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1 MOTIVATION AND PREREQUISITES

1 Motivation and Prerequisites

1.1 Motivation of the Lebesgue Integration

Riemann integration has some flaws even for bounded functions on bounded domains.

Question: When can we exchange limits and integrals?

For Riemann integrals, we have

Theorem 1.1.1

If fn : [a, b] → R are Riemann integrable functions and if they convergence uniformly to f , i.e.,

∀ ε > 0, ∃N ∈ N s.t. ∀n ≥ N, ∀x ∈ [a, b], |f(x)− fn(x)| < ε. Then, f is Riemann integrable, and

lim
n→∞

󰁝 b

a
fn(x) dx =

󰁝 b

a
lim
n→∞

fn(x) dx =

󰁝 b

a
f(x) dx.

Remark. While this is a useful theorem, it is limited in space. Uniform convergence is a very

strong condition.

Example 1.1.2

Let fn(x) = xn on [0, 1]. They converge to the function

f(x) =

󰀻
󰀿

󰀽
0 x ∈ [0, 1)

1 x = 1

pointwise, but not uniformly. Nonetheless,

lim
n→∞

󰁝 1

0
xn dx =

󰁝 1

0
lim
n→∞

xn dx =

󰁝 1

0
f(x) dx.

Proof 1.

• Pointwise convergence. ✔

• Convergence is not uniform:

sup
x∈[0,1]

|xn − f(x)| = sup
x∈[0,1)

|xn − 0|

= sup
x∈[0,1)

|xn|

= 1.

1

1

xn
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1 MOTIVATION AND PREREQUISITES 1.1 Motivation of the Lebesgue Integration

Hence, we don’t have uniform convergence.

• Integral and limit can exchange:

lim
n→∞

󰁝 1

0
xn dx = lim

n→∞

󰀗
1

n+ 1
xn

󰀘1

0

= lim
n→∞

1

n+ 1
= 0

󰁝 1

0
f(x) dx = 0.

Hence,

lim
n→∞

󰁝 1

0
xn dx = 0 =

󰁝 1

0
f(x) dx.

Q.E.D. 󰃈

Remark. There are two conclusions in the above Theorem 1.1.1:

• limiting function is Riemann integrable, and

• its integral is equal to the specific value.

If we replace uniform convergence with pointwise convergence, both of these conclusions can

fail.

Example 1.1.3 Pointwise Convergence Does Not Guarantee Convergence of the Integrals

Consider the following continuous functions:

fn(x) =

󰀻
󰀿

󰀽
n sin(nx) 0 < x <

π

n

0 o/w.

π

2

π

1

2

3

π

3

fn converge pointwise to 0. But, for each n,

󰁝 π

0
fn(x) dx = 2.

In particular,

lim
n→∞

󰁝 π

0
fn(x) dx = 2 ∕= 0 =

󰁝 π

0
f(x) dx =

󰁝 π

0
0 dx.
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1 MOTIVATION AND PREREQUISITES 1.1 Motivation of the Lebesgue Integration

Notation (Characteristic Function)

χA(x) =

󰀻
󰀿

󰀽
1 x ∈ A

0 x /∈ A,

for a set A. χA is the characteristic function of the set A.

Example 1.1.4 Pointwise Convergence Does Not Guarantee Riemann Integrable Limiting Func-

tion

Let {qn}∞n=1 be some enumeration of the countable set Q ∩ [0, 1]. i.e., a sequence s.t.

{qn | n ∈ N} = Q ∩ [0, 1]

and qn ∕= qk if n ∕= k. For each n ∈ N, define

Bn = {q1, q2, . . . , qn}.

Then,

• ∀n ∈ N, χBn is pointwise continuous and thus Riemann integrable, and

󰁝 1

0
χBn(x) dx = 0.

• χQ∩[0,1] is pointwise limit of χBn , but it is not Riemann integrable because

󰁝 1

0
χQ∩[0,1](x) dx = 0 ∕= 1 =

󰁝 1

0
χQ∩[0,1](x) dx.

Proof 2.

• χBn is continuous except at finitely many points: q1, q2, . . . , qn. Therefore, it is Riemann inte-

grable with integral equal to 0.

• For χQ∩[0,1], its minimum and maximum value on any interval is 0 and 1, respectively.

Q.E.D. 󰃈

These two issues are fixed as follows: In this semester, we will see a more general notation of integra-

bility (Lebesgue integration) and prove the following theorem:
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1 MOTIVATION AND PREREQUISITES 1.2 Measuring Sets

Theorem 1.1.5 Dominated Convergence Theorem (DCT), Special Case

Ket fn : [a, b] → R be integrable functions, which are uniformly bounded:

sup
n∈N

sup
x∈[a,b]

|fn(x)| < ∞.

If fn converge pointwise to f : [a, b] → R, then f is integrable and

lim
n→∞

󰁝 b

a
fn(x) dx =

󰁝 b

a
lim
n→∞

fn(x) dx =

󰁝 b

a
f(x) dx.

For example, in Lebesgue integration, χQ∩[0,1] is integrable, and

󰁝 1

0
χQ∩[0,1](x) dx = lim

n→∞

󰁝 1

0
χBn(x) dx = 0.

1.2 Measuring Sets

Example 1.2.1 Integration is Related to Measuring the Size of Sets

The length of interval: 󰁝
χ[c,d](x) dx = d− c.

More generally, we have the following definition:

Definition 1.2.2 (Lebesgue Measure and Measurable Sets). If χA is integrable, the quantity

m(A) :=

󰁝
χA(x) dx

will be called the Lebesgue measure of A, and A will be called measurable.

Example 1.2.3

m(Q ∩ [0, 1]) =

󰁝
χQ∩[0,1](x) dx = 0.

Definition 1.2.4 (Translation Invariant). Since translation preserves the length of intervals,

we should expect the same property for Lebesgue measure. Let A ⊆ R, ∀ t ∈ R, denote its

translation by

t+A = {t+ x | x ∈ A}.

6



1 MOTIVATION AND PREREQUISITES 1.2 Measuring Sets

We expect m(A) = m(t+A).

Definition 1.2.5 (σ-additivity for Measures).

• If {An}∞n=1 is a sequence of pairwise disjoint sets and

fn =

n󰁛

j=1

χAj ,

we have pointwise convergence:

lim
n→∞

fn(x) =

∞󰁛

j=1

χAj = χ󰁖∞
j=1 Aj

• If we can justify the exchange of limits and integrals, we would have

󰁝
χ󰁖

j∈N Aj
(x) dx = lim

n→∞

󰁝
fn(x) dx = lim

n→∞

󰁝 n󰁛

j=1

χAj (x) dx

= lim
n→∞

n󰁛

j=1

󰁝
χAj (x) dx

That is,

m

󰀳

󰁃
󰁞

j∈N
Aj

󰀴

󰁄 = lim
n→∞

n󰁛

j=1

m(Aj) =

∞󰁛

j=1

m(Aj).

This property is called σ-additivity, and it will be a part of the definition of Lebesgue measure.

The Lebesgue measure cannot be defined on all subsets of R. The motivation above leads to an ap-

parent paradox.

Theorem 1.2.6 Vitali

Let {qn}∞n=1 be an enumeration of Q ∩ [−1, 1]. There exists a set V ⊂ [0, 1] s.t.

(qj + V ) ∩ (qk + V ) = ∅ for any j ∕= k

and

[0, 1] ⊂
󰁞

j∈N
(qj + V ) ⊂ [−1, 2].

Corollary 1.2.7 There is no translation invariant function m : P(R) → [0,∞], which is σ-additive and

obey

m([a, b]) = b− a for any a < b.

7



1 MOTIVATION AND PREREQUISITES 1.3 Metric Spaces

Proof 1. Assume such m exists.

• σ-additivity =⇒ monotonicity.

Let A ⊂ B [WTS: m(A) < m(B)]. Use σ-additivity, write A1 = A, A2 = B\A, An = ∅ for n ≥ 3.

m(B) = m(A) +m(B\A) + 0 ≥ m(A).

• For the Vitali set [0, 1] ⊂
󰁞

j∈N
(qj + V ) ⊂ [−1, 2], by monotonicity and σ-additivity,

m([0, 1]) ≤ m

󰀳

󰁃
󰁞

j∈N
(qj + V )

󰀴

󰁄 ≤ m([−1, 2])

1 ≤
󰁛

j∈N
m(qj + V ) ≤ 3.

By translation invariance:

1 ≤
󰁛

j∈N
m(V ) ≤ 3.

1. If m(V ) = 0:

1 ≤ 0 ≤ 3 ⋇

2. If m(V ) > 0: 󰁛

j∈N
m(V ) = ∞ and 1 ≤ ∞ ≤ 3 ⋇

Hence, such m cannot exist. Q.E.D. 󰃈

1.3 Metric Spaces

Definition 1.3.1 (Metric Space of Continuous Functions).

C([a, b]) = C([a, b],C) = {f : [a, b] → C | f is continuous}

d∞(f, g) = max
x∈[a,b]

|f(x)− g(x)|

• C([a, b]) is a metric space with metric d∞.

• C([a, b]) is also complete.

Example 1.3.2 Another Metric on Functions

d1(f, g) =

󰁝 b

a
|f(x)− g(x)| dx on C([a, b]).
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1 MOTIVATION AND PREREQUISITES 1.3 Metric Spaces

C([a, b]) is a metric space with metric d1 but not complete.

Proof 1. Consider functions

fn(x) =

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

0 x < 0

nx 0 ≤ x ≤ 1

n

1 x >
1

n
11

n

−1

fn

on [−1, 1].

Claim fn is a Cauchy sequence w.r.t. d1, but it is not convergent in C([−1, 1]) w.r.t. d1.

Define

g(x) =

󰀻
󰀿

󰀽
0 x ≤ 0

1 x > 0

Then,

d1(fn, g) =
1

2n
(area of the triangle)

[Note: we slightly abuse the notation here, as g /∈ C([−1, 1]), but we can confirm that d1(fn, g) is

well-defined.] So,

d1(fn, fm) ≤ d1(fn, g) + d1(fm, g) =
1

2n
+

1

2m

Hence, fn is Cauchy.

Now, for the sake of contradiction, if fn converges to some f ∈ C([−1, 1]), then d1(fn, f) → 0

when n → ∞. But we also know d1(fn, g) → 0 when n → ∞. So,

d1(f, g) ≤ d1(fn, f) + d1(fn, g) → 0.

That is, d1(f, g) = 0. i.e., 󰁝 1

−1
|f(x)− g(x)| dx = 0.

So, 󰁝 0

−1
|f(x)− g(x)| dx = 0 =⇒ f(x) = g(x) on [−1, 0].

[We are using: If h is continuous on [a, b], h ≥ 0,
󰁝 b

a
h(x) dx = 0, then h = 0.]

Similarly, fix ε > 0, we have

󰁝 1

ε
|f(x)− g(x)| dx = 0 =⇒ f(x) = g(x) on [ε, 1].

Combining the two cases, we get f = g.
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1 MOTIVATION AND PREREQUISITES 1.4 Topology

Since g is not continuous, f is also not continuous. ⋇
So, fn cannot be convergent in C([−1, 1]), and the metric space is not complete. Q.E.D. 󰃈

1.4 Topology

Definition 1.4.1 (Topology). A topology on set X is a set T ⊂ P(x) with the following proper-

ties:

• ∅, X ∈ T ,

• Arbitrary union of elements of T is in T .

• A finite intersection of elements of T is in T .

Theorem 1.4.2 Topology Induced by Metric

If X is a metric space with metric d, a topology induced by metric d is

T = {A ⊂ X | A is open w.r.t. d}.

Proof 1. Recall: A is open in X means: (a) ∀x ∈ A, ∃ ε > 0 s.t. ∀ y ∈ X, d(x, y) < ε =⇒ y ∈ A, or (b)

∀x ∈ A, ∃ ε > 0 s.t. Bε(x) ⊂ A. Now, we can proceed with the trivial proof:

• ∅ and X are open.

• Arbitrary union of open sets is open.

• A finite intersection of open sets is open.

Q.E.D. 󰃈

Example 1.4.3 Different Metrics May Generate the Same Topology

• In R:

d(x, y) = |x− y|

• In Rn:

d2(x, y) =

󰁹󰁸󰁸󰁷
n󰁛

j=1

|xj − yj |2

d1(x, y) =

n󰁛

j=1

|xj − yj |

d∞(x, y) = max
j

|xj − yj |

10



1 MOTIVATION AND PREREQUISITES 1.4 Topology

All d1, d2, and d∞ generates the same topology.

Lemma 1.4.4 If d, 󰁨d are metrics on X s.t. ∃ a, b > 0 s.t. ∀x, y ∈ X

ad(x, y) ≤ 󰁨d(x, y) ≤ bd(x, y),

then d and 󰁨d generate the same topology.

Definition 1.4.5 (Topological Equivalence). If two metrics induce the same topology, they are

said to be topologically equivalent.

Example 1.4.6

Consider a circle on R2 : [0, 2π) →
󰀋
x2 + y2 = 1

󰀌
. Extending it to a unit circle in C:

󰀋
eit | t ∈ [0, 2π)

󰀌
.

Then,

• chord metric:

dc
󰀃
eis, eit

󰀄
=

󰀏󰀏eis − eit
󰀏󰀏

• arc length metric:

da
󰀃
eis, eit

󰀄
= min {|t− s|, 2π − |t− s|}.

eit

eis
da

󰀃
eis, eit

󰀄

dc
󰀃
eis, eit

󰀄

dc and da generate the same topology on the circle.

Example 1.4.7 Extending the Real Numbers

11



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

(0, 0)

(0, 1)

y x|x− y|

d(x, y)

R

+∞−∞

d(x, y) = |arctan y − arctan y|.

d generates the same topology on R as the absolute value metric does. With the metric d, we can

work on the extended real line:
󰁥R = R ∪ {+∞,−∞},

with arctan(±∞) = ±π

2
. Then,

d(x, y) = |arctanx− arctan y|

is a metric on 󰁥R. Note that, also, arctan : 󰁥R →
󰁫
−π

2
,
π

2

󰁬
. Since

󰁫
−π

2
,
π

2

󰁬
is compact, we know that 󰁥R

is a compact, complete metric space.

1.5 Upper and Lower Bounds

Consider a sequence xn ∈ R. A natural question to ask is: Is the sequence bounded? Denote

a1 = inf
n

xn, a2 = inf
n≥2

xn, b2 = sup
n≥2

xn, b1 = sup
n

xn

Then,

a1 ≤ a2 ≤ b2 ≤ b1.

Similarly, we can define

ak = inf
n≥k

xn, bk = sup
b≥k

xn.

We have

ak ≤ ak+1 ≤ bk+1 ≤ bk.

They form nested compact intervals. From previous analysis courses, we know that union of nested

compact sets is non-empty. So, we can have

a = lim
k→∞

ak and b = lim
k→∞

bk.

[Meaning: n ≥ k =⇒ ak ≤ xn ≤ bk. So, for large enough n, a ≤ x ≤ b.]

12



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Example 1.5.1

• xn = (−1)n. Then,

ak = inf
n≥k

xn = −1 and bk = sup
n≥k

xn = 1.

So, a = −1 and b = 1.

• xn =
(−1)n

n
. We have

a = 0 and b = 0.

Definition 1.5.2 (lim inf and lim sup). Suppose xn is a sequence, then

a = lim inf
n→∞

xn = lim
k→∞

inf
n≥k

xn = sup
k

inf
n≥k

xn, and

b = lim sup
n→∞

xn = lim
k→∞

sup
n≥k

xn = inf
k
sup
n≥k

xn.

These encode where the sequence is localized when n gets large.

Theorem 1.5.3

lim inf
n→∞

xn ≤ lim sup
n→∞

xn.

Proof 1. Simply take lim
k→∞

of ak ≤ bk. Q.E.D. 󰃈

Remark 2. (Meaning of lim sup). If lim sup
n→∞

xn = b, then ∀ ε > 0, we know that

b+ ε > lim supxn = lim
k→∞

bk

• By definition of supremum: ∃ k s.t. bk < b+ ε.

• By definition of limit: ∃ k s.t. ∀n ≥ k, xn < b+ ε.

Theorem 1.5.4

lim inf xn = lim supxn = x ⇐⇒ lim
n→∞

xn = x.

Proof 3. (⇒): ∀ ε > 0, ∀n large enough, xn < b+ ε (b = lim supxn) and a− ε < xn (a = lim inf xn).

If a = b = x, then ∀ ε > 0, ∀n large enough, x−ε < xn < x+ε =⇒ |xn − x| < ε. Hence, lim
n→∞

xn = x.

(⇐): Trivial. Q.E.D. 󰃈
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1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Lemma 1.5.5 If xn ≤ yn ∀n, then

lim sup
n→∞

xn ≤ lim sup
n→∞

yn.

Proof 4. ∀ k, we have that

sup
n≥k

xn ≤ sup
n≥k

yn =⇒ lim
k→∞

sup
n≥k

xn ≤ lim
k→∞

sup
n≥k

yn

lim sup
n→∞

xn ≤ lim sup
n→∞

yn.

Q.E.D. 󰃈
Corollary 1.5.6 If xn ≤ yn ≤ zn, then

lim inf xn ≤ lim inf yn ≤ lim sup yn ≤ lim sup zn.

If limxn = lim zn = c, then

lim inf yn = lim sup yn = c, and lim
n→∞

yn = c.

Theorem 1.5.7 Sub-additivity of lim sup

lim sup
n→∞

(xn + yn) ≤ lim sup
n→∞

xn + lim sup
n→∞

yn.

Example 1.5.8

xn = (−1)n and yn = (−1)n+1. Then,

xn + yn = 0, lim supxn = 1, lim sup yn = 1,

but lim sup(xn + yn) = 0. So, lim sup(xn + yn) < lim supxn + lim sup yn.

Notation 1.5.9 (Unbounded Sequences). If A ⊂ R is not bounded above, we write

supA = ∞.

If sequence xn is not bounded above, we write

lim sup
n→∞

xn = ∞.

14



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Remark 5. (What does lim inf xn = ∞ mean?).

=⇒ ak → a = ∞

=⇒ lim supxn = ∞

⇐⇒ lim
n→∞

xn = ∞

Example 1.5.10

What is the logical negation of the statement lim
n→∞

xn = ∞?

Solution 6.

limxn = ∞ ⇐⇒ lim inf xn = ∞ and ¬(limxn = ∞) ⇐⇒ lim inf xn < ∞.

□

15



2 BOREL SETS AND FUNCTIONS

2 Borel Sets and Functions

2.1 σ-Algebra

Definition 2.1.1 (σ-Algebra). Let X be a set and P(X) be the set of all subsets of X. A σ-algebra

on X is a set A ⊂ P(X) with the following properties:

• ∅ ∈ A

• A ∈ A =⇒ Ac ∈ A, where Ac = X\A.

• For any sequence Aj ∈ A, j = 1, 2, 3, . . . ,

∞󰁞

j=1

Aj ∈ A.

Observations:

• X ∈ A. [following from ① and ②]

• Aj ∈ A =⇒
∞󰁟

j=1

Aj ∈ A.

Proof 1.

Aj ∈ A =⇒ Ac
j ∈ A

=⇒
∞󰁞

j=1

Ac
j ∈ A and

∞󰁞

j=1

Ac
j =

󰀳

󰁃
∞󰁟

j=1

Aj

󰀴

󰁄
c

=⇒

󰀳

󰁃
∞󰁟

j=1

Aj

󰀴

󰁄
c

∈ A

=⇒
∞󰁟

j=1

Aj ∈ A.

Q.E.D. 󰃈

• For any A1, . . . ,A n, then
n󰁞

j=1

Aj ∈ A and
n󰁟

j=1

Aj ∈ A.

Proof 2. By taking An+1, An+2, · · · = ∅. Then,

n󰁞

j=1

Aj =

∞󰁞

j=1

Aj .

Q.E.D. 󰃈

• A,B ∈ A =⇒ A\B ∈ A.

16



2 BOREL SETS AND FUNCTIONS 2.1 σ-Algebra

Proof 3.

A\B = A ∩Bc.

Q.E.D. 󰃈

Example 2.1.2

• Maximal σ-algebra on X: A = P(X).

• Minimal σ-algebra on X: A = {∅, X}.

Proposition 2.1.3 The intersection of a non-empty family (set) of σ-algebras on X is a σ-algebra on X.

Proof 4. Let F be the set of σ-algebras on X:

F = {Aα | α ∈ I},

where Aα’s are σ-algebras and I is the index set. Define their intersection

A =
󰁟

α∈I
Aα.

[WTS: A is a σ-algebra.]

• ∅ ∈ Aα ∀α ∈ I =⇒ ∅ ∈ A.

• A ∈ A =⇒ A ∈ Aα ∀α ∈ I =⇒ Ac ∈ Aα ∀α ∈ I =⇒ Ac ∈
󰁟

α∈I
Aα = A

• An ∈ A ∀n ∈ N. Then, An ∈ Aα ∀α ∈ I, n ∈ N. So,

󰁞

n∈N
An ∈ Aα ∀α ∈ I =⇒

󰁞

n∈N
An ∈

󰁟

α∈I
Aα ∈ A.

Hence, A is a σ-algebra. Q.E.D. 󰃈

Definition 2.1.4 (σ-Algebra Generated by F). Let F ⊂ P(X). The σ-algebra generated by F is

the intersection of all σ-algebras on X containing F (which have F as a subset).

Remark.

• By Proposition 2.3, this is indeed a σ-algebra.

• We also think of this as the smallest σ-algebra that contains F .

17



2 BOREL SETS AND FUNCTIONS 2.2 Borel Sets and Functions

2.2 Borel Sets and Functions

Definition 2.2.1 (Boral σ-Algebra and Borel Sets). Let X be a metric space and T be the topol-

ogy induced by the metric. Then, the Borel σ-algebra on X is the σ-algebra generated by T ,

denoted as BX . Elements of BX are called Borel sets.

Example 2.2.2

• Discrete metric on X

d(x, y) =

󰀻
󰀿

󰀽
1, x ∕= y

0, x = y

gives topology T = P(X), which generates BX = P(X).

• X = R. Then,

BR 󰃳 P(R).

Proof uses axiom of choice (omitted).

Definition 2.2.3 (Measurable Function). Let f : X → Y . Suppose A is a σ-algebra on X and B
is a σ-algebra on Y . Denote

f−1(B) = {x ∈ X | f(x) ∈ B}.

f is measurable if B ∈ B =⇒ f−1(B) ∈ A.

[Connection: definition of continuity.]

Definition 2.2.4 (Borel Function). Let f : X → Y , where X and Y are metric spaces. f is a

Borel function if B ∈ BY =⇒ f−1(B) ∈ BX .

Proposition 2.2.5 If f : X → Y , g : Y → Z are Borel functions, then

g ◦ f : X → Z

is also a Borel function.

Proof 1. C ∈ BZ . Then, g−1(C) ∈ BY =⇒ f−1(g−1(C)) ∈ BX . That is,

(g ◦ f)−1(C) = f−1(g−1(C)) ∈ BX .

Q.E.D. 󰃈
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2 BOREL SETS AND FUNCTIONS 2.3 Borel σ-Algebra on Euclidean Spaces

Definition 2.2.6 (Pushforward). Let f : X → Y and A be a σ-algebra on X. Define

C =
󰀋
C ⊂ Y | f−1(C) ∈ A

󰀌
.

Then, C is a σ-algebra and called the pushforward of A by f .

Proof 2. Let’s show that C is a σ-algebra.

• f−1(∅) = ∅ ∈ A =⇒ ∅ ∈ C.

• Assume C ∈ C, f−1(C) ∈ A.

f−1(Cc) = {x | f(x) ∈ Cc} = {x | f(x) /∈ C} = {x | f(x) ∈ C}c =
󰀃
f−1(C)

󰀄c ∈ A.

So, Cc ∈ C.

• Assume Cn ∈ C, f−1(Cn) ∈ A. Then,

f−1

󰀣 ∞󰁞

n=1

Cn

󰀤
=

∞󰁞

n=1

f−1(Cn) ∈ A.

So,
∞󰁞

n=1

Cn ∈ C.

Q.E.D. 󰃈
Proposition 2.2.7 Any continuous function f : X → Y is a Borel function.

Proof 3. [WTS: C ∈ BY =⇒ f−1(C) ∈ BX ]. By continuity, we know C is open =⇒ f−1(C) is open.

Then, f−1(C) ∈ BX . [WTS: C is Borel.]

Note that
󰀋
C | f−1(C) ∈ BX

󰀌
is a σ-algebra

(because it is the pushforward of BX by f ) contains all open sets. Hence, it contains all Borel sets.

Q.E.D. 󰃈

Remark. A contains all open sets and A is a σ-algebra =⇒ A contains all Borel set (i.e.,

BX ⊂ A).

2.3 Borel σ-Algebra on Euclidean Spaces

Goal: BR is generated by {(a,∞) | a ∈ R}.

Corollary 2.3.1 If A ⊂ P(R), A contains all half-lines (a,∞) and A is a σ-algebra, then A contains all

Borel sets of R.
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2 BOREL SETS AND FUNCTIONS 2.3 Borel σ-Algebra on Euclidean Spaces

Definition 2.3.2 (Base). A base U of a topological space (X, T ) is a family U ⊂ T with the

property: ∀V open and ∀x ∈ V , ∃A ∈ U s.t. x ∈ A ⊂ V .

Example 2.3.3

In a metric space,

U = {Br(x) | x ∈ X, r ∈ (0,∞)}

is a base.

V

A = Br(x)

x

Definition 2.3.4 (Second-Countable). X is second-countable if it has a countable base.

Lemma 2.3.5 In R, U = {(a, b) | a, b ∈ Q, a < b} is a countable base. Thus, R is second-countable.

Proof 1.

• Countability: a, b ∈ Q, countable. Pair of countable is also countable.

• Base: Let V ⊂ R be open. Suppose x ∈ V , then ∃ ε > 0 s.t. (x− ε, x+ ε) ⊂ V . Since Q is dense in

R, ∃ a ∈ (x− ε, x) ∩Q and ∃ b ∈ (x, x+ ε) ∩Q. Then, x ∈ (a, b) ⊂ (x− ε, x+ ε) ⊂ V .

( )
V

xx− ε x+ ε

a b

Q.E.D. 󰃈
Lemma 2.3.6 Let U be a base of X. Every open set V can be written as a union of some elements of the

base.

Proof 2. (⊆):
󰁞

A∈U
A⊂V

A ⊂ V , trivially.

(⊇): For any x ∈ V , ∃A ∈ U s.t. x ∈ A ⊂ V . Then, for any x ∈ V , x ∈
󰁞

A∈U
A⊂V

A. Then, V ⊂
󰁞

A∈U
A⊂V

A.

Hence,
󰁞

A∈U
A⊂V

A = V . Q.E.D. 󰃈

Theorem 2.3.7

BR is the σ-algebra generated by (a,∞), a ∈ R.
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2 BOREL SETS AND FUNCTIONS 2.3 Borel σ-Algebra on Euclidean Spaces

Proof 3. Denote A=σ-algebra generated by (a,∞), a ∈ R. [WTS: A = BR.]

(⊆): Note that (a,∞) is open. So, (a,∞) ∈ BR =⇒ A ⊂ BR.

(⊇): [WTS: A contains all open sets.]

(a,∞) ∈ A =⇒ ① (−∞, a] = (a,∞)c ∈ A.

② (−∞, b) =

∞󰁞

n=1

󰀓
−∞, b− 1

n

󰁬
∈ A.

③ (a, b) = (a,∞) ∩ (−∞, b) ∈ A.

So, if V is open,

V =
󰁞

a,b∈Q
(a,b)∈V

(a, b) ∈ A.

That is, A contains all open sets. SinceBR is the smallest σ-algebra containing all the open sets, BR ⊂ A.

So, BR = A. Q.E.D. 󰃈
Corollary 2.3.8 f : X → R is Borel ⇐⇒ f−1

󰀃
(a,∞)

󰀄
is Borel ∀ a ∈ R.

Proof 4. (⇒): Suppose f is Borel and (a,∞) is a Borel set, then

f−1
󰀃
(a,∞)

󰀄
∈ BX .

(⇐): [WTS: ∀, B ∈ BX , f−1(B) ∈ BX ] Consider the pushforward of BX by f :

C =
󰀋
C ⊂ R | f−1(C) ∈ BX

󰀌

is a σ-algebra on R. If f−1
󰀃
(a,∞)

󰀄
∈ BX , then (a,∞) ∈ C. So, BR ⊂ C.

Therefore, ∀B ∈ BR, f−1(B) ⊂ BR =⇒ f is a Borel function. Q.E.D. 󰃈

Example 2.3.9

If f, g : X → R are Borel functions, then

h(x) = max {f(x), g(x)}

is a Borel function.

Proof 5. [WTS: If B ∈ BX , then h−1(B) ⊂ BX . =⇒ h−1
󰀃
(a,∞)

󰀄
∈ BX .]

h−1
󰀃
(a,∞)

󰀄
= {x | h(x) ∈ (a,∞)} = {x | h(x) > a}

= {x | f(x) > a or g(x) > a}

= {x | f(x) > a} ∪ {x | g(x) > a}

= f−1
󰀃
(a,∞)

󰀄
∪ g−1

󰀃
(a,∞)

󰀄
∈ BX .

Q.E.D. 󰃈
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2 BOREL SETS AND FUNCTIONS 2.3 Borel σ-Algebra on Euclidean Spaces

We proved R is second-countable with countable bases

{(a, b) | a < b, a, b ∈ Q}.

Lemma 2.3.10 The space of Rn has a countable base:

U =

󰀻
󰀿

󰀽

n󰁜

j=1

(aj , bj) | aj , bj ∈ Q, aj < bj

󰀼
󰁀

󰀾.

Corollary 2.3.11 BRn is generated by rectangles
n󰁜

j=1

(aj , bj), aj < bj .

Lemma 2.3.12 Let h : X → Rn be defined as

h =

󰀳

󰁅󰁅󰁅󰁅󰁅󰁃

h1

h2
...

hn

󰀴

󰁆󰁆󰁆󰁆󰁆󰁄
. where hj : X → R.

Denote πj : Rn → R, the projection to the j-th entry. i.e.,

πj

󰀳

󰁅󰁅󰁃

x1
...

xn

󰀴

󰁆󰁆󰁄 = xj , and hj = πj ◦ h.

h : X → Rn is Borel ⇐⇒ hj = πj ◦ h : X → R are Borel ∀ j.

Proof 6. (⇒): Suppose h is Borel. πj : Rn → R is continuous, so it is Borel =⇒ hj = πj ◦ h is also

Borel, as composition of Borel functions is Borel.

(⇐): Assume h1, . . . , hn are Borel functions.

h−1

󰀳

󰁃
n󰁜

j=1

(aj , bj)

󰀴

󰁄 =

󰀻
󰀿

󰀽x | h(x) ∈
n󰁜

j=1

(aj , bj)

󰀼
󰁀

󰀾

= {x | hj(x) ∈ (aj , bj) ∀ j}

=

n󰁟

j=1

{x | hj(x) ∈ (aj , bj)}

=

n󰁟

j=1

f−1
󰀃
(aj , bj)

󰀄
∈ BX .

So, h is Borel. Q.E.D. 󰃈

Theorem 2.3.13

If f, g : X → R are Borel, then f + g and fg are Borel functions.
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2 BOREL SETS AND FUNCTIONS 2.4 Extended Real Line and Limits

Proof 7. Let h =

󰀣
f

g

󰀤
, so h : X → R2.

• F : R2 → R s.t. F (x, y) = x + y is continuous, so it is Borel. Hence, F ◦ h = f + g is Borel, as a

composition of two Borel functions is Borel.

• G : R2 → R s.t. G(x, y) = xy. Then, similarly, G ◦ h = fg is Borel.

Q.E.D. 󰃈
Lemma 2.3.14 f : X → C is Borel ⇐⇒ Re f and Im f are Borel.

Proof 8. C = R2 with d(z, w) = |z − w|. Q.E.D. 󰃈
Lemma 2.3.15 If f, g : X → C are Borel, then f + g and fg are Borel.

2.4 Extended Real Line and Limits

Goal: If fn : X → 󰁥R are Borel, then sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn = inf
k
sup
n≥k

fn, lim inf
n→∞

fn = sup
k

inf
n≥k

fn are

Borel.

Recall: 󰁥R = R ∪ {−∞,+∞}.

Proof 1. [We will just prove sup
n∈N

fn is Borel, and the other follows.]

[WTS: f−1(B) is Borel if B is Borel.]

Lemma 2.4.1 U = {(a, b) | a < b, a, b ∈ Q}∪{(a,∞) | a ∈ Q}∪{[−∞, b) | b ∈ Q} is a continuous base for
󰁥R.

Claim 2.4.2 If V ⊂ 󰁥R is open, ∞ ∈ V . Then, ∃x0 ∈ R s.t. (x0,∞) ⊂ V .

Proof. By assumption, ∃ ε > 0 s.t. |arctanx− arctan∞| < ε, x ∈ V . That is,

󰀏󰀏󰀏arctanx− π

2

󰀏󰀏󰀏 < ε =⇒ x ∈ V

arctanx >
π

x
− x =⇒ x ∈ V

x > tan
󰀓π
2
− x

󰀔
=⇒ x ∈ V.

Let x0 = tan
󰀓π
2
− x

󰀔
. Pick a > x0, a ∈ Q, (a,∞] ∈ V . □

Corollary 2.4.3 B󰁥R = σ-algebra generated by (a,∞], a ∈ R.

It is hard to work on a general Borel set. Consider half lines

f−1
󰀃
(a,∞]

󰀄
= {x | f(x) > a} =

󰀝
x | sup

n
fn(x) > 0

󰀞

= {x | ∃n, fn(x) > 0}

=
󰁞

n

{x | fn(x) > 0}

=
󰁞

n

f−1
n

󰀃
(a,∞]

󰀄
.
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2 BOREL SETS AND FUNCTIONS 2.4 Extended Real Line and Limits

[What’s still missing in this proof: (a,∞] is Borel to 󰁥R.] Denote A = σ−algebra generated by (a,−∞],

a ∈ R. Then,

{−∞} = (−∞,∞)c = (R ∪ {∞})c =
󰀣 ∞󰁞

j=1

(−j,∞]

󰀤c

.

Q.E.D. 󰃈
Corollary 2.4.4 fn : X → 󰁥R are Borel. Then, {x | fn(x) bounded below} is a Borel set.

Proof 2.

{x | fn(x) bounded below} =

󰀝
x | sup

n
fn(x) = ∞

󰀞c

= f−1({∞})c is Borel.

Q.E.D. 󰃈
Lemma 2.4.5 For A ⊂ 󰁥R, A ∈ B󰁥R ⇐⇒ A ∩ R ∈ BR.

Proof 3. Simply ignore {−∞,+∞}, A ∩ R ⊂ R. Q.E.D. 󰃈
Lemma 2.4.6 f : X → 󰁥R is Borel ⇐⇒ f−1({∞}) ∈ BX , f−1({−∞}) ∈ BX , and f

󰀏󰀏
f−1(R) : f

−1(R) → R
is Borel.
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3 MEASURE AND ABSTRACT INTEGRATION

3 Measure and Abstract Integration

3.1 Measures

Definition 3.1.1 (Measure). Let A be a σ-algebra on X. A measure on A is a map:

µ : A → [0,∞].

such that

• µ(∅) = 0, and

• for any pairwise disjoint An ∈ A,

µ

󰀣 ∞󰁞

n=1

An

󰀤
=

∞󰁛

n=1

µ(An).

This property is called σ-additivity. [pairwise disjoint means that Ak ∩Aℓ = ∅ if k ∕= ℓ.]

Definition 3.1.2 (Borel Measure). A Borel measure µ on X is a measure on BX .

Definition 3.1.3 (Finite Measure and Probability Measure).

• µ is finite if µ(X) < ∞, and

• µ is a probability measure if µ(X) = 1.

Example 3.1.4 Simple Measures

• Trivial measure: µ ≡ 0.

• Fix x0 ∈ X. Dirac measure at x0 is

δx0(A) =

󰀻
󰀿

󰀽
1 if x0 ∈ A

0 if x0 /∈ A.

• Counting measure:

µ(A) =

󰀻
󰀿

󰀽
|A| = #A, if A is finite (cardinality of A)

∞ if A is infinite.
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3 MEASURE AND ABSTRACT INTEGRATION 3.1 Measures

Properties of Measures

For any measure µ on A and sets in A:

• For any finite n, if A1, . . . , An pairwise disjoint, then

µ(

n󰁞

j=1

Aj) =

n󰁛

j=1

µ(Aj).

Proof 1. Take An+1, An+2, . . . ,= ∅. Then, by σ-additivity, it is trivial. Q.E.D. 󰃈

• If S ⊂ T , then µ(S) ≤ µ(T ).

Proof 2. T = S ∪ (T\S) =⇒ µ(T ) = µ(S) + µ(T\S) ≥ µ(S). Q.E.D. 󰃈

• If S ⊂ T and µ(S) is finite, then

µ(T\S) = µ(T )− µ(S).

Proof 3. Subtract µ(S) from µ(T ) = µ(S) + µ(T\S).

[When subtracting, we need to worry about if µ(S) = ∞.] Q.E.D. 󰃈

• If Bn ⊂ Bn+1 ∀n ∈ N (nested). Then,

µ

󰀣 ∞󰁞

n=1

Bn

󰀤
= lim

n→∞
µ(Bn).

Proof 4. Denote A1 = B1, An = Bn\Bn−1 for n ≥ 2. Then,
∞󰁞

n=1

Bn =

∞󰁞

n=1

An, and An’s are pairwise

disjoint. Also,

Bn =

n󰁞

j=1

Aj .

By σ-additivity,

µ

󰀣 ∞󰁞

n=1

Bn

󰀤
= µ

󰀣 ∞󰁞

n=1

An

󰀤
=

∞󰁛

n=1

µ(An)

= lim
n→∞

∞󰁛

n=1

µ(An)

= lim
n→∞

∞󰁛

n=1

µ(Bn).

Q.E.D. 󰃈

• If Cn ⊃ Cn+1 ∀n ∈ N (decreasing sequence), and ∃ k ∈ N such that µ(Ck) < ∞, then

µ

󰀣 ∞󰁟

n=1

Cn

󰀤
= lim

n→∞
µ(Cn).
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3 MEASURE AND ABSTRACT INTEGRATION 3.1 Measures

Proof 5. [µ(Ck) < ∞ is required for doing subtraction.] WLOG, take k = 1. So, µ(C1) < ∞, and

C1\Cn ⊂ C1\Cn+1. Then,

µ

󰀣 ∞󰁞

n=1

(C1\Cn)

󰀤
= lim

n→∞
µ(C1\Cn)

∞󰁞

n=1

(C1\Cn) = C1\
∞󰁟

n=1

Cn

µ

󰀣
C1\

∞󰁟

n=1

Cn

󰀤
= lim

n→∞
µ(C1\Cn)

µ(C1)− µ(Cn) = lim
n→∞

(µ(C1)− µ(Cn))

µ(Cn) = lim
n→∞

µ(Cn) [Subtract C1]

Q.E.D. 󰃈

Example 3.1.5 When this property fails

Let µ be some continuous measure on N. Denote

Cn = {n, n+ 1, n+ 2, . . . } = {j ∈ N | j ≥ n}.

Then, µ(Cn) = ∞ ∀n. However,

∞󰁟

n=1

Cn = {j ∈ N | j ≥ N ∀n} = ∅.

• For any sequence An, σ-subadditivity:

µ

󰀣 ∞󰁞

n=1

An

󰀤
≤

∞󰁛

n=1

µ(An).

Proof 6. Use Bn =

n󰁞

j=1

Aj (increasing sequence). Then,

∞󰁞

j=1

Aj =

∞󰁞

j=1

Bj

µ

󰀳

󰁃
∞󰁞

j=1

Aj

󰀴

󰁄 = µ

󰀳

󰁃
∞󰁞

j=1

Bj

󰀴

󰁄 = lim
n→∞

µ(Bn).
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3 MEASURE AND ABSTRACT INTEGRATION 3.2 lim sup of Sets

Denote Cn = Bn\Bn−1. Then,
∞󰁞

j=1

Aj =

∞󰁞

j=1

Cj

[Why? x ∈
∞󰁞

j=1

Aj ⇐⇒ ∃ j s.t. x ∈ Aj ⇐⇒ ∃n smallest s.t. x ∈ An ⇐⇒ ∃n s.t. x ∈ Bn\Bn−1.]

Therefore, since Cj are pairwise disjoint, by σ-additivity,

µ

󰀳

󰁃
∞󰁞

j=1

Aj

󰀴

󰁄 = µ

󰀳

󰁃
∞󰁞

j=1

Cj

󰀴

󰁄 =

n󰁛

j=1

µ(Cj).

Note that Cn ⊂ An. Then,

µ

󰀳

󰁃
∞󰁞

j=1

Aj

󰀴

󰁄 =

n󰁛

j=1

µ(Cj) ≤
n󰁛

j=1

µ(Aj).

Q.E.D. 󰃈

3.2 lim sup of Sets

Definition 3.2.1 (lim sup of Sets). Let An be sets. Then,

lim sup
n→∞

An =

∞󰁟

k=1

∞󰁞

n=k

An.

In other words, xn ∈ lim supn→∞An ⇐⇒ ∃ infinitely many n s.t. x ∈ An.

Proof 1.

xn ∈ lim sup
n→∞

An ⇐⇒ ∀ k, ∃n ≥ k s.t. x ∈ An

⇐⇒ {n ∈ N | x ∈ An} is unbounded

⇐⇒ {n ∈ N | x ∈ An} is infinite

⇐⇒ ∃ infinitely many n s.t. x ∈ An.

Q.E.D. 󰃈

Lemma 3.2.2 (Borel-Cantelli, I). If
∞󰁛

n=1

µ(An) > ∞, then µ

󰀕
lim sup
n→∞

An

󰀖
= 0.

Proof 2. Fix k. Then,

µ

󰀕
lim sup
n→∞

An

󰀖
≤ µ

󰀣 ∞󰁞

n=k

An

󰀤
≤

∞󰁛

n=k

µ(An)

󰁿 󰁾󰁽 󰂀
→0 as k→∞

Let k → ∞, we have µ

󰀕
lim sup
n→∞

An

󰀖
= 0. Q.E.D. 󰃈

28



3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Definition 3.2.3 (Almost Everywhere). A property P holds almost everywhere (a.e./µ-a.e.) if

{x | P (x) is false} has measure zero.

Lemma 3.2.4 (Borel-Cantelli, II). If
∞󰁛

n=1

µ(An) < ∞, then for µ-a.e. x, ∃ finitely many n ∈ N s.t. x ∈ An.

3.3 Integration of Positive Functions

Set-Up: Let f : X → [0,∞], A is a σ-algebra on X, µ is a measure on A.

Meanwhile, for B ∈ B󰁥R, f−1(B) ∈ A =⇒ ∀ c, f−1((c,∞]) ∈ A. So, f is also measurable.

Definition 3.3.1 (Simple Function). A function s : X → [0,∞] is simple if it takes finitely many

values. If s takes values c1, . . . , cn, and define

Aj = s−1({cj}),

then 󰁝
s dµ =

n󰁛

j=1

cjµ(Aj).

Example 3.3.2 Simple Functions

s(x) =

󰀻
󰀿

󰀽
1, x ∈ Q

0, x ∈ R\Q

is a simple function. It is not Riemann integrable, but integrable under this framework.

Notation 3.3.3 If c > 0, then c ·∞ = ∞ and 0 ·∞ = 0.

Proposition 3.3.4 (Properties of Integration of Simple Functions).

• If s, t > 0 are simple functions, then
󰁝

(s+ t) dµ =

󰁝
s dµ+

󰁝
t dµ.

• If s ≤ t (pointwisely, i.e., s(x) ≤ t(x) ∀x), then
󰁝

s dµ ≤
󰁝

t dµ.

Proof 1.

• s+ t is a simple, positive function. Suppose s takes values c1, . . . , cn on Aj = s−1({cj}) and t takes
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values d1, . . . , dm on Bk = t−1({dk}). Then, (s+ t) takes values cj + dk on Aj ∩Bk.

󰁝
(s+ t) dµ =

n󰁛

j=1

m󰁛

k=1

(cj + dk)µ(Aj ∩Bk)

=

n󰁛

j=1

m󰁛

k=1

cjµ(Aj ∩Bk) +

n󰁛

j=1

m󰁛

k=1

dkµ(Aj ∩Bk)

=

n󰁛

j=1

cj

m󰁛

k=1

µ(Aj ∩Bk) +

m󰁛

k=1

dk

n󰁛

j=1

µ(Aj ∩Bk)

=

n󰁛

j=1

cjµ

󰀣
m󰁞

k=1

(Aj ∩Bk)

󰀤
+

m󰁛

k=1

dkµ

󰀳

󰁃
n󰁞

j=1

(Aj ∩Bk)

󰀴

󰁄

=

n󰁛

j=1

cjµ(Aj) +

m󰁛

k=1

dkµ(Bk)

=

󰁝
s dµ+

󰁝
t dµ.

• t− s ≥ 0 and t− s is a simply function. From ①:

󰁝
t dµ =

󰁝
s dµ+

󰁝
(t− s) dµ ≥

󰁝
s dµ.

Q.E.D. 󰃈

Definition 3.3.5 (Characteristic Functions). Characteristic functions of a set A is defined as

χA(x) =

󰀻
󰀿

󰀽
1, x ∈ A

0, x /∈ A.

Take sets A1, . . . , An, and c1, . . . , cn ∈ [0,∞). Then,

s =

n󰁛

j=1

cjχA is simple,

and 󰁝
s dµ =

n󰁛

j=1

󰁝
cjχA dµ =

n󰁛

j=1

󰀃
cjµ(Aj) + 0 · µ(Ac

j)
󰀄
=

n󰁛

j=1

cjµ(Aj).

Note that

cjχA

󰀻
󰀿

󰀽
= cj , x ∈ Aj

0, x ∈ Ac
j .
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Definition 3.3.6 (Integration of Positive Functions). Suppose f : X → [0,∞] is measurable.

Define 󰁝
f dµ = sup

s simple
0≤s≤f

󰁝
s dµ ∈ [0,∞].

This definition is analogy to “lower sum” definition of Riemann integration.

Remark. If t is simple, then 󰁝
t dµ = sup

s simple
0≤s≤t

󰁝
s dµ

because

s ≤ t =⇒
󰁝

s dµ ≤
󰁝

t dµ

s = t =⇒
󰁝

s dµ =

󰁝
t dµ.

Theorem 3.3.7 Properties of Integration

• If 0 ≤ f ≤ g, then
󰁝

f dµ ≤
󰁝

g dµ.

• If f ≥ 0 and c ∈ [0,∞), then
󰁝

cf dµ = c

󰁝
f dµ.

Proof 2.

• If s is simple, and 0 ≤ s ≤ f , then 0 ≤ s ≤ g. Hence,

󰁝
s dµ ≤

󰁝
g dµ.

Take sup over s:

sup
s

󰁝
s dµ =

󰁝
f dµ ≤

󰁝
g dµ.

• If c = 0, 0 = 0, and the proof is trivial. Now, assume c > 0. Le s be simple such that 0 ≤ s ≤ f .

Then, 0 ≤ cs ≤ cf is also simple.

󰁝
cs dµ = c

󰁝
s dµ

sup
s

󰁝
cs dµ = sup

s
c

󰁝
s dµ = c sup

s

󰁝
s dµ

󰁝
cf dµ = c

󰁝
f dµ.

Q.E.D. 󰃈
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Corollary 3.3.8 If 0 ≤ f ≤ g and
󰁝

g dµ < ∞ =⇒
󰁝

f dµ < ∞.

Notation 3.3.9 Integral over a subset E ⊂ X defined and denoted by

󰁝
Ef dµ =

󰁝
fχE dµ,

where χE is the characteristic function of E.

Theorem 3.3.10 Monotone Convergence Theorem/MCT

For any sequence of fn : X → [0,∞] s.t. fn ≤ fn+1 ∀n ∈ N (monotone) (i.e., fn(x) ≤
fn+1(x) ∀x, ∀n ∈ N, pointwise), we have that

lim
n→∞

󰁝
fn dµ =

󰁝
lim
n→∞

fn dµ.

Proof 3.

Lemma 3.3.11 (Special Case). If s : X → [0∞) simple, and En ⊂ En+1 ∀n s.t.

󰁞

n∈N
En = X,

then

lim
n→∞

󰁝

En

s dµ =

󰁝
s dµ.

This is a special case because sχEn ≤ sχEn+1 , and lim
n→∞

sχEn = s.

Proof.

s =

m󰁛

j=1

cjχAj =⇒ sχEn =

m󰁛

j=1

cjχAjχEn

=

m󰁛

j=1

cjχAj∩En .

Then, 󰁝
sχEn dµ =

m󰁛

j=1

cjµ(Aj ∩ En).

As n → ∞,
m󰁛

j=1

cjµ(Aj ∩ En) →
m󰁛

j=1

cjµ(Aj) =

󰁝
s dµ.

[Since En is increasing, En → X. Then, Aj ∩ En → Aj ∩X = Aj . More formally, Aj ∩ En ⊂ Aj ∩ En+1:

∞󰁞

n=1

(Aj ∩ En) = Aj ∩
∞󰁞

n=1

En = Aj ∩X = Aj .

] □
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Denote f = lim
n→∞

fn (pointwise). [WTS: lim
n→∞

󰁝
fn dµ ≤

󰁝
f dµ and lim

n→∞

󰁝
fn dµ ≥

󰁝
f dµ.]

(≤): Since fn(x) ≤ fn+1(x) ∀x, we have fn(x) ≤ f(x). Then,

󰁝
fn dµ ≤

󰁝
f dµ ∀n.

So,

lim
n→∞

󰁝
fn dµ ≤

󰁝
f dµ.

(≥): Fix c ∈ (0, 1). Fix simple function 0 ≤ s ≤ f . Define

En = {x | fn(x) ≥ cs(x)}.

Then, En ⊂ En+1 because fn(x) ≤ fn+1(x).

Claim
∞󰁞

n=1

En = X.

Proof. Case I If f(x) = 0, then s(x) = 0. So, 0 ≤ fn(x), x ∈ En ∀n.

Case II If 0 < f(x) < ∞, then

lim
n→∞

fn(x) = f(x) > cf(x) ≥ cs(s).

Then, ∀ large enough n, fn(x) > cs(x). So, x ∈ En.

Case III If f(x) = ∞, then

lim
n→∞

fn(x) = ∞ > cs(x).

Since cs(x) < ∞ (simple function), fn(x) ≥ cs(x) for large enough n. So, x ∈ En. □
Then, we have fn ≥ fnχE ≥ csχE . So,

󰁝
fn dµ ≥

󰁝
csχE dµ.

Take n → ∞,

lim
n→∞

󰁝
fn dµ ≥ lim

n→∞

󰁝
csχE dµ =

󰁝
cs dµ = c

󰁝
s dµ [by Lemma 3.11]

Take c ↑ 1 (c goes up to 1):

lim
n→∞

󰁝
fn dµ ≥

󰁝
s dµ [LHS ⊥⊥ c]

Take sup
s simple
0≤s≤f

:

lim
n→∞

󰁝
fn dµ ≥ sup

s simple
0≤s≤f

󰁝
s dµ =

󰁝
f dµ.
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Since lim
n→∞

󰁝
fn dµ ≤

󰁝
f dµ and lim

n→∞

󰁝
fn dµ ≥

󰁝
f dµ, it must be that

lim
n→∞

󰁝
fn dµ =

󰁝
f dµ.

Q.E.D. 󰃈

Example 3.3.12

Let ν be the counting measure on N. Let f : N → [0,∞]. What is
󰁝

f dν?

Let En = {1, 2, . . . , n}. Then, fχEn is simple, and

󰁝
fχEn dν =

n󰁛

j=1

f(j)ν({i}) =
n󰁛

j=1

f(j).

Note that En ⊂ En+1 and
∞󰁞

n=1

En = N. So, fχEn ≤ fχEn+1 , and fχEn → f . Then,

󰁝
f dν = lim

n→∞

󰁝
fχEn dν [MCT]

= lim
n→∞

n󰁛

j=1

f(j)

󰁝
f dν =

∞󰁛

j=1

f(j).

So, for positive functions on N, series is integral over counting measure.

Proposition 3.3.13 (Re-arrangement). Let an ≥ 0, π : N → N be a bijection. Then,

∞󰁛

n=1

an =

∞󰁛

k=1

aπ(k).

Proof 4. We know
∞󰁛

n=1

an =

󰁝
f dν, where f(n) = an. Take En = {π(1),π(2), . . . ,π(n)}. Note that

∞󰁞

n=1

En = N and En ⊂ En+1.

So,

󰁝
f dν = lim

n→∞

󰁝

En

f dν = lim
n→∞

n󰁛

k=1

f(π(k))

= lim
n→∞

n󰁛

k=1

aπ(k) =

∞󰁛

k=1

aπ(k).
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That is,
∞󰁛

n=1

an =

∞󰁛

k=1

aπ(k).

Q.E.D. 󰃈
Lemma 3.3.14 For f : X → [0,∞], ∃ simple functions sn s.t. 0 ≤ sn ≤ sn+1 ∀n and

lim
n→∞

sn = f.

Proof 5. (Sketch). Consider the floor function

⌊y⌋ = max {k ∈ Z | k ≤ y}.

[For example, ⌊
√
2⌋ = 1, ⌊10

√
2⌋ = 14,

1

10
⌋10

√
2⌋ = 1.4,

1

102
⌊102

√
2⌋ = 1.41.]

Define

sn(x) = min
󰀋
2−n⌊2nf(x)⌋, n

󰀌
=⇒ sn ≤ sn+1.

So, sn takes values {k2−n | k ∈ Z, 0 ≤ k2n ≤ n}. Q.E.D. 󰃈
Corollary 3.3.15 By MCT, 󰁝

f dµ = lim
n→∞

󰁝
sn dµ.

Lemma 3.3.16 (Additivity of Integrals). If f, g : X → [0,∞], then

󰁝
(f + g) dµ =

󰁝
f dµ+

󰁝
g dµ.

Proof 6. ∃ simple functions sn, tn s.t. 0 ≤ sn ≤ sn+1 and 0 ≤ tn ≤ tn+1 with

sn → f and tn → g.

Then, sn + tn ≤ sn+1 + tn+1 and sn + tn → f + g. We know

󰁝
(sn + tn) dµ =

󰁝
sn dµ+

󰁝
tn dµ.

By MCT, 󰁝
(f + g) dµ =

󰁝
f dµ+

󰁝
g dµ.

Q.E.D. 󰃈
Proposition 3.3.17 For any sequence of gn : X → [0,∞],

󰁝 󰀣 ∞󰁛

n=1

gn

󰀤
dµ =

∞󰁛

n=1

󰁝
gn dµ.

Proof 7. Note that fn =

n󰁛

j=1

gj is an increasing sequence, since gj ’s are positive. So, 0 ≤ fn ≤ fn+1,
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and by additivity, 󰁝
fn dµ =

n󰁛

j=1

󰁝
gj dµ.

Note that

lim
n→∞

fn =

∞󰁛

j=1

gj .

So, by MCT,

󰁝 󰀣 ∞󰁛

n=1

gn

󰀤
dµ =

󰁝 󰀓
lim
n→∞

fn

󰀔
dµ = lim

n→∞

󰁝
fn dµ

= lim
n→∞

∞󰁛

j=1

󰁝
gj dµ

=

∞󰁛

j=1

󰁝
gj dµ.

Q.E.D. 󰃈
Corollary 3.3.18 Suppose aj,n ≥ 0. Then,

∞󰁛

n=1

∞󰁛

j=1

aj,n =

∞󰁛

j=1

∞󰁛

n=1

aj,n.

Proof 8. Recall ν is the counting measure on N, and

󰁝
f dν =

∞󰁛

n=1

f(n).

Define g(n) = N → [0,∞], gn(j) = aj,n. Then,

∞󰁛

j=1

∞󰁛

n=1

gn(j) =

󰁝 ∞󰁛

n=1

gn(j) dν

=

∞󰁛

n=1

󰁝
gn(j) dν

=

∞󰁛

n=1

∞󰁛

j=1

gn(j).

Q.E.D. 󰃈
MCT is great, but it requires monotonicity. What if we don’t have an increasing sequence, but still want

to study the limit?
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Theorem 3.3.19 Fatou’s Lemma

For any fn : X → [0,∞], 󰁝
lim inf
n→∞

fn dµ ≤ lim inf
n→∞

󰁝
fn dµ.

Example 3.3.20 Fatou’s Lemma in Action

1 + 2 = 3

2 + 1 = 3

min 1 + 1 < 3.

=⇒
󰁛

j

min
k

aj,k ≤ min
k

󰁛

j

aj,k.

Proof 9. Deinfe gn = inf
k≥n

fn. Then, lim inf
n→∞

fn = lim
n→∞

gn = sup
n

gn. Note that 0 ≤ gn ≤ gn+1. Then, by

MCT, 󰁝
lim inf
n→∞

fn dµ =

󰁝
lim
n→∞

gn dµ = lim
n→∞

󰁝
gn dµ.

Since gn = inf
k≥n

fn, gn ≤ fn. Then,
󰁝

gn dµ ≤
󰁝

fn dµ.

We don’t know if the limit exists, but we can certainly take the lim inf on both sides:

lim inf
n→∞

󰁝
gn dµ ≤ lim inf

n→∞

󰁝
fn dµ.

The LHS is indeed a limit because
󰁝

gn dµ is convergent (monotone sequence converges on 󰁥R). So,

lim
n→∞

󰁝
gn dµ ≤ lim inf

n→∞

󰁝
fn dµ.

So, 󰁝
lim inf
n→∞

fn dµ = lim
n→∞

󰁝
gn dµ ≤ lim inf

n→∞

󰁝
fn dµ.

[Key of this proof: lim inf/lim sup always exists for any sequence on the extended real line 󰁥R.] Q.E.D. 󰃈
Proposition 3.3.21 Let µ be a measure on σ-algebra A on X, f : X → [0,∞]. Then, a measure ν on A is

defined by

ν(E) :=

󰁝

E
f dµ.

Moreover, for any g : X → [0, 1], 󰁝
g dν =

󰁝
fg dµ.
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We concisely state this as dν = f dµ.

Proof 10.

• ν(∅) =

󰁝

∅
f dµ =

󰁝
χ∅f dµ =

󰁝
0 dµ = 0.

• Disjoint sets En:

χ󰁖
En

=

∞󰁛

n=1

χEn

χ󰁖
En

f =

∞󰁛

n=1

χEnf

󰁝
χ󰁖

En
f =

󰁝 ∞󰁛

n=1

χEnf =

∞󰁛

n=1

󰁝
χEnf [By Corollary 3.18]

ν
󰀓󰁞

En

󰀔
=

∞󰁛

n=1

ν(En).

So, ν is a measure. Now, let’s prove the second half of the statement. If g is simple, g =

m󰁛

j=1

cjχAj . Then,

󰁝
g dν =

m󰁛

j=1

cjν(Aj)

=

m󰁛

j=1

cj

󰁝
χAjf dµ [Exchange

󰁝
and

󰁛
]

=

󰁝 m󰁛

j=1

cjχAj

󰁿 󰁾󰁽 󰂀
=g

f dµ

=

󰁝
gf dµ

If g is positive, take simple functions sn s.t. 0 ≤ sn ≤ sn+1 with sn → g. Then, 0 ≤ snf ≤ sn+1f , and

snf → gf . Since sn is simple, 󰁝
sn dν =

󰁝
snf dµ.

By MCT,

󰁝
lim
n→∞

sn dν =

󰁝
lim
n→∞

snf dµ
󰁝

g dν =

󰁝
gf dµ.

Q.E.D. 󰃈
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Lemma 3.3.22 (Markov’s Inequality). For f : X → [0,∞] and c > 0,

µ({x | f(x) ≥ c}) ≤ 1

c

󰁝
f dµ.

Proof 11. Denote A = {x | f(x) ≥ c}. Then,

cχA ≤ f

cχA(x) ≤ f(x)
󰁝

cχA(x) dµ ≤
󰁝

f(x) dµ

c

󰁝
χA(x) dµ ≤

󰁝
f(x) dµ

cµ(A) ≤
󰁝

f dµ

µ(A) =
1

c

󰁝
f dµ.

Q.E.D. 󰃈
Corollary 3.3.23 If f : X → [0,∞] and

󰁝
f dµ < ∞, then f < ∞ µ-a.e.. i.e.,

µ({x | f(x) = ∞}) = 0.

Proof 12. By Markov’s Inequality,

µ({x | f(x) ≥ c}) ≤ 1

c

󰁝
f dµ.

Let c ∈ N and εc = {x | f(x) ≥ c}. Then,

{x | f(x) = ∞} =
󰁟

c∈N
εc.

So,

lim
c→∞

µ({x | f(x) ≥ c}) ≤ lim
c→∞

1

c

󰁝
f dµ = 0

µ({x | f(x) = ∞}) = 0.

Q.E.D. 󰃈
Proposition 3.3.24 For f : X → [0,∞],

󰁝
f dµ = 0 ⇐⇒ f = 0 µ− a.e.
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Proof 13. (⇐): Assume f = 0 µ-a.e.. For simple s s.t. 0 ≤ s ≤ f . Then, s = 0 µ-a.e.. That is,

s =
󰁛

cjχAj

󰀻
󰀿

󰀽
cj > 0

cj = 0
=⇒ µ(Aj) = 0.

So, 󰁝
s dµ = 0 and

󰁝
f dµ = sup

s

󰁝
s dµ = sup 0 = 0.

(⇒): Assume
󰁝

f dµ = 0. Then, by Markov’s Inequality,

µ({x | f(x) ≥ c}) = 0 for any c > 0.

Take c =
1

k
, k ∈ N. Then,

󰁞
{x | f(x) ≥ c} = {x | f(x) > 0}.

So,

µ({x | f(x) > 0}) =
󰁛

µ({x | f(x) ≥ c}) = 0.

i.e.,

µ({x | f(x) = 0}c) = 0 =⇒ f = 0, µ− a.e.

Q.E.D. 󰃈
Corollary 3.3.25 If f = g µ-a.e., then

󰁝
f dµ =

󰁝
g dµ.

3.4 Integration of Real and Complex Function

Definition 3.4.1 (h+ and h−). Given a real-valued function h : X → R, we define

h+ = max {h, 0} ≥ 0

h− = max {−h, 0} ≥ 0.

Remark. Note: h = h+ − h− and |h| = h+ + h−.
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Definition 3.4.2 (Integral of Real-Valued Functions). If at least one of the integrals
󰁝

h+ dµ or
󰁝

h− dµ is finite, we define
󰁝

h dµ =

󰁝
h+ dµ−

󰁝
h− dµ.

Example 3.4.3

Suppose f : X → (0,∞] and
󰁝

f dµ < +∞, then

log f ≤ f

(log f)+ ≤ f
󰁝

(log f)+ dµ ≤
󰁝

f dµ < ∞

󰁝
log f dµ is defined, although its value can be −∞.

Definition 3.4.4 (Integrability). In most cases, we’ll be working with functions h for which

both
󰁝

h± dµ are finite, and such functions are called integrable.

Theorem 3.4.5

Let h : X → R. Then,

󰁝
|h| dµ < ∞ ⇐⇒

󰁝
h+ dµ < ∞ and

󰁝
h− dµ < ∞.

Proof 1. (⇒): Assume
󰁝

|h| dµ < ∞. Since 0 ≤ h± ≤ |h|, we have

󰁝
h± dµ < ∞.

(⇐): Assume
󰁝

h± dµ < ∞. Since |h| = h+ + h−, we have

󰁝
|h| dµ < ∞.

Q.E.D. 󰃈
Proposition 3.4.6 (Integration of Real-Valued Functions is a Linear Operation).

Let µ be a measure on X. Then, the following is true:
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• If c ∈ R and f : X → R is integrable, then cf is integrable, and

󰁝
cf dµ = c

󰁝
f dµ (1)

• If f, g : X → R are integrable, then f + g is integrable, and

󰁝
f + g dµ =

󰁝
f dµ+

󰁝
g dµ (2)

Proof 2.

• cf is integrable because

󰁝
|cf | dµ =

󰁝
|c||f | dµ = |c|

󰁝
|f | dµ < ∞,

since |c| and |f | are positive and f is integrable. So, cf is integrable. Now, prove Equation (1).

Case I If c ≥ 0, then

(cf)+ = max {cf, 0} = cmax {f, 0} = cf+

(cf)− = max {−cf, 0} = cmax {−f, 0} = cf−

So,

󰁝
(cf) dµ =

󰁝
(cf)+ dµ−

󰁝
(cf)− dµ

=

󰁝
cf+ dµ−

󰁝
cf− dµ

= c

󰁝
f+ dµ− c

󰁝
f− dµ [Linearity]

= c

󰀕󰁝
f+ dµ−

󰁝
f− dµ

󰀖

= c

󰁝
f dµ.

Case II If c < 0, then

(cf)+ = max {cf, 0} = max {(−c)(−f), 0}

= (−c)max {−f, 0} = −cf−.

(cf)− = max {c(−f), 0} = max {(−c)f, 0}

= (−c)max {f, 0} = −cf+.
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So,

󰁝
(cf) dµ =

󰁝
(cf)+ dµ−

󰁝
(cf)− dµ

=

󰁝
−cf− dµ−

󰁝
−cf+ dµ

= −c

󰁝
f− dµ+ c

󰁝
f+ dµ

= c

󰀕󰁝
f+ dµ−

󰁝
f− dµ

󰀖

= c

󰁝
f dµ.

• f + g is integrable because

󰁝
|f + g| dµ ≤

󰁝
(|f |+ |g|) dµ =

󰁝
|f | dµ+

󰁝
|g| dµ < ∞,

by triangle inequality. Denote h = f + g. Then,

h+ − h− = h = (f+ − f−) + (g+ − g−)

h+ + f− + g− = f+ + g+ + h− [Rearrange]
󰁝

h+ + f− + g− dµ =

󰁝
f+ + g+ + h− dµ

󰁝
h+ dµ+

󰁝
f− dµ+

󰁝
g− dµ =

󰁝
f+ dµ+

󰁝
g+ dµ+

󰁝
h− dµ [Additivity]

󰁝
h+ dµ−

󰁝
h− dµ =

󰁝
f+ dµ−

󰁝
f− dµ+

󰁝
g+ dµ−

󰁝
g− dµ

󰁝
h dµ =

󰁝
f dµ+

󰁝
g dµ.

Q.E.D. 󰃈

Definition 3.4.7 (L1 Space, Integrable Functions). We denote by L1(X, dµ) = L1(dµ) the set of

all measurable functions f : X → C s.t.

󰁝

X
|f | dµ < ∞.

We call such f integrable.

Lemma 3.4.8

f ∈ L1(dµ) ⇐⇒
󰁝

|Re f | dµ < ∞ and
󰁝

|Im f | dµ < ∞.

Proof 3. (⇒): Suppose f ∈ L1(dµ). Then,
󰁝

|f | dµ < ∞. Since |Re f | ≤ |f | =
󰁴

|Re f |2 + |Im f |2 and
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|Im f | ≤ |f |, 󰁝
|Re f | dµ < ∞ and

󰁝
|Im f | dµ < ∞.

(⇐): Suppose
󰁝

|Re f | dµ < ∞ and
󰁝

|Im f | dµ < ∞. Then,

|f | =
󰁴

|Re f |2 + |Im f |2 ≤ |Re f |+ |Im f |,

since
󰀓√

a2 + b2
󰀔2

= a2 + b2 ≤ a2 + b2 + 2ab = (a+ b)2 =⇒
√
a2 + b2 ≤ a+ b. Therefore,

󰁝
|f | dµ < ∞.

Q.E.D. 󰃈

Definition 3.4.9 (Integral of Complex-Valued Functions). For f ∈ L1(dµ), we define

󰁝
f dµ =

󰁝
Re f dµ+ i

󰁝
Im f dµ.

Theorem 3.4.10 Linearity of Integrals of Complex-Valued Functions

• If c ∈ C and f ∈ L1(dµ), then cf ∈ L1(dµ) and Equation (1) holds.

• If f, g ∈ L1(dµ), then f + g ∈ L1(dµ) and Equation (2) holds.

Proof 4.

• cf is integrable because

󰁝
|cf | dµ =

󰁝
|c||f | dµ = |c|

󰁝
|f | dµ < ∞.

Now, let’s prove Equation (1):

Re(cf) = Re [(Re c+ i Im c)(Re f + i Im f)]

= Re [Re cRe f − Im c Im f + i(Re c Im f + Im cRe f)]

= Re c · Re f − Im c · Im f

Im(cf) = Re c · Im f + Im c · Re f.

Therefore,

󰁝
cf dµ =

󰁝
Re(cf) dµ+ i

󰁝
Im(cf) dµ

=

󰁝
Re c · Re f dµ−

󰁝
Im c · Im f dµ+ i

󰀕󰁝
Re c · Im f +

󰁝
Im c · Re f dµ

󰀖
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by additivity of real-valued functions. Then,

󰁝
cf dµ = Re c

󰀕󰁝
Re f dµ+ i

󰁝
Im f dµ

󰀖

󰁿 󰁾󰁽 󰂀󰁕
f dµ

+i Im c

󰀕󰁝
Re f dµ+ i

󰁝
Im f dµ

󰀖

󰁿 󰁾󰁽 󰂀󰁕
f dµ

=

󰁝
f dµ (Re c+ i Im c)󰁿 󰁾󰁽 󰂀

c

= c

󰁝
f dµ.

• f + g is integrable because

󰁝
|f + g| dµ ≤

󰁝
(|f |+ |g|) dµ =

󰁝
|f | dµ+

󰁝
|g| dµ < ∞.

Note that

Re(f + g) = Re f +Re g

Im(f + g) = Im f + Im g.

Then,

󰁝
f + g dµ =

󰁝
Re(f + g) dµ+ i

󰁝
Im(f + g) dµ

=

󰁝
Re f +Re g dµ+ i

󰁝
Im f + Im g dµ

=

󰁝
Re f dµ+

󰁝
Re g dµ+ i

󰁝
Im f dµ+ i

󰁝
Im g dµ

=

󰀕󰁝
Re f dµ+ i

󰁝
Im f dµ

󰀖
+

󰀕󰁝
Re g dµ+ i

󰁝
Im g dµ

󰀖

=

󰁝
f dµ+

󰁝
g dµ.

Q.E.D. 󰃈

Theorem 3.4.11

If f ∈ L1(dµ), then 󰀏󰀏󰀏󰀏
󰁝

f dµ

󰀏󰀏󰀏󰀏 ≤
󰁝

|f | dµ.

Proof 5. Pick ω ∈ C s.t. 󰀻
󰁁󰀿

󰁁󰀽

|ω| = 1

ω

󰁝
f dµ =

󰀏󰀏󰀏󰀏
󰁝

f dµ

󰀏󰀏󰀏󰀏.
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Then,

󰀏󰀏󰀏󰀏
󰁝

f dµ

󰀏󰀏󰀏󰀏 = ω

󰁝
f dµ = Re

󰁝
wf dµ

=

󰁝
Re(ωf) dµ

≤
󰁝

|ωf | dµ

=

󰁝
|ω||f | dµ

=

󰁝
|f | dµ.

Q.E.D. 󰃈

Theorem 3.4.12 Dominated Convergence Theorem, DCT

Let (fn)∞n=1 be a sequence of L1(dµ), “dominated” by some function g ∈ L1(dµ) in the sense that

|fn(x)| ≤ g(x) ∀n ∈ N µ− a.e. x (3)

Assume that fn converges pointwise µ-a.e. defining a function

f(x) = lim
n→∞

fn(x) µ− a.e. (4)

Then, f ∈ L1(dµ), and

lim
n→∞

󰁝
|fn − f | dµ = 0, and (5)

lim
n→∞

󰁝
fn dµ =

󰁝
f dµ (6)

Proof 6.

• From (3) and (4), we have

|f | ≤ g µ− a.e.

=⇒ f ∈ L1(dµ) since g ∈ L1(dµ).

• Let hn = 2g − |fn − f |󰁿 󰁾󰁽 󰂀
≤2g

≥ 0. Also note that

lim
n→∞

hn = 2g µ− a.e.

By Fatou’s Lemma,

󰁝
2g dµ ≤ lim inf

n→∞

󰁝
(2g − |fn − f |) dµ
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Since 2g and |hn − h| are integrable, we have

󰁝
2g dµ ≤ lim inf

n→∞

󰀕󰁝
2g dµ−

󰁝
|fn − f | dµ

󰀖

=

󰁝
2g dµ+ lim inf

n→∞

󰀕
−
󰁝

|fn − f | dµ
󰀖

=

󰁝
2g dµ− lim sup

n→∞

󰁝
|fn − f | dµ.

So,

lim sup
n→∞

󰁝
|fn − f | dµ ≤ 0.

But

lim sup
n→∞

󰁝
|fn − f | dµ ≥ 0.

Then, Equation (5) holds.

• Note that

0 ≤
󰀏󰀏󰀏󰀏
󰁝

fn dµ−
󰁝

f dµ

󰀏󰀏󰀏󰀏 ≤
󰁝

|fn − f | dµ.

Since |fn − f | → 0, we have

lim
n→∞

󰁝
fn dµ =

󰁝
f dµ.

Q.E.D. 󰃈

Definition 3.4.13 (Summation Over a Set).

󰁛

j∈J
f(j) =

󰁝
f dν,

where ν is the counting measure. If J = N, then,

󰁛

j∈N
f(j) =

∞󰁛

j=1

f(j)

when the series is absolutely convergent. That is,
󰁛

j∈N
f(j) is only defined when

∞󰁛

j=1

|f(j)| < ∞.

Example 3.4.14

If zn → z in C, then lim
n→∞

󰀓
1 +

zn
n

󰀔n
=

∞󰁛

j=0

zj

j!
󰁿 󰁾󰁽 󰂀

ez

.

Also note that
󰀓
1 +

x

n

󰀔n
→ ex. This proof can be completed using DCT.
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4 Lebesgue-Stieltjes Measures

4.1 Increasing Functions and Distribution Functions

Definition 4.1.1 (Increasing Functions). α : R → R is an increasing function if x ≤ y =⇒
α(x) ≤ α(y).

Remark. This definition will be related to measure by

µ((x, y]) = α(y)− α(x).

We would also have

µ((x, y]) + µ((y, z]) = α(x)− α(y) + α(y)− α(z)

= α(x)− α(z) = µ((x, z]).

This is the additivity of measures.

Lemma 4.1.2 Let α : R → R increasing, then,

• One-sided Limits:

α+(x) = lim
t↓x

α(t) and α−(x) = lim
t↑x

α(t)

exist ∀x ∈ R, and so do

α+(−∞) = lim
t↓−∞

α(t) and α−(+∞) = lim
t↑+∞

α(t).

Proof 1. Define α−(x) = sup
t<x

α(t) and α+(x) = inf
t>x

α(t). Then, lim
t↑x

α(t) = α−(x) because ∀ ε >

0, ∃ t < x s.t. α(t) < α−(x) − ε =⇒ ∀ t < s < x, α−(x) − ε < α(s) < α−(x). The other

conclusions follow a similar argument. Note that

α−(+∞) = sup
t∈R

α(t).

xt s

α+(x)
α−(x)
α−(s)

Q.E.D. 󰃈

• α−(x) ≤ α(x) ≤ α+(x)
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Proof 2. α(t) ≤ α(x) ∀ t < x. Taking sup
t<x

, we have α−(x) ≤ α(X). Q.E.D. 󰃈

• If x < y, then α+(x) ≤ α−(y).

Proof 3. Use some t ∈ (x, y). Then,

α+(x) ≤ α(t) ≤ α−(y).

Q.E.D. 󰃈

• If x < y, then α+(x) ≤ α+(y) =⇒ α+ is another increasing function, so is α−.

• (α−)+ = α+ and (α+)− = α−.

• α can have countably many discontinuities (point x at which α is not continuous).

Proof 4. For every x s.t. α−(x) < α+(x) (i.e., α is not continuous), take the interval (α+(x),α−(x)).

Different such x produce disjoint intervals. Each of the interval contains at least one rational

number. So, we cannot have more intervals than rationals. That is, the discontinuity is countably

many. Q.E.D. 󰃈

Definition 4.1.3 (Distribution Function). Let µ be a Borel measure on R. The function α is

said to be a distribution function of µ if

µ((x, y]) = α(y)− α(x) ∀x, y ∈ R, x < y.

Remark. Distribution functions are uniquely defined up to a constant.

Proposition 4.1.4 For a Borel measure µ on R, the following are equivalent (TFAE):

• µ is finite on compact sets. i.e.,

µ(K) < ∞ ∀ compact K.

• µ((x, y]) < ∞ ∀x, y ∈ R, x < y.

• µ has a distribution function.

Proof 5. ③ =⇒ ② is trivial.

② =⇒ ①: Any compact K is bounded: K ⊂ (−c, c]. Then,

µ(K) ≤ µ((−c, c]) < ∞.

① =⇒ ②: K = [x, y] is compact, so,

µ((x, y)) ≤ µ([x, y]) < ∞.

49



4 LEBESGUE-STIELTJES MEASURES 4.1 Increasing Functions and Distribution Functions

② =⇒ ③: Define a distribution function

α(x) =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

µ((0, x]), if x > 0

0, if x = 0

−µ((x, 0]), if x < 0.

Suppose x < y.

Case I 0 < x < y:

α(y)− α(x) = µ((0, y])− µ((0, x]) = µ((x, y]).

Case II x < 0 < y:

α(y)− α(x) = µ((0, y]) + µ((x, 0]) = µ((x, y]).

Case III x < y < 0:

α(y)− α(x) = −µ((y, 0]) + µ((x, 0]) = µ((x, y]).

It is also easy to verify cases where x = 0 or y = 0. Q.E.D. 󰃈
Proposition 4.1.5 If α is a distribution function, then α is right-continuous. i.e.,

α+(x) = α(x) ∀x ∈ R.

Proof 6.

α+(x) = lim
t↓x

α(t)

α+(x)− α(x) = lim
t↓x

(α(t)− α(x))

= lim
t↓x

µ((x, t])

= lim
n→∞

µ

󰀕󰀕
x+

1

n

󰀘󰀖
[Take a sequence]

= µ

󰀣
󰁟

n∈N

󰀕
x, x+

1

n

󰀘󰀤

= µ(∅)

= 0.

So, α+(x) = α(x). Q.E.D. 󰃈

Example 4.1.6

The same argument does not apply to α−(x).

α(x)− α−(x) = lim
n→∞

µ

󰀕󰀕
x− 1

n
, x

󰀘󰀖
= µ

󰀣
󰁟

n∈N

󰀕
x− 1

n
, x

󰀘󰀤
= µ({x})
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Consider

δ0(A) =

󰀻
󰀿

󰀽
1, 0 ∈ A

0, 0 /∈ A.

Then, a distribution function is

µ((x, y]) = α(y)− α(x) =

󰀻
󰀿

󰀽
1, if x < 0 < y

0, otherwise.

So,

α(x) =

󰀻
󰀿

󰀽
0, x < 0

1, x > 0.

Corollary 4.1.7 Distribution function α is continuous ⇐⇒ µ({x}) = 0 ∀x.

Lemma 4.1.8 If µ is a measure with distribution function α, then

µ((x, y)) = α−(y)− α(x).

Proof 7.

µ((x, y)) = lim
n→∞

µ

󰀕󰀕
x, y − 1

n

󰀘󰀖
[increasing sequence:

󰁞

n∈N

󰀕
x, y − 1

n

󰀘
= (x, y)]

= lim
n→∞

󰀕
α

󰀕
y − 1

n

󰀖
− α(x)

󰀖

= α−(y)− α(x).

Q.E.D. 󰃈

4.2 Outer Measure

Definition 4.2.1 (Outer Measure). An outer measure on X is a map µ∗ : P(X) → [0,∞] with

the properties:

• µ∗(∅) = 0

• A ⊂ B =⇒ µ∗(A) ≤ µ∗(B)

• σ-subadditivity:

µ∗

󰀣 ∞󰁞

n=1

An

󰀤
≤

∞󰁛

n=1

µ∗(An).

[An outer measure is not a measure.]
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Build an Outer Measure Fix a class of “elementary” sets E ⊂ P(X). Fix a weight ρ : E → [0,∞]. Assume

that

• ∅, X ⊂ E

• ρ(∅) = 0.

Example 4.2.2

X = R, a valid elementary set is defined as

E = {(a, b) | a < b} ∪ {∅,R}

Then, ρ((a, b)) = b− a, ρ(∅) = 0, and ρ(R) = ∞.

Take infimum over all countable covers of A by elementary sets:

µ∗(A) = inf

󰀻
󰀿

󰀽

∞󰁛

j=1

ρ(Ej) | Ej ∈ E , A ⊂
∞󰁞

j=1

Ej

󰀼
󰁀

󰀾.

Proposition 4.2.3 µ∗ is an outer measure on X.

Proof 1.

• If A = ∅, then take all Ej = ∅.

µ∗(∅) = 0.

• Any countable cover for B is also a countable cover for A.

• Fix ε > 0. For each n, pick countable cover An ⊂
󰁖∞

j=1En,j s.t.

∞󰁛

j=1

ρ(En,j) ≤ µ∗(An) +
ε

2n
[Pick a countable cover close

to the optimal one ]

∞󰁞

n=1

An ⊂
∞󰁞

n=1

∞󰁞

j=1

En,j [countable cover for
∞󰁞

n=1

An]

∞󰁛

n=1

∞󰁛

j=1

ρ(En,j) ≤
∞󰁛

n=1

µ∗(An) + ε.

So,

µ∗

󰀣 ∞󰁞

n=1

An

󰀤
≤

∞󰁛

n=1

µ∗(An) + ε.

Since ε was chosen arbitrarily, take ε → 0:

µ∗

󰀣 ∞󰁞

n=1

An

󰀤
≤

∞󰁛

n=1

µ∗(An).
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Q.E.D. 󰃈

Remark.

• Instead of countable cover, we can also take finite cover.

• For any elementary set, µ∗(E) ≤ ρ(E). To see this, cover E by E,∅,∅, . . . .

Definition 4.2.4 (Carathéodory). The set A ⊂ X is measurable with respect to µ∗ if ∀S ⊂ X,

µ∗(S) = µ∗(S ∩A) + µ∗(S ∩Ac).

Remark.

• By σ-subadditivity,

µ∗(S) ≤ µ∗(S ∩A) + µ∗(S ∩Ac).

• Motivation: µ∗(X) < ∞, A ⊂ X, and µ∗(A) can be viewed as an upper sum. The inner

measure, which can be viewed as a lower sum, is defined as

µ∗(A) = µ∗(X)− µ∗(X\A)

=⇒ µ∗(A) ≤ µ∗(A).

That is, lower sum ≤ upper sum, and

µ∗(A) = µ∗(A) ⇐⇒ µ∗(A) + µ∗(X\A) = µ∗(X).

Theorem 4.2.5 Carathéodory

For any outer measure µ∗ on X, the set

A = {A | A measurable w.r.t. µ∗}

is a σ-algebra, and µ∗|A is a measure on A.

Proof 2.

A = {A | ∀S s.t. µ∗(S) = µ∗(S ∩A) + µ∗(S ∩Ac)}.

• A is a σ-algebra.

1. If A = ∅, µ∗(S) = µ∗(∅) + µ∗(S) = µ∗(S). So, ∅ ∈ A.

2. If A ∈ A, Ac ∈ A because the definition is symmetric to A and Ac.

3. Let An ∈ A. Let

B =

∞󰁞

j=1

Aj and Bn =

n󰁞

j=1

Aj .
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[WTS: B ∈ A.] Let S ⊂ X, then Carathéodory definition, since An ∈ A,

µ∗(S ∩Bc
n−1) = µ∗(S ∩Bc

n−1 ∩An) + µ∗(S ∩Bc
n−1 ∩Ac

n)

= µ∗(S ∩Bc
n−1 ∩An) + µ∗(S ∩ (Bn−1 ∪An)

c

󰁿 󰁾󰁽 󰂀
=Bc

n

)

= µ∗(S ∩Bc
n−1 ∩An) + µ∗(S ∩Bc

n)

By induction on n and “telescoping”:

µ∗(S) = µ∗(S ∩Bc
n) +

n󰁛

j=1

µ∗(S ∩Bc
j−1 ∩Aj)

≥ µ∗(S ∩Bc)󰁿 󰁾󰁽 󰂀
⊥⊥n

By monotonicity,
Bc⊂Bc

n

+

n󰁛

j=1

µ∗(S ∩Bc
j−1 ∩Aj)

Let n → ∞, we have

µ∗(S) ≥ µ∗(S ∩Bc) +

∞󰁛

j=1

µ∗(S ∩Bc
j−1 ∩Aj).

Conversely, by σ-subadditivity,

µ∗(S) ≤ µ∗(S ∩Bc) + µ∗(S ∩B)

≤ µ∗(S ∩Bc) +

∞󰁛

j=1

µ∗(S ∩Bc
j−1 ∩Aj󰁿 󰁾󰁽 󰂀
Bj\Bj−1

) ≤ µ∗(S).

Hence, these are all equal. Since ∀S, µ∗(S) = µ∗(S ∩Bc) + µ∗(S ∩B), so we have B ∈ A.

We have concluded that A is a σ-algebra.

• µ∗|A is a measure on A. [WTS: µ∗|A is σ-additive.]

Let An ∈ A with An disjoint. Use the same definition for B and Bn. By equality we proven earlier,

µ∗(S) = µ∗(S ∩Bc) +

∞󰁛

j=1

µ∗(S ∩Bc
j−1 ∩Aj)

= µ∗(S ∩Bc) +

∞󰁛

j=1

µ∗(S ∩Aj).

Pick S = B, we have

µ∗(B) = µ∗(B ∩Bc)󰁿 󰁾󰁽 󰂀
=0

+

∞󰁛

j=1

µ∗(B ∩Aj󰁿 󰁾󰁽 󰂀
=Aj

) =

∞󰁛

j=1

µ∗(Aj).
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4 LEBESGUE-STIELTJES MEASURES 4.3 Borel Measures on R

So, µ∗|A has σ-additivity, and it is a measure on A.

Q.E.D. 󰃈

4.3 Borel Measures on R

Application Develop the Lebesgue-Stieltje’s measure

Set-Up Fix an increasing function α : R → R.

E = {∅} ∪ {(a, b) | a, b ∈ R, a < b}.

Define ρ : E → [0,∞] as

ρ(∅) = 0, ρ((a, b)) = α−(b)− α+(a).

Let µ∗ be outer measure corresponding to this:

µ∗(A) = inf

󰀻
󰀿

󰀽
󰁛

i

ρ(Ei) | Ei ⊂ E , A ⊂
∞󰁞

j=1

Ej

󰀼
󰁀

󰀾.

Lemma 4.3.1 For the µ∗ defined above, for any p, q ∈ R, p ≤ q,

µ∗([p, q]) = α+(q)− α−(p).

Proof 1. (≤): [p, q] ⊂ (p− ε, q + ε).

µ∗([p, q]) ≤ ρ((ρ− ε, q + ε))

µ∗([p, q]) ≤ α−(q + ε)− α+(p− ε)

Let ε → 0:

µ∗([p, q]) ≤
󰀃
α−󰀄+(q)−

󰀃
α+

󰀄−
(p)

µ∗([p, q]) ≤ α+(q)− α−(p).

(≥): Consider any countable cover

[p, q] ⊂
∞󰁞

j=1

(aj , bj).

Then, ∃ a finite subcover

[p, q] ⊂
n󰁞

j=1

(aj , bj)
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Take finite subcover with the smallest possible number of intervals. This minimality implies

aj ∕= ak for j ∕= k and bj ∕= bk for j ∕= k.

So, WLOG, assume

a1 < a2 < · · · < an, and bj < bk for j < k.

So, the cover will look like “telescoping,” and

∞󰁛

j=1

ρ((aj , bj)) ≥
n󰁛

j=1

ρ((aj , bj))

=

n󰁛

j=1

󰀃
α−(bj)− α+(aj)

󰀄

≥ α−(bn)− α+(an) +

n−1󰁛

j=1

󰀃
α+(aj+1)− α+(aj)

󰀄

󰁿 󰁾󰁽 󰂀
telescoping

[use α−(bj) ≥ α+(aj+1) for j < n.]

= α−(bn)− α+(an) + α+(an)− α+(a1)

= α−(bn)− α+(a1)

≥ α+(q)− α−(p).

Therefore, µ∗([p, q]) = α+(q)− α−(p). Q.E.D. 󰃈
Lemma 4.3.2 ∀ a < b, µ∗((a, b)) = α−(b)− α+(a) = ρ((a, b)).

Proof 2. (≤): (a, b) ⊂ (a, b). So,

µ∗((a, b)) ≤ ρ((a, b)) = α−(b)− α+(a).

(≥): Let [p, q] ⊂ (a, b). Then,

µ∗((a, b)) ≥ µ∗([p, q]) = α+(q)− α−(p).

Take p ↓ a and q ↑ b, then α+(q) → α−(b) and α−(p) → α+(a). So,

µ∗((a, b)) ≥ α−(b)− α+(a).

Q.E.D. 󰃈
Lemma 4.3.3

µ∗((a, c]) = α+(c)− α+(a).

Goal Carathéodory Theorem gives a σ-algebra

A = {A | A measurable w.r.t. µ∗} = {A | ∀S, µ∗(S) = µ∗(S ∩Ac) + µ∗(S ∩A)}.
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Also, µ∗|A is a measure.

We want to show:

• BR ⊂ A

• Denote µ∗|BR = µα, then

µα([a, b]) = α+(b)− α+(a).

[To show BR ⊂ A, we need to show A contains all the half-lines. So, we should work on half-lines

first.]

Lemma 4.3.4 For any I ⊂ E and any c ∈ R,

µ∗(I) = µ∗(I ∩ (−∞, c]) + µ∗(I ∩ (c,∞)).

Proof 3. Case I I = ∅ is trivial.

Case II I = (a, b) ⊂ (−∞, c], and I = (a, b) ⊂ (c,∞) are also trivial because

µ∗(I) = µ∗(I) + µ∗(∅).

Case III a < c < b. Note that

α−(b)− α+(a) =
󰀃
α+(c)− α+(a)

󰀄
+
󰀃
α−(b)− α+(c)

󰀄

So,

µ∗((a, b)) = µ∗((a, c]) + µ∗((b, c])

= µ∗((a, b) ∩ (−∞, c]) + µ∗((a, b) ∩ (c,∞)).

Q.E.D. 󰃈

Lemma 4.3.5 ∀ c, (c,∞) is measurable with respect to µ∗. In other words, ∀ c ∈ R, ∀S ⊂ R,

µ∗(S) = µ∗(S ∩ (−∞, c]) + µ∗(S ∩ (c,∞)).

Proof 4. (≥): Fix S ⊂ R. Fix a countable cover of S by Ij ∈ E . Then,

∞󰁛

j=1

µ∗(Ij)

󰁿 󰁾󰁽 󰂀
countable
cover for S

=

∞󰁛

j=1

µ∗(Ij ∩ (−∞, c]))

󰁿 󰁾󰁽 󰂀
countable cover

for S∩(−∞,c]

+

∞󰁛

j=1

µ∗(Ij ∩ (c,∞))

󰁿 󰁾󰁽 󰂀
countable cover

for S∩(c,∞)

≥ µ∗(S ∩ (−∞, c]) + µ∗(S ∩ (c,∞))
∞󰁛

j=1

ρ(Ij) ≥ µ∗(S ∩ (−∞, c]) + µ∗(S ∩ (c,∞)).
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Take inf over covers:

µ∗(S) ≥ µ∗(S ∩ (−∞, c]) + µ∗(S ∩ (c,∞)).

(≤): µ∗(S) ≤ µ∗(S ∩ (−∞, c]) + µ∗(S ∩ (c,∞)) is trivial by σ-additivity. Q.E.D. 󰃈

As a summary here,

(c,∞) ∈ A =⇒ BR ∈ A.

Therefore, µ∗|A is a measure, and µ∗|BR is also a measure.

µ∗((a, b]) = α+(b)− α+(a).

If α is right continuous,

µ∗((a, b]) = α(b)− α(a).

Theorem 4.3.6 Lebesgue-Stieltjes Measure

For any α : R → R increasing, right continuous, ∃ a Borel measure

µα = µ∗|BR on R

, called the Lebesgue-Stieltjes measure, such that ∀, a < b,

µα((a, b]) = α(b)− α(a).

Definition 4.3.7 (Complete Measure). A measure µ on A is said to be complete if for every

b ∈ A with µ(B) = 0, then ∀A ⊂ B, A ∈ A.

Definition 4.3.8 (Lebesgue Measurable Function and Lebesgue Measure). Specialize to µ∗|A
and µ∗|BR :

E ∈ A ⇐⇒ ∃A,B ∈ BR s.t. A ⊂ E ⊂ B and µα(B\A) = 0.

• Lebesgue Measurable Function: f : R → R.

f is measurable as a function form (R,A) → (R,BR):

f−1((c,∞)) ∈ A.

• Lebesgue Measure m: take α(x) = x.

m((a, b]) = b− a.
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Theorem 4.3.9

If f : [a, b] → R is Borel and Riemann integrable, then

󰁝 b

a
f(x) dx =

󰁝

[a,b]
f dm.

Proof 5. (Sketch).

lower Darboux sum = integral of piecewise constant function, which is simple.

So, 󰁝 b

a
f(x) dx ≤

󰁝

[a,b]
f dm.

Similarly, 󰁝

[a,b]
f dm ≤

󰁝 b

a
f(x) dx.

Therefore, 󰁝 b

a
f(x) dx =

󰁝

[a,b]
f dm.

Q.E.D. 󰃈
Notation 4.3.10 We will use 󰁝 b

a
f(x) dx :=

󰁝

[a,b]
f dm

even if f is not Riemann integrable. With respect to improper integrals, for us,

󰁝
f dm

is only defined if
󰁝

|f | dm < ∞.

4.4 The Monotone Class Theorem

Motivation µ, ν are measures on R that are finite on compact sets, with

µ((a, b]) = ν((a, b]) ∀ a < b.

Is it true that µ(B) = ν(B) ∀ Borel set B?

Attempt Define

A = {B | µ(B) = ν(B)}.

Prove that A is a σ-algebra.

• We know it contains intervals =⇒ BR ⊂ A.
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• However, if sets An ∈ A with µ(An) = ν(An) ∀n, we don’t know if

µ

󰀣 ∞󰁞

n=1

An

󰀤
= ν

󰀣 ∞󰁞

n=1

An

󰀤
.

Definition 4.4.1 (Algebra). An algebra on X is G ⊂ P(X) with properties:

• ∅ ⊂ G,

• A ∈ G =⇒ Ac ∈ G, and

• A1, A2 ∈ G =⇒ A1 ∩A2 ∈ G.

Example 4.4.2

• Any σ-algebra is an algebra.

• The following example is an algebra, but not a σ-algebra:

G = {A ⊂ R | A is finite or Ac is finite}.

Definition 4.4.3 (Monotone Class). A monotone class on X is a subset C ∈ P(X) with proper-

ties:

• An ∈ C, An ⊂ An+1 ∀n ∈ N =⇒
∞󰁞

n=1

An ∈ C.

• Bn ∈ C, Bn ⊃ Bn+1 ∀n ∈ N =⇒
∞󰁟

n=1

Bn ∈ C.

Example 4.4.4

C = {∅,R} ∪ {(n,∞) | n ∈ Z}

is a monotone class but not a σ-algebra.

Definition 4.4.5 (Monotone Class Generated by E). The monotone class generated by E ⊂ P(X)

is the smallest monotone class containing E . It is also the intersection of all monotone class

containing E .
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Theorem 4.4.6 Monotone Class Theorem

If G ⊂ P(X) is an algebra, then the monotone class generated by G equals the σ-algebra gener-

ated by G.

Proof 1. Denote by C the monotone class generated by G, and denote by A the σ-algebra generated

by G. [WTS: C = A].

(⊆): A is a monotone class, so C ⊂ A.

(⊇): [To show A ⊂ C, we want to show C is a σ-algebra].

• C is an algebra. [Goal: ∀E,F ∈ C, E\F, F\E, E ∩ F ∈ C.]

Fix E. Define

CE = {F ∈ C | E\F, F\E,E ∩ F ∈ C}.

Then, CE is a monotone class. [Fn ⊂ Fn+1, Fn ∈ CE =⇒ E\Fn ⊃ E\Fn+1 =⇒ E\Fn+1 ∈ C.

Hence, E\Fn ∈ C =⇒ E\(
󰁖

Fn) =
󰁗
(E\Fn) ∈ C =⇒

󰁖
Fn ∈ CE .]

We know: E,F ∈ G =⇒ E\F, F\E,E ∩ F ∈ G ⊂ C because G is an algebra.

1. If E ∈ G, F ∈ G, then F ∈ CE .

2. If E ∈ G. then G ⊂ CE .

CE is a monotone class containing G, so it contains C. So, C ⊂ CE . Then,

E ∈ G, F ∈ C =⇒ E\F, F\E,E ∩ F ∈ C.

We could also have, by symmetry for E and F , that

E ∈ C, F ∈ G =⇒ E\F, F\E,E ∩ F ∈ C

∀E ∈ C, F ∈ G =⇒ F ∈ CE ,G ⊂ CE .

Since CE is a monotone class, and C ⊂ Ce, we have

E,F ⊂ C =⇒ E\F, F\E, E ∩ F ∈ C.

So, C is an algebra:

1. ∅ ∈ G ⊂ C

2. X ∈ G, so A ∈ C =⇒ X\A ∈ C.

3. A1, A2 ∈ C =⇒ A1 ∩A2 ∈ C.

• C is a σ-algebra.

C is an algebra and a monotone class. If An ∈ C, denote Bn = A1 ∪ · · · ∪An ∈ C. So,

󰁞
An =

󰁞
Bn ∈ C since Bn ⊂ Bn+1.
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Therefore, C is a σ-algebra.

Q.E.D. 󰃈

Theorem 4.4.7 Motivating Example

µ, ν on R are Borel measures finite on compact with

µ((a, b]) = ν((a, b]) ∀ a < b.

Then, µ(B) = ν(B) ∀ Borel sets B.

Proof 2.

• Show µ(B) = ν(B) for B in algebra generated by half open integrals. [Challenges are

1. µ, ν may be infinite.

2. We don’t know if

µ(A1) = ν(A1) and µ(A2) = ν(A2) =⇒ µ(A1 ∩A2) = ν(A1 ∩A2).

]

Lemma 4.4.8 Denote

I = {(a, b] | a < b, a can be −∞} ∪ {(a,∞) | a ∈ R ∪ {−∞}}.

So, µ = ν on I. Also , define

G = {∅} ∪

󰀻
󰀿

󰀽

n󰁞

j=1

Ij | n ∈ N, Ij ∈ I, Ij ∩ Ik = ∅, j ∕= k

󰀼
󰁀

󰀾.

Then, G is the algebra generated by I.

Proof. [WTS: G is an algebra] E ∈ G ⇐⇒ χE is left continuous and is continuous except at

finitely many points.

1. If A ∈ G, then χA has the properties. Note that

χAc = 1− χA

has the same property. So, Ac ∈ G.

2. If A1, A2 ∈ G, then χA1 and χA2 have the properties. Then,

χA1∩A2 = χA1χA2

is left continuous and is continuous except at finitely many points.
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So, G is an algebra. □

For E ∈ G, if E =

n󰁞

j=1

Ij , with Ij ∩ Ik = ∅ for j ∕= k, then

µ(E) = µ

󰀳

󰁃
n󰁞

j=1

Ij

󰀴

󰁄 =

n󰁛

j=1

µ(Ij) =

n󰁛

j=1

ν(Ij) = ν

󰀳

󰁃
n󰁞

j=1

Ij

󰀴

󰁄 = ν(E).

[This addresses challenge #2. Also, since only addition was invovled, we don’t need to worry about

#1.]

• Monotone Class Theorem to show ∀ Borel sets B. [

Attempt {E ∈ BR | µ(E) = ν(E)} is a monotone class.

Issue If En ⊃ En+1, then

µ
󰀓󰁟

En

󰀔
= lim

n→∞
µ(En) = lim

n→∞
ν(En) = ν

󰀓󰁟
En

󰀔

only if µ(Ek) < ∞ for some k.

]

Instead Define

C = {E ∈ BR | ∀ k ∈ N, µ(E ∩ (−k, k]) = ν(E ∩ (−k, k])}

[since µ, ν is finite on compact, so E ∩ (−k, k] ⊂ (−k, k], and µ((−k, k]) < ∞.]

[WTS: C is a monotone class.] If An ⊂ An+1, An ∩ (−k, k] ⊂ An+1 ∩ (−k, k]. Since

µ(An ∩ (−k, k]) = ν(An ∩ (−k, k]),

by taking n → ∞, we have

µ
󰀓󰁞

An ∩ (−k, k]
󰀔
= ν

󰀓󰁞
An ∩ (−k, k]

󰀔
.

For An ⊃ An+1, these arguments work similarly.

For E ∈ G, E ∩ (−k, k] ∈ G. So, µ(E ∩ (−k, k]) = ν(E ∩ (−k, k]). Then, G ⊂ C, and C contains

monotone class gen erated by G = BR (by Monotone Class Theorem). Then, since

µ(E ∩ (−k, k]) = ν(E ∩ (−k, k]) ∀ k ∈ N

by taking k → ∞, µ(E) = ν(E).

Q.E.D. 󰃈
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5 Product Measures

5.1 Product Measures

Goal We want to construct a measure κ such that

κ(A×B) = µ(A)ν(B).

Definition 5.1.1 (Product σ-Algebra). If A is a σ-algebra on X, B is a σ-algebra on Y . The

product σ-algebra on X×Y is the σ-algebra generated by “rectangles” A×B, where A ∈ A and

B ∈ B. The product σ-algebra will be denoted A⊗ B.

We want to construct product measure by Carathéodory’s Theorem. Let µ be a measure on A, ν be a

measure on B. Take class of elementary sets

E = {A×B | A ∈ A, B ∈ B},

with weight

ρ(A×B) = µ(A)ν(B).

We get outer measure

κ∗(S) = inf

󰀻
󰀿

󰀽

∞󰁛

j=1

µ(Aj)ν(Bj) | S ⊂
∞󰁞

j=1

Aj ×Bj

󰀼
󰁀

󰀾.

Updated Goal This gives a measure on A⊗ B.

Lemma 5.1.2 If A ∈ A, B ∈ B, then

κ∗(A×B) = µ(A)ν(B).

Proof 1. (≤): A×B covered by A×B,∅,∅, . . . . So,

κ∗(A×B) ≤ ρ(A×B) = µ(A)ν(B).

(≥): For the opposite inequality, let

A×B ⊂
∞󰁞

j=1

Aj ×Bj

χA×B ≤
∞󰁛

j=1

χAj×Bj

Let x ∈ X and y ∈ Y , then

χA(x)χB(y) ≤
∞󰁛

j=1

χAj (x)χBj (y).
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Fix x, integrate in y:

χA(x)ν(B) ≤
∞󰁛

j=1

χAj (x)ν(Bj)

Integrate in x:

µ(A)ν(B) ≤
∞󰁛

j=1

µ(Aj)ν(Bj)

µ(A)ν(B) ≤ κ∗(A×B).

Q.E.D. 󰃈
Lemma 5.1.3 For any S,R ∈ E ,

κ∗(S) = κ∗(S ∩Rc) + κ∗(S ∩R).

Proof 2. By sub-additivity of outer measure,

κ∗(S) ≤ κ∗(S ∩Rc) + κ∗(S ∩R)

≤ κ∗(S ∩ (A×Bc)) + κ∗(S ∩ (Ac ×Bc)) + κ∗(S ∩ (Ac ×B)) + κ∗(S ∩ (A×B)).

Defining S = C ×D, LHS = RHS = µ(C)ν(D). So, we have an equality,

κ∗(S) = κ∗(S ∩Rc) + κ∗(S ∩R).

Q.E.D. 󰃈
Lemma 5.1.4 Every rectangle R ∈ E is measurable with respect to κ∗.

Proof 3. (≥): Let S ⊂ X×Y be an arbitrary set. Then, S ⊂
󰁞

Aj×Bj . For any rectangle R, applying

Lemma 5.3 to Aj ×Bj and R,

󰁛
κ∗(Aj ×Bj) =

󰁛
κ∗((Aj ×Bj) ∩Rc) +

󰁛
κ∗((Aj ×Bj) ∩R)

≥ κ∗(S ∩Rc) + κ∗(S ∩R) [σ-additivity]

Take inf over countable covers,

κ∗(S) ≥ κ∗(S ∩Rc) + κ∗(S ∩R).

(≤): By sub-additivity,

κ∗(S) ≤ κ∗(S ∩Rc) + κ∗(S ∩R).

Q.E.D. 󰃈
By Carathéodory’s Theorem, restricted of κ∗ to A⊗ B is a measure, which we call the product measure

of µ, ν and denote it µ⊗ ν.
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Remark.

M = {S ⊂ X × Y | S is measurable w.r.t. κ∗}.

By Carathéodory, M is a σ-algebra and contains all rectangles, so A ⊗ B ⊂ M. Further, κ∗|M is

a measure =⇒ κ∗|A⊗B is a measure called the product measure.

5.2 Tonelli’s and Fubini’s Theorem

Definition 5.2.1 (σ-Finite). µ is σ-finite if ∃Kn ⊂ Kn+1 s.t. µ(Kn) < ∞ and
∞󰁞

n=1

Kn = X.

Theorem 5.2.2 Tonelli

If µ, ν are σ-finite, then for every f : X × Y → [0,∞] measurable:

• For every y ∈ Y , x 󰀁→ f(x, y) is measurable.

• The function y 󰀁→
󰁝

f(x, y) dµ(x) is measurable.

• For every x ∈ X, y 󰀁→ f(x, y) is measurable.

• The function x 󰀁→
󰁝

f(x, y) dν(y) is measurable.

• Iterated integrals ⊥⊥ the order of integration.

󰁝
f d(µ⊗ ν) =

󰁝󰁝
f(x, y) dµ(x)dν(y) =

󰁝󰁝
f(x, y) dν(y)dµ(x).

Proof 1. Let M = {f : X × Y → [0,∞] | ①-⑤ hold}. Note that

• f, g ∈ M =⇒ f + g ∈ M

• f ∈ M, c ∈ [0,∞) =⇒ cf ∈ M

• If fn ∈ M, fn ≤ fn+1, and fn → f pointwise, then f ∈ M.

Goal If S ∈ A⊗ B, then χS ∈ M. [For this, we will use Monotone Class Theorem.]

If E = A×B, then χE ∈ M:

χE(x, y) = χA(x)χB(y).

Note that fix x, χB(y) is measurable, and fix y, χA(x) is measurable. So,

󰁝󰁝
χA(x)χB(y) dµ(x)dν(y) =

󰁝
µ(A)χB(y) dν(y) = µ(A)ν(B).
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Likewise, for 󰁝󰁝
χA(x)χB(y) dν(y)dµ(x).

So, 󰁝
χE(x, y) d(µ⊗ ν) = (µ⊗ ν)(E) = µ(A)ν(B).

Define an algebra (one can check this easily)

G = {∅} ∪

󰀻
󰀿

󰀽

n󰁞

j=1

(Aj ×Bj) | Aj ×Bj are pairwise disjoint rectangles

󰀼
󰁀

󰀾.

For S ∈ G, χS ∈ M. If S = A×B, then

󰁝󰁝
χS(x, y) dµ(x)dν(y) =

󰁝
µ(A)χB(y) dν(y) = µ(A)ν(B).

Since µ, v are σ-finite, so,

∃Kn, µ(Kn) < ∞, X =

∞󰁞

n=1

Kn

∃Ln, µ(Ln) < ∞, Y =

∞󰁞

n=1

Ln.

Assume, WLOG, Kn ⊂ Kn+1 and Ln ⊂ Ln+1. Define

Cn = {S ∈ A⊗ B | χSχKn×Ln ∈ M}.

So,

Sj ⊂ Sj+1, . . . ,→ S, Sj ∈ Cn =⇒ S ∈ Cn

Sj ⊃ Sj+1, . . . ,→ S, Sj ∈ Cn =⇒ S ∈ Cn [use Kn × Ln\Sj ]

Also, note that G is an algebra of a set. Since

S ∈ G =⇒ S ∩ (Kn × Ln) ∈ G =⇒ S ∈ Cn.

So, Cn is a monotone class containing G. So, by Monotone Class Theorem,

A⊗ B ⊂ Cn =⇒ A⊗ B = Cn.

We know for each S ∈ A⊗ B, χSχKn×Ln ∈ M. When n → ∞, χS ∈ M. Q.E.D. 󰃈
Corollary 5.2.3 If

󰁝
f d(µ⊗ ν) < ∞, then

󰁝
f(x, y) dµ(x) < ∞ for ν-a.e. y and

󰁝
f(x, y) dν(y) < ∞ for µ-a.e. x.
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Theorem 5.2.4 Fubini’s Theorem

Suppose f : X × Y → C. If
󰁝

|f | d(µ⊗ ν) < ∞, then

󰁝
f d(µ⊗ ν) =

󰁝󰁝
f(x, y) dµ(x)dν(y) =

󰁝󰁝
f(x, y) dν(y)dµ(x).

Proof 2. If
󰁝

|f | d(µ⊗ ν) implies

󰁝󰁝
|f(x, y)| dµ(x) < ∞ for ν-a.e. y and

󰁝󰁝
|f(x, y)| dν(y) < ∞ for µ-a.e. x.

Key to the proof:

f = (Re f)+ − (Re f)− + i[(Im f)+ − (Im f)−].

Q.E.D. 󰃈
Corollary 5.2.5 If gn : X → C is a sequence of measurable functions such that

󰁛

n

󰁝
|gn| dµ < ∞, then

󰁛

n

󰁝
gn dµ =

󰁝 󰁛

n

gn dµ.

Proof 3. Method I Fubinis’ Theorem.

This is a special case of Fubini for µ ⊗ ν, where ν is the counting measuring on N. Apply Fubini to

G : X × N → C defined by

G(x, n) = gn(x).

Method II Dominated Convergence Theorem.

fn = g1 + · · ·+ gn [partial sum]

Then, |fn| ≤ |g1|+ · · ·+ |gn| ≤ h. Dominating function:

h =

∞󰁛

n=1

|gn|.

Q.E.D. 󰃈

Example 5.2.6

f : X → [0,∞]. Define g(y) = µ({x | f(x) > y}). Then,

󰁝
f dµ =

󰁝 ∞

0
g(y) dy.

Proof 4. Take h(x, y) = f(x)−y. Measurable as h : X×(0,∞) → R∪{∞}. Then, E = h−1((0,∞))
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is measurable. By Tonelli’s Theorem on χE :

󰁝󰁝
χE(x, y) dµ(x)dy =

󰁝󰁝
χE(x, y) dydµ(x).

• RHS:
󰁝

χE(x, y) dy = f(x)

• LHS: Fix y, (x, y) ∈ E ⇐⇒ f(x) > y ⇐⇒ x ∈ {x | f(x) > y}. So,

󰁝
χE(x, y) dµ(x) = g(y).

So, 󰁝
g(y) dy =

󰁝
f(x) dµ(x).

Q.E.D. 󰃈

5.3 Lebesgue Measure on Rn

Theorem 5.3.1

If X,Y are second countable, then BX ⊗ BY = BX×Y

Proof 1.

Lemma 5.3.2 If X,Y are metric spaces, then X × Y is a metric space with

d((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2).

The rest of the proof is omitted. Q.E.D. 󰃈
Corollary 5.3.3 BRk ⊗ BRℓ = BRk+ℓ .

Definition 5.3.4 (n-Dimensional Lebesgue Measure). Let m : BR → [0,∞] Lebesgue measure

on R. Define, inductively,

m1 = m, and mn = mm−1 ⊗m

to be the n-dimensional Lebesgue measure. So,

mn : BRn → [0,∞].

Proposition 5.3.5 (Translation Invariance). m1 is translation-invariant because m1(A + t) = m1(A),

A ∈ BR, t ∈ R. Hence, mn is also translation-invariant:

mn(A+ v) = mn(A), A ∈ BRn , v ∈ Rn.

Proposition 5.3.6 (Uniqueness of Lebesgue Measure). Letµbe a Borel measure onRn. Ifµ is translation-
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invariant and

µ ((0, 1]n) = c < ∞,

then µ = cmn.

Proof 2. By translation invariance,

µ

󰀕󰀕
0,

1

q1

󰀘
×

󰀕
0,

1

q2

󰀘
× · · ·×

󰀕
0,

1

qn

󰀘󰀖
=

c

q1q2 · · · qn

µ

󰀕󰀕
0,

p1
q1

󰀘
× · · ·×

󰀕
0,

pn
qn

󰀘󰀖
= c

p1
q1

p2
q2

· · · pn
qn

=⇒ µ((0, b1]× · · ·× (0, bn]) = cb1b2 · · · bn for b1, b2, . . . , bn > 0

=⇒ µ((a1, b1]× · · ·× (an, bn]) = c

n󰁜

j=1

(bj − aj)

= cmn((a1, b1]× · · ·× (an, bn]).

So, µ(B) = cmn(B) for rectangle B. Define

Ck = {B | µ(B ∩ (−k, k]n) = cmn(B ∩ (−k, k]n)}.

Note that Ck is a monotone class. By Monotone Class Theorem,

µ(B ∩ (−k, k]n) = cmn(B ∩ (−k, k]n) ∀Borel B.

When k → ∞, µ(B) = cmn(B). Q.E.D. 󰃈

Theorem 5.3.7 Rotation Invariance

Let S be an invertible n× n real matrix. Define

SB = {Sx | x ∈ B}.

Then, mn(SB) = |detS|mn(B). In particular, if S is a rotation matrix (detS = 1), then

mn(SB) = mn(B).

This property is called rotation invariance.

Proof 3. Fix S. Define µS(B) = mn(SB). µS is translation-invariant because

µS(v +B) = mn(Sv + SB) = mn(SB) = µS(B).

Now, consider

µS((0, 1]
n) = mn( S(0, 1]n󰁿 󰁾󰁽 󰂀

bounded set

) = c(S) < ∞.
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µS = c(S)mn, and mn(SB) = c(S)mn(B).

It remains to prove c(S) = |detS|. Observe that c(S1S2) = c(S1)c(S2), and |det(S1S2)| = |detS1|·|detS2|.
It is sufficient to prove for elementary matrices (appeared in Gaussian Elimination).

• S = permutation matrix. ∃σ : {1, . . . , n} ↺ direction. Sjσ(j) = 1, and all other entries are 0.

Permutation does not change the Lebesgue measure.

• S = diagonal matrix.

S =

󰀵

󰀹󰀹󰀷

λ1

. . .

λn

󰀶

󰀺󰀺󰀸 =⇒ Lebesgue measure is charged by
|λ1λ2···λn|=|det(S)| .

•

S =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 1

1
0

0

1

. . .

1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

By translation invariance, Lebesgue measure is unaffected.

We can multiply elementary matrices to S, to get an identity eventually. Hence, we have shown

mn(SB) = |detS|mn(B).

Q.E.D. 󰃈

Example 5.3.8

Definition 5.3.9 (Gamma Function).

Γ(z) =

󰁝 ∞

0
tz−1e−t dt, Re z > 0

Note that
󰁝 ∞

0

󰀏󰀏tz−1e−t
󰀏󰀏 dt < ∞. So, Gamma function is well-defined.

Definition 5.3.10 (Beta Function).

B(z, w) =

󰁝 1

0
tz−1(1− t)w−1 dt, Re z, Rew > 0.
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Lemma 5.3.11 (Relation Between Gamma and Beta Functions).

B(z, w)Γ(z + w) = Γ(z)Γ(w)

Proof 4.

RHS = Γ(z)Γ(w) =

󰁝 ∞

0
xz−1e−x dx

󰁝 ∞

0
yw−1e−y dy

=

󰁝 ∞

0

󰁝 ∞

0
xz−1e−xyw−1e−y dy [Fubini]

=

󰁝

(0,∞)2
xz−1e−xyw−1e−y d(x, y) [Integral over product measure]

Change of variable: s = x− y and t = x+ y. Then,

󰀣
S

t

󰀤
=

󰀣
1 −1

1 1

󰀤󰀣
x

y

󰀤
,

where

det

󰀣
1 −1

1 1

󰀤
= 2 =⇒ d(s, t) = 2d(x, y).

So,

RHS =

󰁝

A

󰀕
s+ t

2

󰀖z−1󰀕 t− s

2

󰀖w−1

e−t 1

2
d(s, t),

where A = {(s, t) | |s| ≤ t}. That is, by Fubini,

RHS =

󰁝 ∞

0

󰁝 t

−t

󰀕
s+ t

2

󰀖z−1󰀕 t− s

2

󰀖w−1

e−t 1

2
dsdt.

Another change of variable: s = −t+ 2tu. So, −t ≤ s ≤ t =⇒ 0 ≤ u ≤ t, and ds = 2du. Then,

RHS =

󰁝 ∞

0

󰁝 1

0
uz−1(1− u)w−1tz+w−1e−t dudt

=

󰁝 1

0
uz−1(1− u)w−1 du

󰁝 ∞

0
tz+w−1e−t dt

= B(z, w)Γ(z + w)

= LHS.

Q.E.D. 󰃈
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6 Lp Spaces and Fourier Transforms

6.1 Norms, Banach, and Lp Spaces

Definition 6.1.1 (Seminorm and Norm). Let V be a vector space over C. 󰀂·󰀂 : V → [0,∞) is a

norm if

• 󰀂λx󰀂 = |λ| · 󰀂x󰀂

• 󰀂x+ y󰀂 ≤ 󰀂x󰀂+ 󰀂y󰀂

• x ∕= 0 =⇒ 󰀂x󰀂 ∕= 0.

Note that ① and ② defines a seminorm.

Definition 6.1.2 (Norm-Induced Metric). A norm induces a metric

d(x, y) = 󰀂x− y󰀂.

Example 6.1.3 Space with Norm

• Rn

• C(K) = {f : K → C | f continuous}, where K is compact.

1. Norm:

󰀂f󰀂K = max
x∈K

|f(x)|

2. C(K) is a complete metric space.

3. Convergence: 󰀂fn − f󰀂K → 0 is uniform convergence.

Definition 6.1.4 (Banach Space). A Banach space is a vector space with a norm, which is com-

plete with respect to the metric induced by the norm.

Definition 6.1.5 (Lp Norm (informal)). X is a space, A is a σ-algebra on X, and µ is a measure

on A.

󰀂f󰀂1 =
󰁝

|f | dµ.

• For p ∈ [1,∞),

󰀂f󰀂p =
󰀕󰁝

|f |p dµ
󰀖1/p

.
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• For p = ∞,

󰀂f󰀂∞ = inf {t ∈ [0,∞] | |f | ≤ t, µ-a.e.}

Disproof 1. Is 󰀂f󰀂1 a norm on L1(X, dµ)? Recall

L1(X, dµ) =

󰀝
f : X → C |

󰁝
|f | dµ < ∞

󰀞

is a vector space over C.

•
󰁝

|λf | dµ = |λ|
󰁝

|f | dµ =⇒ 󰀂λf󰀂1 = |λ| · 󰀂f󰀂1.

•
󰁝

|f + g| dµ ≤
󰁝

(|f |+ |g|) dµ =

󰁝
|f | dµ+

󰁝
|g| dµ =⇒ 󰀂f + g󰀂1 ≤ 󰀂f󰀂1 + 󰀂g󰀂1.

• However, 󰁝
|f | dµ = 0 ⇐⇒ f = 0 µ-a.e.

That is, 󰀂f󰀂1 is just a seminorm on L1(X, dµ). 󰃈

How to make it a norm? Define an equivalence relation:

f ∼ g ⇐⇒ f = g µ-a.e.

An equivalence class is denoted [f ]. Define

L1(X, dµ) =
󰀋
[f ] | f ∈ L1(X, dµ)

󰀌
= L1(X, dµ)/ ∼󰁿 󰁾󰁽 󰂀

Quotient space

Now, 󰀂f󰀂1 is a norm on L1(X, dµ):

󰀂[f ]󰀂1 = 󰀂f󰀂1.

Proof 2. This norm is well-defined.

• 󰀂[λf ]󰀂1 = |λ| · 󰀂f󰀂1 = |λ| · 󰀂[f ]󰀂1.

• 󰀂[f + g]󰀂1 ≤ 󰀂[f ]󰀂1 + 󰀂[g]󰀂1.

•

󰀂[f ]󰀂1 = 0 ⇐⇒ f = 0 µ-a.e.

⇐⇒ f ∼ 0

⇐⇒ [f ] = [0]

So, 󰀂·󰀂1 is a norm on L1(X, dµ). Q.E.D. 󰃈
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Lemma 6.1.6 (Young’s Inequality). Let p, q ∈ (1,∞) s.t.
1

p
+

1

q
= 1. Then, ∀x, y ∈ [0,∞),

xy ≤ xp

p
+

yq

q
.

Proof 3. Use log and exponentials, we have

xy = elog x+log y and
xp

p
+

yq

q
=

1

p
ep log x +

1

q
eq log y.

Denote u = p log x, v = q log y, t =
1

p
, and 1− t =

1

q
. Then,

xy = elog x+log y = etu+(1−t)v and
xp

p
+

xq

q
= teu + (1− t)ev.

Since exponential is a convex function,

etu+(1−t)v ≤ teu + (1− t)eu.

Q.E.D. 󰃈
Lemma 6.1.7 (Hölder’s Inequality). If

1

p
+

1

q
= 1, and

󰁝
|f |p dµ < ∞ and

󰁝
|g|q dµ < ∞,

then gf ∈ L1(X, dµ) and 󰀏󰀏󰀏󰀏
󰁝

gf dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂f󰀂p󰀂g󰀂q.

Remark 4. (Special Cases).

• Young’s Inequality: p = q = 2.

xy ≤ x2

2
+

y2

2

• Hölder’s Inequality: p = q = 2 gives Cauchy-Schwarz Inequality.

󰀏󰀏󰀏󰀏
󰁝

gf dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂f󰀂2󰀂g󰀂2, and

󰀏󰀏󰀏󰀏󰀏󰀏

n󰁛

j=1

xjyj

󰀏󰀏󰀏󰀏󰀏󰀏
≤

󰁴󰁛
|xj |2

󰁴󰁛
|yi|2.

Proof 5.

• If 󰀂f󰀂p = 0, then 0 ≤ 0

• If 󰀂g󰀂q = 0, then 0 ≤ 0.

• Otherwise, WLOG, assume 󰀂f󰀂p = 1 and 󰀂g󰀂q = 1. [For the general case, if 0 ≤ 󰀂f󰀂p < ∞, let

75



6 LP SPACES AND FOURIER TRANSFORMS 6.1 Norms, Banach, and Lp Spaces

C =
1

󰀂f󰀂p
. Let F = Cf . Let D =

1

󰀂g󰀂q
, G = Dg. Then, 󰀂F󰀂p = 󰀂G󰀂q = 1. Then,

󰀏󰀏󰀏󰀏
󰁝

GF dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂F󰀂p󰀂G󰀂q.

Multiply by
1

CD
to finish the proof.] By Young’s inequality, we have

|g(x)f(x)| = |g(x)||f(x)| ≤ |f(x)|p

p
+

|g(x)|q

q󰁝
|gf | dµ ≤ 1

p

󰁝
|f |p dµ+

1

q

󰁝
|g|q dµ =

1

p
+

1

q
= 1 = 󰀂f󰀂p󰀂g󰀂q

Thus, gf ∈ L1. Further, 󰀏󰀏󰀏󰀏
󰁝

gf dµ

󰀏󰀏󰀏󰀏 ≤
󰁝

|gf | dµ ≤ 󰀂f󰀂p󰀂g󰀂q.

Q.E.D. 󰃈
Corollary 6.1.8 For fixed f ∈ Lp(X, dµ). If we pick

g =

󰀻
󰀿

󰀽
|f |p−2f, f non-zero

0, f zero.

We have g ∈ Lq, and

󰀂g󰀂q =
󰀕󰁝

|f |(p−1)q dµ

󰀖1/q

=

󰀕󰁝
|f |p dµ

󰀖1/q

= 󰀂f󰀂p/qp .

Then, we have equality in Hölder’s Inequality:

󰁝
gf dµ = 󰀂f󰀂p󰀂g󰀂q.

Lemma 6.1.9 (Minkowski’s Inequality). For f1, f2 ∈ Lp(X, dµ), p ∈ (1,∞). Then,

󰀂f1 + f2󰀂p ≤ 󰀂f1󰀂p + 󰀂f2󰀂p.

Proof 6. For every g ∈ Lq,

󰀏󰀏󰀏󰀏
󰁝

g(f1 + f2) dµ

󰀏󰀏󰀏󰀏 =
󰀏󰀏󰀏󰀏
󰁝

gf1 dµ+

󰁝
gf2 dµ

󰀏󰀏󰀏󰀏

≤ 󰀂g󰀂q󰀂f1󰀂p + 󰀂g󰀂q󰀂f2󰀂p.

Pick the g that achieves equality in Hölder’s Inequality (by Corollary 6.8). That is, g = |f1 + f2|p−2(f1 +

f2). Then, 󰀏󰀏󰀏󰀏
󰁝

g(f1 + f2) dµ

󰀏󰀏󰀏󰀏 = 󰀂g󰀂q󰀂f1 + f2󰀂p.
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So,

󰀂g󰀂q󰀂f1 + f2󰀂p ≤ 󰀂g󰀂q󰀂f1󰀂p + 󰀂g󰀂q󰀂f2󰀂p
󰀂f1 + f2󰀂p ≤ 󰀂f1󰀂p + 󰀂f2󰀂p.

Q.E.D. 󰃈
Proof 7. (Rigorous) Let f1, f2 ∈ Lp. Pick g = |f1 + f2|p−2(f1 + f2). Then,

󰀂g󰀂q =
󰀕󰁝

|g|q dµ
󰀖1/q

=

󰀕󰁝
|f1 + f2|p−1 dµ

󰀖1/q

= 󰀂f1 + f2󰀂p/qp

󰀏󰀏󰀏󰀏
󰁝

gf1 dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂g󰀂q󰀂f1󰀂p
󰀏󰀏󰀏󰀏
󰁝

gf2 dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂g󰀂q󰀂f2󰀂p
󰁝

|f1 + f2|p dµ =

󰀏󰀏󰀏󰀏
󰁝

g(f1 + f2) dµ

󰀏󰀏󰀏󰀏 ≤ 󰀂g󰀂q(󰀂f1󰀂p + 󰀂f2󰀂p)

󰀂f1 + f2󰀂pp ≤ 󰀂f1 + f2󰀂p/q(󰀂f1󰀂p + 󰀂f2󰀂p)

󰀂f1 + f2󰀂p ≤ 󰀂f1󰀂p + 󰀂f2󰀂p.

Q.E.D. 󰃈

Definition 6.1.10 (Lp Space). Define 󰀂f󰀂p = 0 ⇐⇒ f = 0 µ-a.e.. Then,

Lp(X, dµ) = {[f ] | f ∈ Lp(X, dµ)},

where the equivalence class is defined as f ∼ g if f = g µ-a.e. Lp(X, dµ) is a normed vector

space.

Theorem 6.1.11 Riesz-Fischer

For p ∈ [1,∞), Lp(X, dµ) is complete.

Proof 8. Pick a Cauchy sequence fn ∈ Lp. [WTS: it is convergent. i.e., ∃ f ∈ Lp s.t. 󰀂fn − f󰀂p → 0 as

n → ∞.] Pick a subsequence such that

󰀐󰀐fnk+1
− fnk

󰀐󰀐
p
≤ 1

4k
.

Notationally, denote fn0 = 0. By geometric sum,

∞󰁛

k=1

󰀐󰀐fnk
− fnk−1

󰀐󰀐
p
< ∞.

Define

h(x) =

∞󰁛

k=1

󰀏󰀏fnk
(x)− fnk−1

(x)
󰀏󰀏.
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This is an increasing limit of functions

hm(x) =

∞󰁛

k=1

󰀏󰀏fnk
(x)− fnk−1

(x)
󰀏󰀏.

ByMinkowski,

󰀂hm󰀂p ≤
m󰁛

k=1

󰀐󰀐fnk
− fnk−1

󰀐󰀐
p

󰀕󰁝
|hm|p dµ

󰀖1/p

≤
m󰁛

k=1

󰀐󰀐fnk
− fnk−1

󰀐󰀐
p
.

Taking m → ∞, by monotone convergence,

󰀕󰁝
|h|p dµ

󰀖1/p

≤
∞󰁛

k=1

󰀐󰀐fnk
− fnk−1

󰀐󰀐
p

󰀂h󰀂p ≤
∞󰁛

k=1

󰀐󰀐fnk
− fnk−1

󰀐󰀐
p
< ∞.

So, h < ∞ µ-a.e.

For any x s.t. h(x) < ∞,

∞󰁛

k=1

󰀏󰀏fnk
(x)− fnk−1

(x)
󰀏󰀏 < ∞

=⇒ (fnk
(x))∞k=1 is Cauchy in C

=⇒ (fnk
(x))∞k=1 is convergent.

Define f(x) = lim fnk
(x), the pointwise limit. So, fnk

(x) → f(x). Then,

fnm(x) =

m󰁛

k=1

󰀃
fnk

(x)− fnk−1
(x)

󰀄

|fnm(x)| ≤
m󰁛

k=1

󰀏󰀏fnk
(x)− fnk−1

(x)
󰀏󰀏 ≤ h(x)

Then, taking m → 0, |f(x)| ≤ h(x). Note that

|fnk
− f | ≤ |fnk

|+ |f | ≤ 2h

|fnk
− f |n ≤ 2php.

By Dominated Convergence Theorem, with dominating function 2php, we have

lim
k→∞

󰁝
|fnk

− f |p dµ =

󰁝
lim
k→∞

|fnk
− f |p dµ =

󰁝
0 dµ = 0.
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So, 󰀂fnk
− f󰀂p → 0 as k → ∞.

Given a Cauchy sequence, showing its subsequence converges implies that the original sequence

converges. Q.E.D. 󰃈

Theorem 6.1.12

Let Lp(X, dµ), where p ∈ [1,∞), then simple functions s such that

µ({x | s(x) ∕= 0}) < ∞

are dense in Lp(X, dµ).

Proof 9. Let s = χA.

󰀂s󰀂p = (µ(A))1/p < ∞ =⇒ µ(A) < ∞

s =

n󰁛

j=1

cjχAj ∈ Lp ⇐⇒ µ(Aj) < ∞ ∀ j with cj ∕= 0.

[M is dense in metric space X if M = X ⇐⇒ ∀x ∈ X, ∃ yn ∈ M s.t. lim
n→∞

yn = x.]

First assume f ∈ Lp, f ≥ 0. Since f ≥ 0, ∃ sn simple such that 0 ≤ sn ≤ sn+1 with sn → f pointwise,

and by Dominated Convergence Theorem,

lim
n→∞

󰁝
|sn − f |p dµ =

󰁝
lim
n→∞

|sn − f |p dµ =

󰁝
0 dµ = 0.

We can apply DCT because |sn − f | ≤ f =⇒ |sn − f |p ≤ fp. Use fp as the dominating function.

Now, assume f ∈ Lp and f is real-valued. Then, f = f+ − f−, where f± = max {±f(x), 0} ≥ 0 =⇒
fp
± ≤ |f |p. So, 󰁝

fp
± dµ < ∞.

Hence, f± ∈ Lp are positive functions. Take simple functions sn,+ → f+ and sn,− → f−. Then,

sn,+ − sn,− → f+ − f− in Lp.

[Alternative reasoning: 󰀂sn,+ − f+󰀂p → 0 and 󰀂sn,− − f−󰀂p → 0 as n → ∞. So, by triangle inequality,

󰀂(sn,+ − sn,−)− (f+ − f−)󰀂p = 󰀂(sn,+ − f+)− (sn,− − f−)󰀂p
≤ 󰀂sn,+ − f+󰀂p + 󰀂sn,− − f−󰀂p ≤ 0.

]

Finally, for f ∈ Lp arbitrary, f = Re f + i Im f . By linear combination, we complete this proof.

Q.E.D. 󰃈
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6.2 Approximation of Sets and Functions

Theorem 6.2.1

Let µ be a finite Borel measure on metric space X. ∀ Borel set E and ∀ ε > 0, ∃ closed F and ∃
open U such that

F ⊂ E ⊂ U and µ(U\F ) < ε.

Proof 1.

A = {E Borel | ∀ ε > 0, ∃U open ∃Fclosed, F ⊂ E ⊂ U, µ(U\F ) < ε}

[WTS: A is a σ-algebra and contains all closed sets.]

• A is a σ-algebra.

1. E = ∅, F = U = ∅

2. E ∈ A =⇒ Ec ∈ A because

F ⊂ E ⊂ U =⇒ U c ⊂ Ec ⊂ F c.

3. Assume sets En ∈ A, E =
󰁞

n

En. [WTS: E ∈ A.]

Fix ε > 0, ∀n, ∃Fn closed and Un open such that Fn ⊂ En ⊂ Un, and

µ(Un\Fn) <
ε

2n
.

Take U =
󰁞

Un and A =
󰁞

Fn. Then,

A ⊂ E ⊂ U and µ(U\A) <
󰁛

n

ε

2n
= ε.

[The inequality because x ∈ U\A =⇒ x ∈ U, x /∈ A =⇒ ∃n s.t. x ∈ Un and ∀n, x /∈ Fn. So,

∃n s.t. x ∈ Un\Fn. That is,

U\A ⊂
∞󰁞

n=1

Un\Fn =⇒ µ(U\A) <
󰁛

n

µ(Un\Fn).

]

Hence, U is open, but A is not necessarily closed. [WTS: create a closed set.]

AN =

N󰁞

n=1

fn closed.

µ(AN ) → µ(A) as N → ∞. Then, µ(A\AN ) → 0 as N → ∞ since µ is a finite measure. Pick

N so that µ(A\AN ) < ε. Denote F = AN . Then,

F ⊂ A ⊂ E ⊂ U and µ(U\F ) < µ(U\A) + µ(A\F ) < ε+ ε = 2ε.
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So, E ⊂ A.

So, A is a σ-algebra.

• A contains closed sets:

Assume E is closed. Take F = E. Define Un =

󰀝
x | dist(x,E) <

1

n

󰀞
. Then, Un are nested open

sets: Un+1 ⊂ Un.

∞󰁟

n=1

Un = E because E is closed.

µ(Un) → µ(E) =⇒ µ(Un\E) → 0 as n → ∞.

[Note that we can do subtraction since µ is finite.] Fix ε > 0. Pick n s.t. µ(Un\E) < ε. Pick F = E

and U = Un. Then, F = E ⊂ U with µ(Un\F ) < ε.

Q.E.D. 󰃈

Theorem 6.2.2

Let µ be finite Borel measure on a compact metric space X. Then, C(X) are a dense subset of

Lp(X, dµ) for p ∈ [1,∞).

Corollary 6.2.3 C([a, b]) are dense in Lp([a, b], dµ).

Proof 2. (of Theorem 6.2.2)

Observation f ∈ C(X) =⇒ f is bounded =⇒ |f | ≤ C. Then,

󰁝
|f |p dµ ≤ Cpµ(X) < ∞

=⇒ C(X) ⊂ Lp(X, dµ).

The remaining needs to prove C(X) is dense. Let E ⊂ X be Borel. Fix ε > 0, F closed, and U open such

that

F ⊂ E ⊂ U and µ(U\F ) < ε.

Take f(x) = (1− dist(x, F )/δ)+. The,

f ∈ C(x) and f : X → [0, 1], f |F = 1.

Take δ = dist(F,U c) > 0. In other words, x ∈ U c =⇒ dist(x, F ) ≥ δ. Then, f(x) = 0. Hence, f |Uc = 0.

So,

󰁝
|f − χE |p dµ ≤ 1 · µ(U\F ) < ε

󰀂f − χE󰀂p ≤ ε1/p.
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Now, take simple function

s =

n󰁛

j=1

cjχEj .

Fix ε > 0. Find fj ∈ C(X) s.t.
󰀐󰀐fj − χEj

󰀐󰀐
p
< ε. Take f =

n󰁛

j=1

cjfj , then

󰀂s− f󰀂p =

󰀐󰀐󰀐󰀐󰀐󰀐

n󰁛

j=1

cj
󰀃
χEj − fj

󰀄
󰀐󰀐󰀐󰀐󰀐󰀐
p

≤
n󰁛

j=1

|cj |ε.

Finally, g ∈ Lp. Fix ε > 0, ∃ s simple such that 󰀂s− g󰀂p < ε and ∃ f ∈ C(X) such that 󰀂s− f󰀂p < ε.

Then,

󰀂g − f󰀂p ≤ 󰀂s− g󰀂p + 󰀂s− f󰀂p < 2ε.

Q.E.D. 󰃈

Theorem 6.2.4

Let µ be a Borel measure finite on compact sets. Then, C(Rd) is a dense subset of Lp(Rd, dµ) for

p ∈ [1,∞).

Proof 3. Note that f ∈ C(Rd) is not necessarily bounded and not necessarily in Lp. We will use

f ∈ Cc(Rd), where

supp f = {x | f(x) ∕= 0}, and Cc(x) = {f ∈ C(X) | supp f compact}.

Define K = supp f , C = max
k

|f |. Then,

|f | ≤ CχK , |f |p ≤ CpχK ,

󰁝
|f |p dµ ≤ Cpµ(K) < ∞.

Q.E.D. 󰃈

Theorem 6.2.5

Let µ be a measure on Rd which is finite on compacts. Then, Cc(Rd) is a dense subset of

Lp(Rd, dµ), p ∈ [1,∞).

Proof 4. Let E ⊂ Rd be a Borel set. Then, µ(E) < ∞. Denote Kn = [−n, n]d, then E\Kn is decreas-

ing, and 󰁟
(E\Kn) = ∅.

Since E has finite measure, µ(E\Kn) → 0 when n → ∞. Fix ε > 0. Pick n such that µ(E\Kn) < ε.

Let’s work on Kn: ∃F ⊂ E ∩Kn such that F is closed and

µ(E ∩Kn\F ) < ε.
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Define fk(x) = (1− k dist(x, F ))+. Then, fk = 1 onF . When k → ∞, fk → χF pointwise. By Dominated

Convergence Theorem,

lim
k→∞

󰁝
|fk − χF |p dµ =

󰁝
lim
k→∞

|fk − χF |p dµ = 0.

To apply DCT, consider the dominating function χKn+1 .

[We are not choosing 1 as our dominating function because

󰁝

Rd

1 dµ may be infinite (non-integrable).

But, 󰁝

Rd

χKn+1 dµ = µ(Kn+1) < ∞.

]

And 0 ≤ fk ≤ 1, and fk = 0 on Kc
n+1. From DCT, we also know that ∃ k such that

󰀂fk − χF 󰀂p < ε

󰀂χF − χE∩Kn󰀂p < ε1/p

󰀂χE − χE∩Kn󰀂p < ε1/p

=⇒ 󰀂χE − χF 󰀂p < ε+ 2ε1/p.

Then, simple functions can be approximated. So, any function in Lp can be approximated. Q.E.D. 󰃈

Definition 6.2.6 (Space T/Torus). T is the unit circle with length 2π. Note that T is compact,

and T = R/2πZ. So, addition is defined as x+ y mod 2π. Meanwhile, Td = T× T× ·× T.

6.3 Continuity of Translation

Definition 6.3.1 (Translate of a Function). For a function f : Td → C (for f : Rd → C), its

translate by y is the function

(τyf)(x) = f(x− y).

Theorem 6.3.2

For any f ∈ Cc(Rd)

󰀂f − τuf󰀂Rd → 0 as y → 0.

Proof 1. Let 󰀂y󰀂 < 1 and supp f ⊂ [−n, n]d.

Take K = [−n− 1, n+ 1]d. f is continuous on K, so it is uniformly continuous. That is, ∀ ε > 0,

∃ δ > 0 such that x, y ∈ K and

󰀂x− y󰀂 < δ =⇒ |f(x)− f(y)| < ε.
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Change the notation: ∀ ε > 0, ∃ δ > 0 such that ∀x, x− y ∈ K, if 󰀂y󰀂 < δ, then |f(x)− f(x− y)| < ε.

Outside of K, f(x)− f(x− y) = 0.

So, ∀ ε > 0, ∃ δ > 0 s.t. 󰀂y󰀂 < δ =⇒ ∀x ∈ Rd, |f(x)− f(x− y)| < ε. That is, 󰀂f − τyf󰀂Rd ≤ ε.

Q.E.D. 󰃈

Example 6.3.3 Why we Need Uniform Continuity?

f(x) = x2 on R2 is not uniformly continuous.

(τyf)(x) = f(x)− f(x− y) = 2xy − y2.

󰀂f − τyf󰀂Rd = ∞.

Extension 6.3.1 On Td, ∀ f ∈ C(Td), 󰀂f − τyf󰀂Td → 0 as y → 0.

Theorem 6.3.4

For any f ∈ Lp(Rd) (with Lebesgue measure), p ∈ [1,∞). Then,

󰀂f − τyf󰀂p → 0 as y → 0.

Proof 2. [Key idea: use density.] Fixε > 0, ∃ g ∈ Cc(Rd) s.t. 󰀂f − g󰀂p < ε =⇒ 󰀂τyf − τyg󰀂p < ε. We

have 󰀂g − τyg󰀂Rd → 0 as y → 0. If supp g ⊂ [−n, n]d and 󰀂y󰀂 < 1, then

g − τyg is supported in [−n− 1, n+ 1]d.

Then, 󰁝
|g − τyg|p dµ ≤ m

󰀓
[−n− 1, n+ 1]d

󰀔
󰀂g − τg󰀂pRd → 0 as y → 0.

So, ∃ δ > 0 s.t. ∀ y with 󰀂y󰀂 < δ =⇒ 󰀂g − τyg󰀂p < ε. That is, ∃ δ > 0 such that ∀ y with 󰀂y󰀂 < δ,

󰀂f − τyf󰀂p ≤ 󰀂f − g󰀂p + 󰀂τyf − τyg󰀂p + 󰀂g − τyg󰀂p < 3ε.

Q.E.D. 󰃈

Extension 6.3.2 In Td, ∀ f ∈ Lp(Td), p ∈ [1,∞),

󰀂f − τyf󰀂p → 0 as y → 0.

[Note: implied measure:

dµ =
dm

(2π)d
and µ(Td) = 1.

]
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6.4 Fourier Series and the Fejér Kernel

Set-Up f : 2π-period function on R.

Goal Approximate f by 2π-period functions. A natural attempt is to use trigonometric polynomials.

For example,

p(x) =

n2󰁛

k=n1

cke
ikx, Ck ∈ C.

If f ≈ p, then 󰁝 2π

0
p(x)e−ijx dx

2π
= cj .

Definition 6.4.1 (Fourier Coefficients). For a function f ∈ L1(T), Fourier coefficients are

󰁥fj =
󰁝 2π

0
f(x)e−ijxdx

2π
.

Question

f
?
=

N󰁛

j=−N

󰁥fjeijx

Definition 6.4.2 (Partial Fourier Sum).

f(x+ 2π) = f(x)

󰁥fn =
1

2π

󰁝 2π

0
f(x)einx dx, n ∈ Z

(Snf)(x) =

N󰁛

n=−N

󰁥fneinx.

Definition 6.4.3 (Dirichlet Kernel).

DN (t) =

N󰁛

n=−N

eint.

Proposition 6.4.4

DN (t) =

󰀻
󰁁󰀿

󰁁󰀽

sin((2N + 1)t/2)

sin(t/2)
, t ∕= 0

2N + 1, t = 0.
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Proof 1. By geometric sum,

DN (t) = e−iNt
2N󰁛

j=0

eijt = e−iNt 1− ei(2N+1)t

1− eit

=
e−i

(2N+1)t
2 − ei

(2N+1)t
2

e−it/2 − eit/2

=
−2i sin

󰀃
2N+1

2 t
󰀄

−2i sin
󰀃
t
2

󰀄 [Euler’s formula]

=
sin((2N + 1)t/2)

sin(t/2)
.

Q.E.D. 󰃈

Attempt to answer the question

(SNf)(x) =

N󰁛

n=−N

󰁝 2π

0
f(y)einyeinx

dy

2π

=

󰁝 2π

0

N󰁛

n=−N

f(y)einyeinx
dy

2π
[Exchange

󰁛
and

󰁝
because we have finite sums]

=

󰁝 2π

0
f(y)

N󰁛

n=−N

ein(x−y) dy

2π

=

󰁝 2π

0
f(y)DN (x− y)

dy

2π
[DN (t) =

N󰁛

n=−N

eint is the Dirichlet kernel]

Updated Question

• f ∈ C(T):
󰀂SNf − f󰀂T] → 0 as N → ∞? Not in general.

• f ∈ L1(T):
󰀂SNf − f󰀂1 → 0 as N → ∞? Not in general.

Why this Dirichlet Kernel Fails?

󰁝 2π

0
DN (t)

dt

2π
=

󰁝 2π

0

N󰁛

k=−N

eikt
dt

2π
= 1,

but

sup
N

󰁝 2π

0
|DN (t)| dt

2π
= ∞.

So, we have oscillations.
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Definition 6.4.5 (Cesard Convergence). The sequence xn is cesard-convergent if

1

N

N−1󰁛

n=0

xn (Cesard-averages) is convergent.

Example 6.4.6

The sequence 1,−1, 1,−1, . . . is not convergent, but their cesard-averages converge to 0.

Definition 6.4.7 (Cesard-Averages of Fourier Partial Sums).

(CNf)(x) =
1

N

N−1󰁛

n=0

(SNf)(x)

=
1

N

N−1󰁛

n=0

n󰁛

k=−n

󰁥fkeikx

=
1

N

N−1󰁛

k=−N+1

N−1󰁛

n=|k|

󰁥fkeikx

=

N−1󰁛

k=−N+1

N − |k|
N

󰁥fkeikx [No dependency on n; sum it up.]

Definition 6.4.8 (Fejér Kernel).

(CNf)(x) =

󰁝 2π

0
f(y)FN (x− y)

dy

2π
,

where

FN (t) =
1

N

N−1󰁛

n=0

Dn(t) is the Fejér kernel.

Note that

FN (t) =
1

N

󰀕
sin(Nt/2)

sin(t/2)

󰀖2

,

and 󰁝 2π

0
FN (t)

dt

2π
=

1

N

N−1󰁛

n=0

󰁝 2π

0
Dn(t)

dt

2π
= 1.

Lemma 6.4.9 (Fejér Kernel Properties). Fejér kernel has the following properties:

• FN (t) ≥ 0

•
󰁝 2π

0
FN (t)

dt

2π
= 1
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• For any ε > 0,

lim
N→∞

󰁝 2π−ε

ε
FN (t)

dt

2π
= 0.

Proof 2.

• ①-② are evident. To show ③, if ε ≤ t ≤ 2π − ε, then

sin
t

2
≥ sin

ε

2
.

So,

FN (t) =
1

N

󰀕
sinNt/2

sin t/2

󰀖2

≤ 1

N sin2(ε/2)
.

󰁝 2π−ε

ε
FN (t)

dt

2π
≤

󰁝 2π−ε

ε

1

N sin2(ε/2)

dt

2π

=
2π − 2ε

2π

1

N sin2(ε/2)
→ 0 when N → ∞.

Q.E.D. 󰃈

Theorem 6.4.10 Fejér’s Theorem

For any f ∈ C(T),
󰀂CNf − f󰀂T → 0 as N → ∞.

Proof 3.

(CNf)(x)− f(x) =

󰁝 2π

0
FN (y)f(x− y)

dy

2π
− f(x)

󰁝 2π

0
FN (y)

dy

2π

=

󰁝 2π

0
FN (y)(f(x− y)− f(x))

dy

2π
.

[Idea: for small y, f(x− y)− f(x) will be small. For large y, FN (y) will be small.]

|(CNf)(x)− f(x)| ≤
󰀏󰀏󰀏󰀏
󰁝 ε

−ε
FN (y)(f(x− y)− f(x))

dy

2π

󰀏󰀏󰀏󰀏+
󰁝 2π−ε

ε
FN (f(x− y)− f(x))

dy

2π

󰀂CNf − f󰀂T ≤
󰁝 ε

−ε
FN (y)󰀂τyf − f󰀂T

dy

2π
+

󰁝 2π−ε

ε
FN (y) · 2󰀂f󰀂T

dy

2π
.

For any δ > 0, ∃ ε > 0 such that |y| < ε =⇒ 󰀂τyf − f󰀂T < δ. So,

󰀂CNf − f󰀂T ≤ δ

󰁝 ε

−ε
FN (y)

dy

2π
󰁿 󰁾󰁽 󰂀

≤1 since total integral=1

+

󰁝 2π−ε

ε
FN (y) · 2󰀂f󰀂T

dy

2π
.

≤ δ +

󰁝 2π−ε

ε
FN (y) · 2󰀂f󰀂T

dy

2π󰁿 󰁾󰁽 󰂀
→0 by Lemma 6.9

.
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So, when N → ∞,

lim sup
N→∞

󰀂CNf − f󰀂T ≤ δ.

Since δ > 0 is arbitrary,

lim sup
N→∞

󰀂CNf − f󰀂T = 0

lim
N→∞

󰀂CNf − f󰀂T = 0.

Q.E.D. 󰃈
Corollary 6.4.11 (Wieastrass’ Second Theorem). Trigonometric polynomials are dense in C(T).
Corollary 6.4.12 For any f ∈ L1(T),

lim
n→±∞

󰁥fn = 0.

Proof 4. If p is a trigonometric polynomial,

p(x) =

ℓ󰁛

k=a

cke
ikx.

Then, 󰁥pn = 0 if n > ℓ or n < a.

For any f ∈ L1(T), any ε > 0, ∃ g ∈ C(T) such that 󰀂f − g󰀂1 < ε and ∃ p trigonometric polynomial

such that 󰀂g − p󰀂T < ε. Then,

󰀂g − p󰀂1 =
󰁝

|g − p| dx ≤ 󰀂g − p󰀂T
󰁝

1 dx < 2πε

󰀂f − p󰀂+ 1 ≤ 󰀂f − g󰀂1 + 󰀂g − p󰀂1 < ε+ 2πε = (2π + 1)ε
󰀏󰀏󰀏 󰁥fn − 󰁥pn

󰀏󰀏󰀏 =
󰀏󰀏󰀏󰀏
󰁝 󰀃

f(x)e−inx − p(x)e−inx
󰀄dx
2π

󰀏󰀏󰀏󰀏

≤
󰁝

|f − p|dx
2π

=
1

2π
󰀂f − p󰀂1 <

2π + 1

2π
ε.

Note that for any |n| large enough, |󰁥pn| = 0. So,

󰀏󰀏󰀏 󰁥fn
󰀏󰀏󰀏 <

2π + 1

2π
ε.

Q.E.D. 󰃈

Definition 6.4.13 (Fourier Coefficients of Measures). Letµbe a finite measure onT. Its Fourier

coefficients are given by

󰁥µn =

󰁝
e−inx dµ(x).

If 󰁥µn = 󰁥νn ∀n ∈ Z, them µ = ν.
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6 LP SPACES AND FOURIER TRANSFORMS 6.5 Convolutions

6.5 Convolutions

In this section, assume G = Td or G = Rd, f, g ∈ L1(G), and define

h(x) =

󰁝
f(x− y)g(y) dy.

Lemma 6.5.1 h(x) is well-defined for a.e. x and h ∈ L1(G) with

󰀂h󰀂1 ≤ 󰀂f󰀂1󰀂g󰀂1.

Proof 1.

󰁝󰁝
|f(x− y)g(y)| dydx =

󰁝󰁝
|f(x− y)g(y)| dxdy [Tonelli]

=

󰁝󰁝
|f(x)g(y)| dxdy [Translation Invariance]

=

󰁝 󰀕
|g(y)|

󰁝
|f(x)| dx

󰀖
dy

=

󰁝
|f(x)| dx ·

󰁝
|g(y)| dy < ∞.

Then, 󰁝
|f(x− y)g(y)| dy < ∞ for a.e. x.

Hence,

h(x) =

󰁝
f(x− y)g(y) dy

is well-defined for a.e. x. Moreover,

󰁝
|h(x)| dx =

󰁝 󰀏󰀏󰀏󰀏
󰁝

f(x− y)g(y) dy

󰀏󰀏󰀏󰀏 dx

≤
󰁝󰁝

|f(x− y)g(y)| dydx

= 󰀂f󰀂1󰀂g󰀂1.

That is, 󰀂h󰀂1 ≤ 󰀂f󰀂1󰀂g󰀂1. So, h ∈ L1(G). Q.E.D. 󰃈

Definition 6.5.2 (Convolution). h is called the convolution of f and g. Notationally,

h = f ∗ g.

Remark.

• Convolution is commutative. Consider x fixed, y variable, and the substitution u = x − y.
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Then,

󰁝
f(x− y)g(y) dy =

󰁝
f(u)g(x− u) du

f ∗ g = g ∗ f.

• One can also show

(f ∗ g) ∗ h = f ∗ (g ∗ h)

• No identity element for convolution. Instead, we have an approximate identity, which s a

family of functions (sequence, or parametrized by λ > 0), Kλ ∈ L1(G) satisfying

1. Kλ ≥ 0

2.
󰁝

Kλ(x) dx = 1

3. ∀ open U ⊂ G with 0 ∈ U ,

lim
λ→∞

󰁝

Uc

Kλ(x) dx = 0.

[This definition is similar to Fejér kernel’s. A more general definition is that

1. sup
λ

󰁝
|Kλ(x)| dx < ∞

2.
󰁝

Kλ(x) dx = 1

3. ∀ open U with 0 ∈ U , 󰁝

Uc

|Kλ(x)| dx → 0.

]

Theorem 6.5.3 Approximate Identity

For an approximate identity Kλ, ∀ f ∈ C(G), Kλ ∗ f → f in C(G)

Remark. g ≡ 1 is not an identity.

(f ∗ g)(x) =
󰁝

f(x− y)g(y) dy =

󰁝
f(x− y) dy

=

󰁝
f(y) dy

= constant ⊥⊥ x.

Fourier Series on Td

• Fourier coefficients:
󰁥fn =

󰁝
f(x)e−inx dx

(2π)d
, n ∈ Zd

91
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• Fourier partial sums

SNf =
󰁛

n∈Zd

|nj |≤N ∀ j

󰁥fneinx

• Cesard-Averages:

CNf =
1

N

N−1󰁛

k=0

SNf, and CNf = FN ∗ f

• Fejér kernel in Td:

FN (x) =

d󰁜

j=1

FN (xj)

This Fejér kernel is an approximate identity in Td. So,

CNf → f in C(Td).

Theorem 6.5.4

Let Kλ be an approximate identity. Then, ∀ f ∈ L1(G),

Kλ ∗ f → f in L1(G).

Proof 2.

(Kλ ∗ f)(x)− f(x) =

󰁝
Kλ(y)f(x− y) dy −

󰁝
Kλ(y)f(x) dy [

󰁝
Kλ(y) dy = 1]

=

󰁝
Kλ(y)[f(x− y)− f(x)] dy

=

󰁝
Kλ(y)(τyf − f)(x) dy.

So,

󰀂Kλ ∗ f − f󰀂1 ≤
󰁝󰁝

Kλ(y)|(τyf − f)(x)| dydx

≤
󰁝

Kλ(y)󰀂τyf − f󰀂1 dy

Fix ε > 0. Let U open with 0 ∈ U such that

󰀂τyf − f󰀂 < ε whenever y ∈ U.

[Why we can pick such a set? By continuity of translation:

τyf → f in L1 as y → 0 =⇒ ∃ δ > 0, 󰀂y󰀂 < δ =⇒ 󰀂τyf − f󰀂1 < ε.
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] Hence,

󰀂Kλ ∗ f − f󰀂1 ≤
󰁝

U
Kλ(y)󰀂τyf − f󰀂1 dy +

󰁝

Uc

Kλ(y)󰀂τyf − f󰀂1 dy

≤
󰁝

U
εKλ(y) dy +

󰁝

Uc

2󰀂f󰀂1Kλ(y) dy

󰁿 󰁾󰁽 󰂀
→0 as λ→∞

Hence,

lim sup
λ→∞

󰀂Kλ ∗ f − f󰀂1 ≤ ε.

Since ε > 0 is arbitrary,

lim
λ→∞

󰀂Kλ ∗ f − f󰀂1 = 0.

Q.E.D. 󰃈
Proposition 6.5.5 (Convolution Improves Differentiability).

(f ∗ g)(x) =
󰁝

f(x− y)g(y) dy

(f ∗ g)′(x) =
󰁝

f ′(x− y)g(y) dy

(f ∗ g)′ = f ′ ∗ g.

6.6 Fourier Integrals

Recall Fourier series: for f ∈ L1(Td),

󰁥fn =
1

(2π)d

󰁝
e−inxf(x) dx n ∈ Zd.

Definition 6.6.1 (Fourier Integral). Let f ∈ L1(Rd) [we lose periodicity here],

󰁥f(k) = 1

(2π)d/2

󰁝
e−ik·xf(x) dx k ∈ Rd.

Definition 6.6.2 (Pointwise Decaying Function). f(x) is a decaying function if lim
x→±∞

f(x) = 0.

Remark. Note that f ∈ L1(Rd) ∕=⇒ f is decaying. However, 󰁥f(k) is decaying. So, the

Fourier integral produces a decaying function.

Proposition 6.6.3 (Some Properties of Fourier Transformation).

•
󰀏󰀏e−ikxf(x)

󰀏󰀏 = |f(x)|

• 󰁥f ∗ g = (2π)d/2 󰁥f󰁥g
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• 󰁥f is a bounded function

Proof 1.

󰀏󰀏󰀏 󰁥f(k)
󰀏󰀏󰀏 ≤

1

(2π)d/2

󰁝 󰀏󰀏󰀏e−ikxf(x)
󰀏󰀏󰀏 dx

=⇒
󰀏󰀏󰀏 󰁥f(k)

󰀏󰀏󰀏 ≤
1

(2π)d/2
󰀂f󰀂1 ∀ k

=⇒ 󰁥f is a bounded function

Q.E.D. 󰃈

• 󰁥f is uniformly continuous.

Proof 2.

󰁥f(k + a)− 󰁥f(k) = 1

(2π)d/2

󰁝 󰀓
e−i(k+a)x − e−ikx

󰀔
f(x) dx

=
1

(2π)d/2

󰁝 󰀃
e−iax − 1

󰀄
e−ikxf(x) dx

󰀏󰀏󰀏 󰁥f(k + a)− 󰁥f(k)
󰀏󰀏󰀏 ≤

1

(2π)d/2

󰁝 󰀏󰀏e−iax − 1
󰀏󰀏 · |f(x)| dx

It is enough to prove:

lim
a→0

󰁝 󰀏󰀏e−iax − 1
󰀏󰀏 · |f(x)| dx = 0.

Note that
󰀏󰀏e−iax − 1

󰀏󰀏 · |f(x)| ≤ 2|f(x)| and e−iax → 1 pointwise when a → ∞. [Recall the fact that

lim
a→0

g(a) = 0 ⇐⇒ ∀ sequence an, an → 0 =⇒ g(an) → 0.

] So, we will do the same. Pick a sequence an → 0. Apply dominated convergence theorem, and

we complete the proof. Q.E.D. 󰃈

• Lemma Riemann-Lebesgue If f ∈ L1(Rd), then

lim
󰀂k󰀂→∞

󰁥f(k) = 0.

That is, 󰁥f is decaying, and ∀ ε > 0, ∃R ∀ k s.t.

󰀂k󰀂 > R =⇒
󰀏󰀏󰀏 󰁥f(k)

󰀏󰀏󰀏 < ε.

Proof 3. We will just prove a special case here. Let f ∈ CC(Rd). Then,

󰁥f(k) = 1

(2π)d/2

󰁝
e−ik·xf(x) dx (7)

󰁥f(k) = 1

(2π)d/2

󰁝
−e−ik·(x+π

k )f(x) dx
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Define y = x+
π

k
. Then,

󰁥f(k) = 1

(2π)d/2

󰁝
−e−ik·yf

󰀓
x− π

k

󰀔
dy (8)

(7) + (8), we have

2 󰁥f(k) = 1

(2π)d/2

󰁝
e−ik·x

󰁫
f(x)− f

󰀓
x− π

k

󰀔󰁬
dx

2
󰀏󰀏󰀏 󰁥f(k)

󰀏󰀏󰀏 ≤
1

(2π)d/2

󰁝 󰀏󰀏󰀏f(x)− f
󰀓
x− π

k

󰀔󰀏󰀏󰀏 dx → 0 as k → ∞

since f is uniform convergent (f ∈ CC(Rd)). Q.E.D. 󰃈

Lemma 6.6.4 If f ∈ L1(R) and
󰁝

|xf(x)| dx < ∞, then 󰁥f is differentiable, and

󰀓
󰁥f
󰀔′
(k) = 󰁦(−ixf(x))(k).

Proof 4. Denote g(x) = ixf(x). So, g ∈ L1(R). [WTS: 󰁥f ′ = 󰁥g. Instead of differentiation, let’s show for

a < b, 󰁝 b

a
󰁥g(k) dk = 󰁥f(b)− 󰁥f(a).

We already know that 󰁥g is continuous. So, this will imply 󰁥f ′ = 󰁥g by Fundamental Theorem of Calculus.]

Fix a < b. Then, 󰁝 b

a
󰁥g(k) dk =

1√
2π

󰁝 b

a

󰁝
g(x)e−ik·x dxdk.

To justify exchanging intergrals, let’s check:

󰁝 b

a

󰁝 󰀏󰀏󰀏g(x)e−ik·x
󰀏󰀏󰀏 dxdk =

󰁝 b

a

󰁝
|g(x)| dxdk

=

󰁝 b

a
󰀂g󰀂1 dk

= 󰀂g󰀂1(b− a) < ∞.

So, by Fubini’s Theorem,

󰁝 b

a
󰁥g(k) dk =

1√
2π

󰁝 󰁝 b

a
g(x)e−ik·x dkdx

=
1√
2π

󰁝 󰁝 b

a
−ixf(x)e−ikx dkdx [∂k

󰀓
e−ikx

󰀔
= −ixe−ikx]

=
1√
2π

󰁝
f(x) e−ik·x

󰀏󰀏󰀏󰀏
k=b

k=a

dx

=
1√
2π

󰁝
f(x)e−ib·x − f(x)e−ia·x dx = 󰁥f(b)− 󰁥f(a) .

Q.E.D. 󰃈
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For f ∈ L1(R), does 󰁥f uniquely determine f? The answer is Yes. To prove it ,we need Fejér Kernel.

Definition 6.6.5 (Fejér Kernel).

Kλ(x) =
λ

2π

󰀕
sin(λx/2)

(λx/2)

󰀖2

≥ 0.

Note that

•
󰁝

Kλ(x) dx = 1

• For any δ > 0, as λ → ∞. 󰁝

R\(−δ,δ)
Kλ(x) dx → 0.

• So, Kλ ∗ f → f in L1(R).

Lemma 6.6.6 (Fejér Kernel as an Integral).

Kλ(x) =
1

2π

󰁝 λ

−λ

󰀕
1− |k|

λ

󰀖
eik·x dk.

Corollary 6.6.7 For all f ∈ L1(R),

(Kλ ∗ f)(x) = 1√
2π

󰁝 λ

−λ

󰀕
1− |k|

λ

󰀖
󰁥f(k)e−ik·x dk.

Corollary 6.6.8 Fourier transforms uniquely determine the function. i.e., if 󰁥f = 󰁥g ∀ k, then f = g.

Proof 5. Fourier integrals uniquely determine the convolutions, which converges to the function.

Q.E.D. 󰃈
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7 Hilbert Space

7.1 Inner Product

Definition 7.1.1 (Dot Product).

• ∀x, y ∈ Rn, the dot product is defined as x · y =

n󰁛

j=1

xjyj , and x · x = 󰀂x󰀂2.

• ∀x, y ∈ Cn, the dot product is defined as 〈x, y〉 =
n󰁛

j=1

xjyj , and 〈x, x〉 =
n󰁛

j=1

|xj |2.

Definition 7.1.2 (Inner Product). Let V be a vector space over the field C. An inner product on

V is a map 〈·, ·〉 : V × V → C with the following properties:

• Linearity in the second parameter: If λ ∈ C, x, y, 󰁨y ∈ V , then

〈x,λy〉 = λ 〈x, y〉 and 〈x, y + 󰁨y〉 = 〈x, y〉+ 〈x, 󰁨y〉 .

• Skew Symmetry: 〈x, y〉 = 〈y, x〉.

• Strict Positivity Away from 0: ∀x ∈ V, x ∕= 0 =⇒ 〈x, x〉 > 0.

Proposition 7.1.3 (Conjugate Linearity in the First Parameter). Combining properties ① and ② in

Definition 7.1.2, we have that

〈λx, y〉 = 〈y,λx〉 = λ 〈y, x〉 = λ 〈x, y〉 λ ∈ C

〈x+ 󰁨x, y〉 = 〈y, x+ 󰁨x〉 = 〈y, x〉+ 〈y, 󰁨x〉 = 〈x, y〉+ 〈󰁨x, y〉 .

Definition 7.1.4 (Induced Norm).[We have yet to show that this is a proper norm.]

󰀂x󰀂 =
󰁳

〈x, x〉 or 󰀂x󰀂2 = 〈x, x〉 .

Proposition 7.1.5 (Properties of the Induced Norm). The inner product induced norm has positive

homogeneity and positivity away from 0.

Proof 1.

• 󰀂λx󰀂 =
󰁳

〈λx,λx〉 =
󰁴

λλ 〈x, x〉 =
󰁴

|λ|2 〈x, x〉 = |λ| · 󰀂x󰀂

• x ≥ 0 =⇒ 〈x, x〉 > 0 =⇒ 󰀂x󰀂 ≥ 0.

Q.E.D. 󰃈
[To show the induced norm is a norm, we still need the triangle inequalities. We will develop some

tools.]
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Definition 7.1.6 (Orthogonality). We say that x1, . . . , xn are (pairwise) orthogonal if 〈xj , xk〉 =
0 whenever j ∕= k.

Theorem 7.1.7 Pythagorean Theorem

If x1, . . . , xn are orthogonal, then

󰀐󰀐󰀐󰀐󰀐󰀐

n󰁛

j=1

xj

󰀐󰀐󰀐󰀐󰀐󰀐

2

=

n󰁛

j=1

󰀂xj󰀂2.

Proof 2.

󰀐󰀐󰀐󰀐󰀐󰀐

n󰁛

j=1

xj

󰀐󰀐󰀐󰀐󰀐󰀐

2

=

󰀭
n󰁛

j=1

xj ,

n󰁛

k=1

xk

󰀮

=

n󰁛

j=1

n󰁛

k=1

〈xj , xk〉

=

n󰁛

j=1

〈xj , xj〉 =
n󰁛

j=1

󰀂xj󰀂2.

Q.E.D. 󰃈
Lemma 7.1.8 (Cauchy-Schwarz Inequality). ∀x, y ∈ V , we have

|〈x, y〉| ≤ 󰀂x󰀂 · 󰀂y󰀂.

Proof 3. If x = 0, then both sides are zero. Now, assume x ∕= 0. Look for λ ∈ C s.t. y − λx is

orthogonal to x.

y − λx

x

y

λx

So, we want

〈x, y − λx〉 = 0

〈x, y〉 − 〈x,λx〉 = 0

〈x, y〉 = λ 〈x, x〉

λ =
〈x, y〉
〈x, x〉 =

〈x, y〉
󰀂x󰀂2

[x ∕= 0]
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So, 〈λx, y − λx,=〉 0. By Pythagorean Theorem,

󰀂y󰀂2 = 󰀂λx󰀂2 + 󰀂y − λx󰀂2 ≥ 󰀂λx󰀂2

󰀂y󰀂 ≥ 󰀂λx󰀂 = |λ| · 󰀂x󰀂

󰀂y󰀂 ≥ |〈x, y〉|
󰀂x󰀂✁2 ✚

✚󰀂x󰀂

|〈x, y〉| ≤ 󰀂x󰀂 · 󰀂y󰀂

The equality holds when y = λx. Q.E.D. 󰃈

Theorem 7.1.9 Triangle Inequality

∀x, y ∈ V ,

󰀂x+ y󰀂 ≤ 󰀂x󰀂+ 󰀂y󰀂.

Proof 4. This is equivalent to proving

󰀂x+ y󰀂2 ≤ (󰀂x󰀂+ 󰀂y󰀂)2

〈x+ y, x+ y〉 ≤ 󰀂x󰀂2 + 󰀂y󰀂2 + 2󰀂x󰀂 · 󰀂y󰀂

✟✟✟〈x, x〉+ 〈x, y〉+ 〈y, x〉+✟✟✟〈y, y〉 ≤✟✟✟〈x, x〉+✟✟✟〈y, y〉+ 2󰀂x󰀂 · 󰀂y󰀂

〈x, y〉+ 〈x, y〉 ≤ 2󰀂x󰀂 · 󰀂y󰀂

2Re 〈x, y〉 ≤ 2󰀂x󰀂 · 󰀂y󰀂.

This is then correct, because,

Re 〈x, y〉 ≤ |〈x, y〉| ≤ 󰀂x󰀂 · 󰀂y󰀂

by Cauchy-Schwarz Inequality. Q.E.D. 󰃈

Definition 7.1.10 (Hilbert Space). For V with inner product 〈·, ·〉, if V is complete with respect

to the induced norm, then V is called a Hilbert space, and usually denoted H.

So, every Hilbert space is a Banach space, but not conversely.

Example 7.1.11

L2(X, dµ) with inner product 〈f, g〉 =
󰁝

fg dµ is a Hilbert space.

Proof 5. If f, g ∈ L2, then by Hölder’s Inequality,

󰁝
|fg| dµ

󰀕󰁝
|f |2 dµ

󰀖1/2󰀕󰁝
|g|2 dµ

󰀖1/2

󰁝 󰀏󰀏fg
󰀏󰀏 dµ =

󰀕󰁝
|f |2 dµ

󰀖1/2󰀕󰁝
|g|2 dµ

󰀖1/2

So, fg is integrable, and 〈f, g〉 is well-defined.
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7 HILBERT SPACE 7.1 Inner Product

• Linear in the second parameter: 〈f, g〉 = 〈g, f〉.

• 〈f, f〉 =
󰁝

|f |2 dµ ≥ 0, and
󰁝

|f |2 dµ = 0 ⇐⇒ f = 0 µ− a.e. ⇐⇒ f = 0 as element of L2.

• 〈f, f〉 = 󰀂f󰀂22.

The induced norm is exactly the norm we used in Lp spaces. So, we have triangle inequality.

Moreover, we know L2 is complete with respect to 󰀂·󰀂2. So, L2 is a Hilbert space. Q.E.D. 󰃈

Proposition 7.1.12 If vectors xj , j ∈ N are orthogonal, and if

󰁛

j=1

6∞󰀂xj󰀂2 < ∞,

then
∞󰁛

j=1

xj converges in Hilbert space H, and

󰀐󰀐󰀐󰀐󰀐󰀐

∞󰁛

j=1

xj

󰀐󰀐󰀐󰀐󰀐󰀐

2

=

∞󰁛

j=1

󰀂xj󰀂2.

Proof 6. Let yn =

n󰁛

j=1

xj and y =
󰁓

j=1 6∞xj . [WTS: yn is Cauchy.]

Suppose m < n. Then,

󰀂yn − ym󰀂2 =

󰀐󰀐󰀐󰀐󰀐󰀐

n󰁛

j=m+1

xj

󰀐󰀐󰀐󰀐󰀐󰀐

2

=

n󰁛

j=m+1

󰀂xj󰀂2

by Paythagorean Theorem. Since
∞󰁛

j=1

󰀂xj󰀂2 < ∞, ∀ ε > 0, ∃n0 s.t. m > n0 =⇒
∞󰁛

j=m+1

󰀂xj󰀂2 < ε. So, for

n > m > n0,

󰀂yn − ym󰀂2 =
n󰁛

j=m+1

󰀂xj󰀂2 < ε.

So, (yn)
∞
n=1 is a Cauchy sequence. By completeness, yn → y ∈ H.

Lemma In Banach Spaces,

yn → y =⇒ 󰀂yn󰀂 → 󰀂y󰀂.

Proof.

󰀂yn󰀂 ≤ 󰀂y󰀂+ 󰀂yn − y󰀂

󰀂y󰀂 ≤ 󰀂yn󰀂 = 󰀂y − yn󰀂
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7 HILBERT SPACE 7.1 Inner Product

Combine, we get

−󰀂yn − y󰀂 ≤ 󰀂yn󰀂 − 󰀂y󰀂 ≤ 󰀂yn − y󰀂.

When yn → 0, 󰀂yn − y󰀂 → 0. So,

󰀂yn󰀂 − 󰀂y󰀂 → 0

󰀂yn󰀂 → 󰀂y󰀂.

□
We have 󰀂yn󰀂2 =

n󰁛

j=1

󰀂xi󰀂2. So,

󰀂y󰀂2 =
∞󰁛

j=1

󰀂xi󰀂2.

Q.E.D. 󰃈

Example 7.1.13

In L2(T), consider functions einx for n ∈ Z. The inner product is defined as

〈f, g〉
󰁝 2π

0
f(x)g(x)

dx

2π
.

Then,
󰁝 2π

0
einxeikx

dx

2π
=

󰀻
󰀿

󰀽
1, k = n

0, k ∕= n

Start with some sequence cn ∈ C, with
󰁛

|cn|2 < ∞. Then,
󰁛

n∈Z
cne

inx converges in Hilbert space

L2(T). By mutual orthogonality,
󰀐󰀐cneinx

󰀐󰀐 = |cn|.
Conclusion: ∀ sequence cn ∈ ℓ2(Z), ∃ f =

󰁛

n∈Z
cne

inx ∈ L2(T) such that 󰁥fn = cn.

Proof 7. If
󰁛

xj converges, then ∀ v,

󰁇
v,
󰁛

xj

󰁈
=

󰁛
〈v, xj〉 .

Equivalently, if yn → y, then ∀ v ∈ H,

〈v, yn〉 → 〈v, y〉 .

This is a continuity statement about inner product:

|〈v, yn〉 − 〈v, y〉| = |〈v, yn − y〉|

≤ 󰀂v󰀂 · 󰀂yn − y󰀂 [Cauchy-Schwarz]

→ 0 as 󰀂yn − y󰀂 → 0.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

So, 〈v, yn〉 → 〈v, y〉. Hence,

󰁇
eikx, f(x)

󰁈
=

󰀭
eikx,

󰁛

n∈Z
cne

inx

󰀮

=
󰁛

n∈Z
cn

󰁇
eikx, einx

󰁈

= ck.

Q.E.D. 󰃈

7.2 Orthogonal Complement and Projection

Remark. A vector space S of a Hilbert space H isn’t always closed. For example, in ℓ2(N), let

S =
󰀋
x ∈ ℓ2(N) | xn = 0 ∀ large enough n

󰀌

=
󰀋
x ∈ ℓ2(N) | ∃n0, ∀n > n0, xn = 0

󰀌

= span {δn | n ∈ N},

where

(δn)j =

󰀻
󰀿

󰀽
1, j = n

0, j ∕= n.

S ∕= ℓ2(N) because

xn =
1

n
, x ∈ ℓ2(N), but x /∈ S.

But S is dense in ℓ2(N).
Proof 1. ∀x ∈ ℓ2(N), ∀ ε > 0, ∃n0,

∞󰁛

n=n0+1

|xn|2 < ε.

Take y = (x1, x2, . . . , xn0 , 0, 0, . . . ) ∈ S. So,

󰀂x− y󰀂2 =
∞󰁛

n=n0+1

|xn|2 < ε.

Q.E.D. 󰃈

Definition 7.2.1 (Orthogonal Complement). The orthogonal complement of S is

S⊥ = {y ∈ H | 〈x, y〉 = 0 ∀x ∈ S}.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Remark. If S is closed, then H = S ⊕ S⊥.

S

S⊥

Lemma 7.2.2 S⊥ is a closed subspace of H.

Proof 2. Let y, z ∈ S⊥. Then, ∀x ∈ S,

〈x, y〉 = 0 and 〈x, z〉 = 0.

So,

〈x, y〉+ 〈x, z〉 = 〈x, y + z〉 = 0.

Hence, y + z ∈ S⊥.

Similarly, for c ∈ C,

c 〈x, y〉 = 〈x, cy〉 = 0.

So, cy ∈ S⊥. Therefore, S⊥ is a subspace of H.

For closedness, if yn ∈ S⊥, yn → y. Then, ∀x ∈ S,

〈x, yn〉 = 0 =⇒ 〈x, y〉 = 0.

So, y ∈ S⊥, and S⊥ is closed. Q.E.D. 󰃈
Lemma 7.2.3 (Projection Lemma). Let S be a closed subspace of H. ∀x ∈ H, ∃ unique y ∈ S such that

x− y ∈ S⊥.

Proof 3.

• Uniqueness is easy:

If y, z ∈ S such that x− y ∈ S⊥ and x− z ∈ S⊥, then y − z ∈ S and y − z ∈ S⊥. [Since both S and

S ⊥ are closed.] So,

〈y − z, y − z〉 = 0

󰀂y − z󰀂 = 0

y = z.

• Existence: Denote c = inf
z∈S

󰀂x− z󰀂. Then, ∀n ∈ N, ∃ yn ∈ S such that c2 ≤ 󰀂x− yn󰀂2 ≤ c2 +
1

n
.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Lemma (Parallelogram Identity)

󰀂u+ v󰀂2 + 󰀂u− v󰀂2 = 2󰀂u󰀂2 + 2󰀂v󰀂2
u

v

Proof.

󰀂u± v󰀂2 = 〈u± v, u± v〉

= 〈u, u〉+ 〈v, v〉± 〈u, v〉± 〈v, u〉

󰀂u+ v󰀂2 + 󰀂u− v󰀂2 = 2 〈u, u〉+ 2 〈v, v〉

= 2󰀂u󰀂2 + 2󰀂v󰀂2

□

We have

2󰀂x− yn󰀂2󰁿 󰁾󰁽 󰂀
≤2(c2+ 1

n)

+ 2󰀂x− yk󰀂2󰁿 󰁾󰁽 󰂀
≤2(c2+ 1

k )

= 󰀂yn − yk󰀂2 +
󰀐󰀐󰀐󰀐2

󰀕
x− yn + yk

2

󰀖󰀐󰀐󰀐󰀐
2

󰁿 󰁾󰁽 󰂀
≥4c2

✚✚2c
2 +

2

n
+✚✚2c

2 +
2

k
≤ 󰀂yn − yk󰀂2 +✚✚4c

2

󰀂yn − yk󰀂2 ≤
2

n
+

2

k
.

x

yn yk

So, yn is a Cauchy sequence. Then, yn is convergent by completeness. So lim yn = y ∈ S since S

is closed.

S

x

y z

󰀂x− y󰀂 = inf
z∈S

󰀂x− z󰀂

Fix z ∈ S. Assume 〈x− y, z〉 ∕= 0. Then,

󰀂x− y − λz󰀂2 = 〈x− y − λz, x− y − λz〉

= 󰀂x− y󰀂2 − 〈λz, x− y〉 − 〈x− y,λz〉+ 󰀂λz󰀂2

= 󰀂x− y󰀂2 − 2Re(λ 〈x− y, z〉) + |λ|2󰀂z󰀂2

< 󰀂x− y󰀂2 for suitable small λ

⋇ This is a contradiction because y should be the minimizer.

Q.E.D. 󰃈
Corollary 7.2.4 If S is a closed subspace of H, and S ∕= H, then S⊥ ∕= {0}.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Proof 4. Take x ∈ H\S. Then, ∃ y ∈ S s.t. x − y ∈ S⊥. Since x ∕= y, x − y ∕= 0, and x − y ∈ S⊥, the

proof is complete. Q.E.D. 󰃈
Proposition 7.2.5 Let x1, . . . , xn be orthogonal.

x

Px = y
x1

x2

x3 S

Then,

• S = span {x1, . . . , xn} is a closed subspace and orthogonal projection to S is

Px =

n󰁛

j=1

〈xj , x〉xj = y.

Proof 5. x ∈ H, y ∈ S. Then,

〈xk, x〉 = 〈xk, y〉 ∀ k

〈xk, x− y〉 = 0 ∀ k

=⇒
󰁇󰁛

λkxk, x− y
󰁈
= 0

x− y ∈ S⊥.

So, we proved orthogonal projection part. It remains to prove the closedness: SS. S ⊂ S is trivial.

If x ∈ S, then x − y ∈ S, and s − y ∈ S⊥ = S
⊥

[proved in HW ]. So, x − y = x − Px = 0. So,

x = Px = y ∈ S. Then, S ⊂ S. So, S = S. Q.E.D. 󰃈

• Lemma Bessel’s Inequality For any x ∈ H,

n󰁛

j=1

|〈xj , x〉|2 ≤ 󰀂x󰀂2.

Proof 6.

󰀂x󰀂2 = 󰀂y󰀂2 + 󰀂x− y󰀂2 ≥ 󰀂y󰀂2

=

n󰁛

j=1

󰀂〈xj , x〉xj󰀂2

=

n󰁛

j=1

|〈xj , x〉|.

Q.E.D. 󰃈
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Example 7.2.6 Application of Bessel’s Inequality

On L2(T), consider einx for n ∈ Z. Let f ∈ L2(T). Then,

󰁥fn =

󰁝
e−inxf(x)

dx

2π

󰁥fn =
󰀍
einx, f

󰀎

n󰁛

k=−n

󰀏󰀏󰀏 󰁥fk
󰀏󰀏󰀏
2
≤ 󰀂f󰀂2 [Bessel’s Inequality]

Take the limit n → ∞: 󰁛

k∈Z

󰀏󰀏󰀏 󰁥fk
󰀏󰀏󰀏
2
≤ 󰀂f󰀂2.

Let g =
󰁛

k∈Z

󰁥fkeikx[Note: 󰁥fkeikx are mutually orthogonal], then we have

󰁛󰀐󰀐󰀐 󰁥fkeikx
󰀐󰀐󰀐
2
=

󰁛󰀏󰀏󰀏 󰁥fk
󰀏󰀏󰀏
2
< ∞.

Then, g is well-defined, and g ∈ L2(T),

󰀂g󰀂22 =
󰁛󰀏󰀏󰀏 󰁥fn

󰀏󰀏󰀏
2
≤ 󰀂f󰀂2.

But can we say 󰀂g󰀂22 = 󰀂f󰀂2? See Corollary 7.3.6 in the next section.

Proposition 7.2.7 (Gram-Schmidt Process). Given y1, y2, . . . , yn.

• Remove any yk which is a linear combination of y1, . . . , yk−1. We get yk, . . . , yk+1, . . . , which is

linearly independent and has the same span as the original sequence.

• Reindex the linearly independent sequence y1, y2, y3, . . .

• x1 =
y1

󰀂y1󰀂

• x2 =
y2 − 〈x1, y2〉x1

󰀂y2 − 〈x1, y2〉x1󰀂
.

• In general,

xn =

yn −
n−1󰁛

k=1

〈xk, yn〉xk
󰀐󰀐󰀐󰀐󰀐yn −

n−1󰁛

k=1

〈xk, yn〉xk

󰀐󰀐󰀐󰀐󰀐

x1

x2

y1

y2

• Then, x1, x2, . . . is an orthonormal sequence with the same span as y1, y2, . . . .
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7 HILBERT SPACE 7.3 Orthonormal Sets and Bases

7.3 Orthonormal Sets and Bases

Definition 7.3.1 (Orthonormal Set). The orthonormal family of vectors x ∈ H satisfy:

• If x1, x2 ∈ X and x1 ∕= x2, then 〈x1, x2〉 = 0.

• If x ∈ X, then 󰀂x󰀂 = 1.

Definition 7.3.2 (Orthonormal Basis). An orthonormal basis is an orthonormal family X such

that spanX is dense in H.

Example 7.3.3

X =
󰁱
eikx | k ∈ Z

󰁲
is an orthonormal family.

spanX = span of all trigonometric polynomials. It is dense in C(T). Further, C(T) is dense in

L2(T). So, spanX is dense in L2(T). So,

X =
󰁱
eikx | k ∈ Z

󰁲
is an orthonormal basis of L2(T).

Theorem 7.3.4

For an orthonormal family X, the following are equivalent:

• There is no y /∈ X s.t. X ∪ {y} is an orthonormal family.

• X is an orthonormal basis.

• If 〈z, x〉 = 0 ∀x ∈ X, then z = 0.

Proof 1. (① =⇒ ②): We will prove the contrapositive: ¬ ① =⇒ ¬ ②.Let S = spanX. Assume S is

not dense. Then, S ∕= H. Since S
⊥ ∕= {0}, ∃ z ∈ S

⊥
, z ∕= 0 such that

〈x, z〉 = 0 ∀x ∈ X.

Let y =
z

󰀂z󰀂 . Then, X ∪ {y} is an orthonormal family.

(② =⇒ ③): If 〈z, x〉 = 0 ∀x ∈ X. Then,

〈z, v〉 = 0 ∀ v ∈ spanX = S.

Since vn ∈ S, then vn → v ∈ S. So,

〈z, vn〉 = 0, and 〈z, vn〉 → 〈z, v〉 .
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7 HILBERT SPACE 7.3 Orthonormal Sets and Bases

Hence, ∀ v ∈ S, 〈z, v〉 = 0. That is, z ∈ S
⊥

. Since S is dense in H, S = H. So, z = 0.

(③ =⇒ ①): Assume ③ is true.Assume y such that X ∪ {y} is an orthonormal family. Then,

〈x, y〉 = 0 ∀x ∈ X.

So, y = 0. ⋇ This contradicts that 󰀂y󰀂 = 1. Then, such a y must not exist. Q.E.D. 󰃈

Theorem 7.3.5 Parseval’s Identity

Assume (xn)
∞
n=1 is an orthonormal basis of H. Let y ∈ H. Then,

y =

∞󰁛

n=1

〈xn, y〉xn and 󰀂y󰀂2 =
∞󰁛

n=1

|〈xn, y〉|2 .

[Note: the boxed equality is the equality of Bessel’s Inequality and is referred as Parseval’s Identity.]

Proof 2.

yn =

n󰁛

k=1

〈xk, y〉xk.

By Bessels’ Inequality,
n󰁛

k=1

|〈xk, y〉|2 ≤ 󰀂y󰀂2 ∀n.

Take n → ∞, then
∞󰁛

k=1

|〈xk, y〉|2 ≤ 󰀂y󰀂2.

Suppose m < n. By Pythagorean Theorem,

󰀂yn − ym󰀂2 =

󰀐󰀐󰀐󰀐󰀐

n󰁛

k=m+1

〈xk, y〉xk

󰀐󰀐󰀐󰀐󰀐

2

=

n󰁛

k=m+1

|〈xk, y〉|2.

So, (yn)
∞
n=1 is a Cauchy sequence. Since H is complete,

yn → z for some z ∈ H.

[WTS: z = y.] Note that

〈xj , z〉 = lim
n→∞

〈xj , yn〉 .

For n ≥ j,

〈xj , yn〉 = 〈xj , y〉 .
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So,

〈xj , z〉 = lim
n→∞

〈xj , yn〉 = 〈xj , y〉

〈xj , y − z〉 = 0 ∀ j.

Hence, by Theorem 7.3.4, since {xj | j ∈ N} is an orthonormal basis,

y − z = 0 =⇒ y = z.

Finally, for Parseval’s Equality,

󰀂y󰀂2 = lim
n→∞

󰀂yn󰀂2 = lim
n→∞

n󰁛

k=1

|〈xk, y〉|2

=

∞󰁛

k=1

|〈xk, y〉|2.

Q.E.D. 󰃈
Corollary 7.3.6 In L2(T). Suppose f ∈ L2(T).

󰁥fn =
󰀍
einx, f

󰀎

f = lim
n→∞

n󰁛

k=−n

󰁥fkeinx.

By Parvesal’s Identity,

󰀂f󰀂22 =
󰁛

n∈Z

󰀏󰀏󰀏 󰁥fn
󰀏󰀏󰀏
2
.

Proposition 7.3.7 (Parvesal’s Identity in L2(R)). In L2(R),
󰁝

|f(x)|2 dx =

󰁝 󰀏󰀏󰀏 󰁥f(k)
󰀏󰀏󰀏
2
dk.
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8 Bonus Topics

8.1 Cantor Set and Cantor Function

Definition 8.1.1 (Cantor Set). The Cantor Set is constructed iteratively:

• C0 = [0, 1]

• C1 =

󰀗
0,

1

3

󰀘
∪
󰀗
2

3
, 1

󰀘

We removed the middle third.

• C2: remove the middle third of each sub-

interval.

0 1

1/3 2/3

1

9

2

9

7

9

8

9

C0

C1

C2

1 interval

2 intervals

4 = 22 intervals

• In the n-th step, we remove 2n−1 open intervals from the set Cn−1 to obtain Cn, which

consists of 2n closed intervals.

• The “middle third Cantor set” is the limit of this process.

Remark 1. (Generalization of this process). Let γn ∈ (0, 1). They will tell us how much we

remove in the n-th step.

Precise Construction and Properties of Cantor Sets (General Case)

• Fix some constants 0 < γn < 1 for n ∈ N (note that the middle third Cantor set corresponds to

γn =
1

3
∀n ∈ N).

• Inductively, we define set Cn so that Cn is a union of 2n closed interval:

Cn =
󰁞

a1,...,an∈{0,1}
In(a1, a2, . . . ,a n).

• We start with

C0 = [0, 1] = I0.

We define In inductively.

s t

s s+ tt−
γn(t− s)

In−1(a1, a2, . . . , an−1)

In(a1, a2, . . . , an−1, 0) In(a1, a2, . . . , an−1, 1)

length:
t− s− γn(t− s)

2
=

(t− s)(1− γn)

2

If

In−1(a1, a2, . . . , an−1 = [s, t],
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then we define intervals In(a1, a2, . . . , an) for a1, . . . , an ∈ {0, 1} by

min In(a1, a2, . . . , an−1, 0) = s

max In(a1, a2, . . . , an−1, 0) = s+ = s+
1− γn

2
(t− s)

min In(a1, a2, . . . , an−1, 1) = t− = t− 1− γn
2

(t− s)

max In(aa, a2, . . . , an−1, 1) = t.

• Note that

In(a1, a2, . . . , an) ⊂ In−1(a1, a2, . . . , an−1) (9)

max In(a1, a2, . . . , an−1, 0) < min In(a1, a2, . . . , an−1, 1) (10)

• So, Cn ⊂ Cn−1 and each Cn is closed.

• We can define

C =
󰁟

n∈N
Cn.

Definition 8.1.2 (Lexicographic Order). The lexicographic order on the set S = {0, 1}n for

some niN or on the set S = {0, 1}N is defined by the following: for any a, b ∈ S [they are

sequence of 0’s and 1’s], a ≺ b if ∃ k s.t.

• aj = bj j < k, and

• ak < bk.

Moreover, we define a ≼ b if a ≺ b or a = b.

Example 8.1.3

a, b ∈ {0, 1}5, and

a = (1, 0, 1, 1 , 0)

b = (1, 0, 1, 0 , 1)

So, b ≺ a, and the k in definition is 4.

Lemma 8.1.4 The lexicographic order is a total order on S. i.e., it is reflexive, anti-symmetric, and

transitive, and for any a, b ∈ S, a ≼ b or b ≼ a.

Lemma 8.1.5 For any n ∈ N,

(a1, . . . , an) ≺ (b1, . . . , bn) =⇒ max In(a1, . . . , an) < min In(b1, . . . , bn).
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In particular, if (a1, . . . , an) ∕= (b1, . . . , bn), then

In(a1, . . . , an) ∩ In(b1, . . . , bn) = ∅.

Proof 2. Assume (a1, . . . , an) ≺ (b1, . . . , bn). Then, ∃ k s.t. aj = bj ∀ j < k, and ak < bk. Thus, ak = 0

and bk = 1. By the nesting property (9), we have

• In(a1, . . . , an) ⊂ Ik(a1, . . . , ak−1, 0)

=⇒ max In(a1, . . . , an) < max Ik(a1, . . . , ak−1, 0).

• In(b1, . . . , bn) ⊂ Ik(a1, . . . , ak−1, 1)

=⇒ min In(b1, . . . , bn) > min Ik(a1, . . . , ak−1, 1).

From (10), we then have

max Ik(a1, . . . , ak−1, 0) < min Ik(a1, . . . , ak−1, 1).

Therefore,

max In(a1, . . . , an) < max Ik(a1, . . . , ak−1, 0)

< min Ik(a1, . . . , ak−1, 0)

< min In(b1, . . . , bn).

Q.E.D. 󰃈
Lemma 8.1.6 Any sequence a ∈ {0, 1}N corresponds to some element x ∈ C in the sense that

󰁟

n∈N
In(a1, . . . , an) = {x}.

Proof 3. By construction, (9) holds. i.e., these closed intervals are nested, we also know that this

intersection is non-empty. By construction, the diameter

diam In(a1, . . . , an) <
1

2
diam In−1(a1, . . . , an−1).

So, diameters of the sets above go to zero as n → ∞. Therefore, the intersection is a single point {x}.

Since {x} ∈ In(a1, . . . , an) ∀n ∈ N, we know that

x ∈
󰁟

n∈N
Cn = C.

Q.E.D. 󰃈
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The previous Lemma allows us to define the following mapping

τ : {0, 1}N → C s.t. {τ(a)} =
󰁟

n∈N
In(a1, . . . , an).

We think of (an)∞n=1 as coordinates of the point τ(a) ∈ C.

Lemma 8.1.7 The mapping τ : {0, 1}N → C is an order-preserving bijection. That is, it is a bijection,

and

a ≺ b =⇒ τ(a) < τ(b).

Proposition 8.1.8 The Cantor set is an uncountable closed subset of R without isolated points and with

empty interior.

Proof 4.

• C is closed because it’s an intersection of closed sets.

• Since τ : {0, 1}N → C is a bijection, and {0, 1}N is uncountable, we have C is also uncountable.

• To see that C has no isolated points, let x = τ(a) ∈ C. For any n ∈ N, choose bk = ak for k ∕= n

and bn ∕= an. Then, x = τ(a) ∕= τ(b), and

|x− τ(b)| < 1

2n

• C has empty interior: for any n ∈ N, if (α,β) ⊂ Cn, then β − α <
1

2n
.

=⇒ (α,β) ⊂ C =⇒ β − α <
1

2n
∀n ∈ N

=⇒ β − α ≤ 0

=⇒ C does not contain any interval

=⇒ C has empty interior.

Q.E.D. 󰃈

Remark.

• C = C, and ∂C = C\ intC = C.

• ∂Cn is finite, but
󰁞

∂Cn ∕= ∂C.

Proposition 8.1.9 The Lebesgue measure of the middle third Cantor set is zero.

Proof 5. If γn =
1

3
∀n ∈ N, Cn consists of 2n intervals of length

1

3n
. Then,

m(Cn) =
2n

3n
,
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and

lim
n→∞

m(Cn) = 0 =⇒ m(C) = 0.

Q.E.D. 󰃈
Proposition 8.1.10 In the special case

󰀕
γn =

1

3
∀n ∈ N

󰀖
,

τ(a) = x ⇐⇒ x =

∞󰁛

k=1

2ak
3k

.

Definition 8.1.11 (Cantor Function). Define β : C → [0, 1] by

β(x) =

∞󰁛

k=1

ak
2k

if τ(a) = x.

That is,

x =

∞󰁛

k=1

2ak
3k

=⇒ β(x) =

∞󰁛

k=1

ak
2k

.

β can be extended to a continuous function on [0, 1] by asking that β is constant on the removed

intervals.

Proposition 8.1.12 β : [0, 1] → [0, 1] has the following properties:

• increasing,

• onto,

• continuous,
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• β′(x) = 0 on [0, 1]\C, and

• for all x ∈ C,

lim
ε↓0

β(x+ ε)− β(x− ε)

2ε
= ∞.

Proof 6. ①-④ are trivial to see.

⑤: [Goal: produce a lower bound that is ∞.] Start with

x =

∞󰁛

k=1

2ak
3k

.

Let

xn =

n󰁛

k=1

2ak
3k

yn =

n󰁛

k=1

2ak
3k

+

∞󰁛

k=n+1

2

3k
.

Then, xn, yn ∈ C, and

β(yn)− β(xn) =

∞󰁛

k=n+1

1

2k
=

1

2n
.

Note that

yn − xn =

∞󰁛

k=n+1

2

3k
=

1

3n
.

If 3−n ≤ ε ≤ 3−n+1,

x− ε ≤ xn ≤ x ≤ yn ≤ x+ ε

β(x+ ε)− β(x− ε) ≥ β(yn)− β(xn) =
1

2n
.

So,
β(x+ ε)− β(x− ε)

2ε
≥

1
2n

2 · 3−n+1
=

1

6

󰀕
3

2

󰀖n

→ ∞ as n → ∞.

Hence,

lim
ε↓0

β(x+ ε)− β(x− ε)

2ε
= ∞.

Q.E.D. 󰃈
Corollary 8.1.13 The length of the graph of β(x) is 2.

Remark 7. (Cantor Function as a Counterexample of Fundamental Theorem of Calculus).

For f ∈ C1([0, 1]), by Fundamental Theorem of Calculus,

f(1)− f(0) =

󰁝 1

0
f ′(x) dx.
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For Lebesgue a.e. x ∈ [0, 1], we know that x ∈ [0, 1]\C (because m(C) = 0), and β′(x) = 0.

However,

β(1)− β(0) ∕=
󰁝 1

0
β′(x) dx.

How to fix this? Absolute continuity.

Definition 8.1.14 (Absolute Continuity). f : [a, b] → C is called absolutely continuous

if ∀ ε > 0, ∃ δ > 0 s.t. ∀n, ∀ (cj , dj),

n󰁛

j=1

|dj − cj | < δ =⇒
n󰁛

j=1

|f(dj)− f(cj)| < ε.

Theorem 8.1.15

If f is absolute continuous, then f ′(x) exists for Lebesgue a.e. x, f ′ ∈ L1([a, b]), and

f(b)− f(a) =

󰁝 b

a
f ′(x) dx.

Unfortunately, β(x) is not absolutely continuous.

Definition 8.1.16 (Cantor Measure).

µβ((x, y]) = β(y)− β(x)

Definition 8.1.17 (Mutually Singular). Measuresµ, ν on the same space are said to be mutually

singular if ∃ a set A such that µ(A) = 0 and ν(Ac) = 0.

Proposition 8.1.18 Cantor Measure and Lebesgue measure are mutually singular.

Proof 8.

µβ((−∞, 0]) = 0

µβ((1,∞)) = 0

µβ

󰀕󰀕
1

3
,
2

3

󰀖󰀖
= 0

So, we have that

µβ(R\C) = 0 and m(C) = 0.

Q.E.D. 󰃈
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