconvex. [
As f is convex and B, (x¢) = Lev(f,r), by Theorem 4.1.10, B,(z) is convex. |

Remark 4.7 Example 4.1.11 offers another approach to prove a set is convex other than ap-
plying the definition: proving it is the level set of a convex function. This is a more powerful
approach and can be applied into different types of questions.

Theorem 4.1.12 Operations Preserving Convexity I
Assume that fi, f5, ..., f, are convex functions. Then,

1. aifi +agfo+ -+ +a,f,is convexV ay, ..., a, > 0.

2. f(z) = max{fi(z), fo(x),..., fo(z)} is a convex function.

Proof 5. Here, we will offer a proof of Theorem 4.1.12 (2). Let z,y € R?and A € (0,1). We
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4 CONSTRAINED OPTIMIZATION 4.1 Convexity

want to show f((1 — XNz + \y) < (1 — N)f(x) + Af(y). Note that

fil(l =Xz + Ay) < (1= A)fi(x) + Afi(y) convezity of f;
<1 =Nf(z)+Af(x), Vi definition of f: fi(x) < f(x)
So,
max fi((1 = A)z +Ay) < (1 = A)f(z) + Af(@).
By definition of f, thatis, f((1 — Xz + Ay) < (1 — A f(z) + Af(y). |

Theorem 4.1.13 Operations Preserving Convexity I1
Let f be a convex function. Then, g(y) = f(Ay + b) is also convex, where A is a matrix
and b is a vector.

Proof 6. Let y, z € dom(g), the domain of ¢g. Then,

g(1 =Ny + Az) = FIA((1 = Ny + Az) +b)

(
= f((1 = N)Ay 4+ XAz + (1 = \)b+ \b) linearity of A
= f((1 = X)(Ay +b) + M(Az + b))
< (I =XNf(Ay+b) + Af(Az +b) convezity of f
= (1= N)g(y) + Ag(z) de finition of g
Asg((1 — Ny + Az) < (1= XNg(y) + Ag(2), g is convex. |

Theorem 4.1.14 Operations Preserving Convexity III
Assume f : R? — R is convex and g : R — R is an increasing convex function. Then,

h(z) = (go f)(x) = g(f(z)) is also convex.

Proof 7. Let x,y € R?and \ € (0, 1). Then, by the convexity of f, we have

ST =Nz +Ay) < (1 =N f(z) +Af(y).

Further, due to g being monotonically increasing,

g(f (1 =Nz + X y)) < g((1 = A)f(z) + Af(y)).

Therefore,
h((1 =Nz + Ay) = g(f(1 = Nz + Ay)) < g((1 = A) f(z) + Af(y))
< (1 =Ng(f(x)) + Ag(f(y)) convexity of g
= (1= XNh(z) + Mh(y) de finition of h
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4 CONSTRAINED OPTIMIZATION 4.1 Convexity

Ash((1 =Nz + A\y) < (1 — N)h(z) + Ah(y), h is convex. [
p
Claim 4.15 Let (', (s, . . ., C, be convex sets. Then, C' = ﬂ =C,NCyN---NC,isalso convex.
=1
p
Remark 4.8 The union of convex sets, C' = U C; = C1UCy,U---UC, might not be a convex set.
=1

Corollary 4.1.16: Let fy, fs, ..., f, be convex functions and o, s, . .., , € R. Then,

C=A{z: filr) <o, folr) S ag,..., fp(x) < ap}
= Lev(f1, 1) NLev(fa, a2) N--- N Lev(f,, ap)

= mLeV(fiaOéi)

=1
is also convex.

Remark 4.9 Consider an optimization problem ; 1((11)12 g(x). If f; are convex, then the constrain
z)<a
()<
Ip(@)<ap
set of this problem is also convex as a result of Corollary 4.1.16.

Example 4.1.17 Techniques to Prove Convexity I: Turn “>” into “<”
Consider min L(zy,x2). The constrainset C' = C; N C; s.t.

x%+z§§1
2x1—2x2>0

01: {(.1'1,1}2) m%—i—x%ﬁ 1} and 02:{(.1'1,1’2) 321’1—$220}.

Find the convexity of C.
Solution 8.
Define fi(x1,22) = 2 + x3. Then, C is a level set:

Cl = {(ZEhl’Q) . fl(.l’l,[['g) S ]_}

2 . .
Note that V*f,(z, 15) = 0 (2) > 0,80 fi(x1,z7) is convex and so is C}.

Define f5(z1,z9) = —2x; 4+ 2. Then, C; is also a level set:

Co ={(z1,32) : =221 + @2 <0} = {(21,22) : fol@1,22) S0} [a20 <= —a < (]

0 0 . .
Note that V2 f,(z, 25) = [0 O] = 0. Thus, fa(x;,z5) is convex and so is Cs.

Hence, C = C; N C4 is also convex. O
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4 CONSTRAINED OPTIMIZATION 4.2 Conditions for Constrained Optimal Problems

Remark 4.10 Every linear function f(x) = co + c1x1 + c2x2 + - -+ + cqvq always has Hessian
semidefinite, and so they are all convex. Having a strict positive definition Hessian implies a
strict convexity.

Example 4.1.18 Techniques to Prove Convexity II: Turn “=" into “<”
Consider min L(xq,x2, x3).

eTl+xo—x3<1
4x1—2xo+Tr3=2

Let C be the constrain set. Determine the convexity of C.
Solution 9.
Note that C' = C; N Cs s.t.

Cy = {(z1,29,x3) : fi(za, 9, 23) < 1} where fi(x1, 29, 23) = €™ + 29 — 23
and
Cy = {(z1, 2, x3) : folwa, e, x3) =2} wWhere fo(xy, 29, x3) = 421 — 229 + T23.
In fact, we can decompose C; into the following conditions:
Cy = {(z1, 29, 3) : folxa, xe,23) < 2} where fo(xy, 29, x3) = 421 — 229 + T3.
and
Cs = {(z1, 22, x3) : f3(x2, e, x3) < —2} where f3(xy, x9, x3) = —4x; + 209 — T3.

Therefore, C = C; N Cy N Cs, with ¢4, Cy, C3 both level sets.
For (4, note that

V2f1(9517 T2, xs) =

o o o

o o o
Y
o

So, f; is convex and so is C.
Alternatively, ™ is convex and xo — x3 is also convex. So, fi(x1, 2, x3) is a sum of two

convex functions.

For Cy and Cj, f5 is linear, and so f; and f3; = — f, are both linear and so convex. Then,
C, and C5 are convex.

Therefore, C = C; N Cy N C4 is convex. O

4.2 Conditions for Constrained Optimal Problems

Problem
Consider mig f(z), where C' C R?is a convex set. P)
Te
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4 CONSTRAINED OPTIMIZATION 4.2 Conditions for Constrained Optimal Problems

Definition 4.2.1 (Stationary Point). A point z* € C'is called a stationary point for (P) if

Vi) (x—2*)>0 Vrel.

<90° =~
« = —
= 2

Theorem 4.2.2 Necessary Condition for Constrained Optimization
If z* is a solution of (P), then z* is a stationary point.

Proof 1. Assume that z* is a solution of (P), but 3z € C s.t. V f(2*)" (x — 2*) < 0.
Consider ¢(t) = f(z* + t(z — z*)). Note that

H(0) — 1 EO=2O) o S 1 =) — )

t—0 t t—0 t

So, ¢'(0) = Vf(z*)" - (x — 2*) < 0 by our assumption. So, 3t* € (0,1) s.t. p(t*) < ¢(0). That s,

[+t (x —a%)) < f(2")
F((A =t +t'x) < f(x¥)

Denote (1 — t*)z* + t*z = 2/, we know 2’ € C by convexity of C. So, we've found a 2’ € C s.t.
f@') < fa).

x This contradicts with our assumption that z* is a solution of (P). Hence, our assumption
is incorrect, and the proof is complete. [

Remark 4.11 When x* € int(C'), then z* is stationary if and only if V f(z*) = 0. In particular,
when C = RY, all v* € int(C) and stationary means V f(z*) = 0.

Example 4.2.3 Use the Necessary Condition to Derive a KKT Condition

Consider C' = R% = {(z1,...,24) : z; > 0 Vi}. Show that z* is a stationary point if and
only if Vs,
af .

x; =0.

Tso azo I
T

8951-_ ’
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4 CONSTRAINED OPTIMIZATION 4.2 Conditions for Constrained Optimal Problems

Proof 2. The necessary condition for z* € C to be stationary is given by

Vi) (zr—2")>0 VreR:
Vi) e — V) z*>0.

Claim.a'z+b>0 VzeR%Yifandonlyifa > 0andb > 0.
Using the Claim, we have that z* is a stationary point if and only if

of .
>0 VY
81’2' - !
and ]
of
flxz™)'x ; 8%% <
Hence, z* is a stationary point if and only if
. of of
> > *— 0.
Vi, ar, = 0, =x; >0, Gxixl 0
The three conditions, altogether, is called the Karush—-Kuhn-Tucker (KKT) Condition for
C' = R<. The last condition, g—f:c;* =0 Viis called the Complementary Slackness Condi-
Z;
tion, which indicates that for each i, either
of

0 —z"e€int(C) or z;=0 — z"isontheboundary

a[[’i

Theorem 4.2.4 First-Order Characterization of a Convex Function
f € C'(R?) is convex if and only if f(y) > f(z) + Vf(2)"(y —x), Vu,yec R

~
first-order approximation

h

fi(@) + (y — 2) TV fi(@)

8
<

Proof 3. (=) Suppose f € C'(R?) is convex. Fix some z,y € R?.
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4 CONSTRAINED OPTIMIZATION 4.2 Conditions for Constrained Optimal Problems

If z =y, then f(y) > f(z)+V f(2)" (y — ) is trivially true. So, WLOG, we can assume x # y.
By convexity,

S =Nz +Ay) < (1 =) f(z) +Af(y) VA€ (0,1)
[+ Ay —=)) < f(z) + Mf(y) = f(=))
(o) — (o) > TEEA ) 2D YAe(01)
Direction deri;e:tive along y—x
fy —2) < fly) — flx)
Vi) (y—z) < fly) — flz) f is smooth
fly) = f(2) + Vf(@) (y —2). O

(«=) Assume f(y) > f(2)+V f(z) " (y—2) is true. WTS: f((1 =Nz +Ay) < (1=N)f(2)+Af(y).
Denote z := (1 — A\)x + Ay, then by assumption,

f@) > f(2)+ V() (z—2) (10)

and
Fy) = f(2) + Vf(2) (y = 2) (1
Then, (1 — X)(10) + A(11) for some \ € (0, 1) gives us

> (1=Nf(2) + (1 =NV f(@) (= 2) + Mf(2) +AVf(2) (y — 2)
(L= Nf(@) +Afy) = f(2) + V() (1= Nz = 2) + Ay — 2)).

Note that

(I=MNzx—2)+ANy—=2) =

So,

Remark 4.12 The zero-order characterization of the convex function is the definition

ST =Nz +Ay) < (1= A)f(x) +Af(y).
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4 CONSTRAINED OPTIMIZATION 4.2 Conditions for Constrained Optimal Problems

The second-order characterization of a convex function is the Hessian being semidefinite. These
three characterizations are equivalent.

Theorem 4.2.5 Sufficient Condition for Constrained Optimization
Assume that C'is convey, f is convex, and z* € C'is a stationary point for (P). Then, z* is
a minimum point or solution.

Proof 4. Let x € C. By convexity, we have that

fl@) > f(&*) + V f(z*) T (& — 2¥).
Since z* is a stationary point, we have that, by definition,
Vf(z*) (z—a*) > 0.
So,
fl@) > f(@) + Vfa) (@ —a2") > f(a).
[ |

Remark 4.13 (View Convexity from Another Perspective) If f is linear (affine), stationary points
satisfy:
Vi) (xz—2%) = fz) — f(z*) >0 = z* is minimum.

If f is nonlinear,

N

Let L(x) be the affine function s.t. L(z*) = f(z*) and V L(z*) = V f(z").
Now, consider mig L(x):
TE

VL) (z—2*)>0 Vzel
Vi) (z—2*)>0 VreC.

So, x* is the minimum of f if and only if it is also the minimum of L,
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4 CONSTRAINED OPTIMIZATION 4.3 The Karush-Kuhn-Tucker (KKT) Conditions

Further, as x* is a minimum of L,
VL") (v —2*) = L(z) — L(z*) >0 = L(z) > L(z*) VzeC.
Now, the convexity of f guarantees that f(x) > L(x). So, we have

f(z) = L(z) = L(z") = f(z7).

4.3 The Karush-Kuhn-Tucker (KKT) Conditions

4.3.1 KKT Conditions for Linear Inequality Constrains

ConstrainSet: C = {z € R?:q/z <b;, i=12,...,m}.

Example 4.3.1 Informal Discussion
Let’s consider C = {z € R? : a2 < by, ajx < by}

=V f (@] f? a3 T = by

a 3 < by and ay % < by.

Recall that the gradient should form all acute angles with all possible directions
such that we can more from z*. So, the possible way is to take gradient = 0. So,
stationary means

Vf(a) =0.

CaselIl| af 23, = by and ag 23, < bs.

Again, the only possible way for the gradient to form acute angles is to take gra-
dient orthogonal to the hyperplane a| x = b;. Note that a, is also orthogonal to
the hyperplane. So, stationary means a, and —V f(z7,) are collinear,

—Vf<x71) = )\1(1,1, )\1 2 0.

Case 11| a{ x%;; < by and ag %;; = bs.

Similar to Case II, we have —V f(3,,) = Aag, Ay > 0.
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CaseIV| a] 2%, = by and a, x5,; = bo.
Being stationary means:

—Vf(l’;v) = /\1@1 + )\QCLQ, )\1, )\2 Z 0.

In call cases, we have

KKT Conditions

—Vf(ﬂ?*) — )\1(11 + )\2&2, )\1, )\2 Z 0.

)\1(()1—@1 )—)\2(()2_@2 )—O

Complementary Slackness Condition

This indicates that whichever inequality is strict, its coefficient (\) should be 0.

bl—alx >0, bg—an > 0.

Definition 4.3.2 (Active Constrain). If aiTx = b;, we say that this constrain is active.

Problem: We consider the following optimization problem:
= doagle<b,i=1,...
rgggf( x), C {xER a; t < b, i=1, ,m} P)

We know that if z* is a solution of (P), then z* is a stationary point satisfying:

Vi) (z—2*)>0 VreC. S)

Goal: Simply (S) for linear inequality constrains.

Example 4.3.3 Intuition of Farkas’ Lemma
T1+ 9529 <0
Consider the set of inequalities ! 2= . Does itimply —z; + 9z, < 0?
-1+ 229 <0
Solution 1.

It does. Noe that

(.’13‘1 —+ 5372) + 2(—5[}1 -+ 2.1’2) = —x + 91‘2 S 0.
1 —1 —1

. Qg = , c= , T = = . Then,
5 2 9 )
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we can rewrite the problem into:

Problem: “Doa/x <0anda,z < 0implyc'z < 0?”

2[5

So, it seems that if ¢ = \ja; + \aay, With \j, X positive, then o] < 0 and ayx < 0 imply
¢z < 0. We can extend this conclusion and form the Farkas’ Lemma. O

Our previous work show that it does since

C:CL1+2CL2: —|—2

5

Lemma 4.3.4 Farkas’ Lemma: Let a,, . .., a,,, c € R% Then, exactly one of the following state-
ment is true:

'C:)\la1+)\2&2+"'+)\mam, )\1>O szl,Z,,m
e JreRista/z<0 Vi=1,2,...,mandc’z > 0.

Remark 4.14 Farkas’ Lemma does not impose any condition on a;’s. If the first statement is
true, thena/ x <0 V1,2,....m = c'x < 0. If the second statement is true, then we know c
is not a linear combination of a;’s with positive coefficients.

Remark 4.15 With Farkas’s Lemma, we can regard (S) as a series of inequalities imply another:

ajr<b; (x€C) = Vfx") (z—2*)>0.

Theorem 4.3.5 KKT Conditions for Linear Inequality Constrains
Let z* € R? be a solution of (P). Then, I\;, Ao, ..., Ay > 0 8.1

KKT Conditions

~Vf(x*) = zm: A0
i=1

Complementary Slackness Conditions: (a; z* — b))\ =0 Vi=1,2,...,m,
)\17)\27"'7)‘m 2 07
a; z* —b; < 0.

\.

.

In this case, we say that i-th constraint is active if o] 2* = b;. Hence, —V f(2*) is a linear
combination of @;’s corresponding to activated constriants.
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Proof 2. We know that z* must be a stationary point; that is,
Vi) (x—2%)>0 Vosta 2<b VYi=1,...,m
Define y = x — x*. (Change of variable so Farkas’ Lemma is applicable). Then,
~Vf@2)'y<0 Vysta y<b —az* VYi=1,...,m

Denote I(z*) = {i:b;—a/z* =0}. So, ifi ¢ I(z*), b; — a/2z* > 0. When i € I(z*), then
a;y < b; — a; z* means a; y < 0. Summarizing, we have that

aly <0, Viel(z")

— VS y<o.
aly <b;—az*, ViglI(x*) =)

Claim4.6a/y <0 VieI(z*) = —Vf(z*) Ty <0.

This claim is asserting that we only need thosei € I(z*) to attain —V f(x*) Ty < 0. Once
this claim is proved, we can apply Farkars’ Lemma to conclude that —V f(z*) is a linear
combinations of a;’s.

Proof. (of the claim) Lety be such thata/y <0 Vi e I(z*).

Since b; —a, 2* >0 Vi¢ I(x*), we know that 3o > 0 s.1.

ai (ay) < b —ajz*, VigI(x").
So, for a > 0 small enough, we have that

aj (ay) <0 VielI(z*) and aq] (ay) <b —al2* Vig I(z%).

But then, -V f(z*)"(ay) <0 = -V f(z*)'y<0. O

Thus, by Farkas’ Lemma, 3 \; > 0, Vi€ I(z*) s.t.

—ViE) = ) Na.

i€l(x*)

Fori ¢ I(x*), simply take \; = 0. Hence,

—Vf(x }:A%.

This is the first condition in KKT.
By construction, we have that’ A >0, Vi=1,...,m ‘, which is the third condition in KKT.
Ifi € I(z*), then a/ 2* — b; = 0, and so \;(a/ 2* —b;) = 0. Ifi ¢ I(2*), then \; = 0, and

7
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Ai(a) 2" —b;) = 0 as well. Hence, | \;(a] 2" —b;) =0, Vi=1,...,m| Thisis the second con-
dition in KKT.

Finally, the fourth condition is just the feasibility condition of z*. This means that z* € C.
We hereby complete the proof. [

Remark 4.16 Those \;’s are also called the Lagrange Multipliers.

Theorem 4.3.7 Sufficiency of KKT Conditions
When f is convex, KKT conditions for (P) is sufficient.

Proof 3. Let x* satisfy KKT conditions. First, let'’s make sure z* is a stationary point; that is,

Via)T(r—2*)>0, Vosta v<b, i=12....,m

We have that
Vi) (2 —a%)=— Z Na; (x — x%) K KT Conditions
i=1
= Z \a; T — Z \a; @ distribute \ia;
i=1 i=1
= Z Aib; — Z )\iaiT x complementary slackness
i=1 i=1
= Z A (bi — aiTx) factorization
1 ~N ——
1= 20 20
>0 AN >0by KKT; b; — aiTa: > 0 by constraint
Hence, z* is indeed a stationary point. The convexity of f guarantees that f(x) > f(z*). |

4.3.2 KKT Conditions for Linear Inequality and Equality Constraints

Problem: Consider the following problem:

min f(z), WhereC:{x:aiTbei ‘v’izl,...,m,c;x:dj Vj:17...,k}. Q)

zeC
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4 CONSTRAINED OPTIMIZATION 4.3 The Karush-Kuhn-Tucker (KKT) Conditions

Theorem 4.3.8 KKT Conditions for Linear Inequality and Equality Constraints
Suppose z* € R? be a solution of (Q). Then, I\;, X, ..., A, > 0and p, g, ..., 0 > 0 S.L

KKT Conditions

~Vf(a ZAaﬁchj,

Complementary Slackness Conditions :  \(a; z* — b)) =

A A2 A 20, p€R, a2 —b;<0 and ¢ 2" =d;.

Proof 4. Rewrite C' in (Q) into inequalities:

C’:{x:ajxgbi Vi=1,...,m, c;xgdj,—c;xg—dj, ijl,...,k}.

So, the KKT condition will be

k
— + —
_Vf E )‘al+ E ,LL] Cj - § ,LL] Gy ’ )‘sz/]a/vL] 20
Jj=1 v
correspondmg corresponding
toc; m<d to —chrS—d]-

= Z Nia; + Z (1 — /L;) ¢; Denotey; = uj — p; can be any real numbers
—Z)\al—i-Zu]cj, Ai 20,0 € R
7j=1

Now, let’s consider the complementary slackness conditions:

)\(alTx*—b)—,u] (ch*—d)—u] (ch*—dj):O

~"

Since c;x*:dj V j, ignoring these,
we don't lose generalities.

Finally, we have our feasible conditions:

aj ¥ —b; <0 and chx* = d;.

Theorem 4.3.9 Sufficiency of KKT Conditions
When f is convex, the KKT conditions for (Q) is also sufficient.
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4 CONSTRAINED OPTIMIZATION 4.4 Lagrange Multiplier

4.4 Lagrange Multiplier

Problem: Considering the following minimization problem ]En)m f(z). We can rewrite it as
g(x)=0

flx)  ifg(z) =0

minmax f(z) + A\g(z) since max f(z) + Ag(z) = {
v A 00 o/w.

Further, denote h(\) := min {f(z) + Ag(x)}. Though not true in general, we can assume
the following to be true for now (a formal reasoning will be given later):

g]Ele)iilof(x) = mxin max f(z) + Ag(x) = max mxin fz)+ Ag(x) = max h()).

So, we have turned a constrained problem into an unconstrained one. \ is the Lagrange
Multiplier, and f(z) + Ag(x) is usually denote as L(z, \).

Example 4.4.1 An Inspirational Example on Lagrange Multiplier
Consider the following optimization problem

min ;4 2 = minmax (z; + x2) + A(z] + 23 — 1)
z3+22=1 r1,22 A

= max min o —|—x2—|—)\(:c%+x§ — 1).

A T1,T2
Now, define
—00, A<0
h(A) = min {z1 + 25 + Az} + 25— 1)} = 1
1,22 — = A > 0%
2\
.. 1
* From first order condition, we havel + 2 \x; = 14+ 2 1y =0 — x; = 29 = oy

Then, we have

Problem: Consider min f(x) = min max {f(x) + Ag(z)}. Note that

g(z)<0 T

00 ifg(x) >0

max{ f(z) + Ag(x)} =
) g} =07 T
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4 CONSTRAINED OPTIMIZATION 4.4 Lagrange Multiplier

Then,

min f(z) = min max A > 0{f(x) + Ag(x)}

9(z)<0
= maxmin {f(z) + Ag(2)}
= max h(A), h(\) = mxin {f(z) + Ag(z)}.

Denote L(z, \) == f(z) + Ag(z), the Lagrangia. Then, we are solving the problem

max min £(x, \).
>0

The first order optimality condition (FOC) with respect to x is
V.L(x,\) =V f(z)+AVg(z) =0

The FOC with respect to ) is given by

E%ﬁ(x, A)=g(x) <0, Mg(z)=0, A>0.

In summary, we have the following conditions (This is exactly the KKT conditions):
Vf(x)+AVg(z)=0

g(x) <0, A>0
Complementary Slackness Condition: A\g(z) =0

Further, if we assume that g(z) = a"z — b, then Vg(x) = a. So, the conditions above are
reduced to
Vf(z) =—-Xa

a'x—b<0, A>0
Aa" —b) =0,

which are, precisely, the KKT conditions for ITninb f(z).
a'xz<
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Lagrange Multiplier

Theorem 4.4.2 KKT Conditions for a General Case
Consider the optimization problem

min xT).
gl(l')SO,V’LZ]. 7777 mf( )
hj(x)=0, V¥ j=1,....k

Then, the KKT conditions are given by
m k
~Vi(@) =D NValn) + Y uVhya)
i=1 j=1

/\120, V@zl,,m

Complementary Slackness Conditions: \;g;(v) =0, Vi

1,...,m.

Remark 4.17 When {g;} and {h;} are linear (affine), then KKT conditions alone are necessary
for minimizers. When {g;} or {h;} contain nonlinear functions, only minimizers that satisfy

constraints qualification conditions satisfy KKT conditions.

Definition 4.4.3 (Regular Points [A commonly used constraints qualification conditions]).
Let’s say z* is a minimizer and I(z*) = {i : g;(z*) = 0}. Then, we say that z* is a regular point

if {Vgi(2*)},c; (.~ are linear independent.

Example 4.4.4 A counterexample of Regular Point

Vo
<Feasible Set
A point satisfying " >
KKT but not regular
g1 <0
Vg g1=0
g1 >0

not imply a minimizer.

In this example, the point z* is a potential minimizer because it satisfies the KKT condi-
tions. However, it does not ensure a minimizer because if we move around it, we will im-
mediately be outside of the feasible set. One key assumption of KKT is that we can move
around the point to check that —V f(x) is pointing outside of the feasible set. Hence, in
this case, we are not able to make sure this assumption is met anymore, and so KKT does

g2 >0
g2=10

g2 <0
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4 CONSTRAINED OPTIMIZATION 4.4 Lagrange Multiplier

Key Takeaway: KKT requires the —V f(z) to be pointing outside of the feasible set if the
minimizer is at the boundary. If the minimizer is at the interior of the feasible set,
then —V f(z) = 0.
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