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1 MOTIVATION AND PREREQUISITES

1 Motivation and Prerequisites

1.1 Motivation of the Lebesgue Integration

Riemann integration has some flaws even for bounded functions on bounded domains.
Question: When can we exchange limits and integrals?

For Riemann integrals, we have

7~

Theorem 1.1.1
If f, : [a,b] — R are Riemann integrable functions and if they convergence uniformly to f, i.e.,
Ve>0,3IN €Nst.¥Yn> N,V € [a,b], |f(z) — fu(x)| < e. Then, f is Riemann integrable, and

b b b
lim fn(x) dx:/ nh_)rgofn(:v) da::/ f(z)dx.

n—o0 a

Remark. While this is a useful theorem, it is limited in space. Uniform convergence is a very
strong condition.

Example 1.1.2
Let f,(z) = 2™ on [0, 1]. They converge to the function

0 z€][0,1)
1 z=1

fz) =
pointwise, but not uniformly. Nonetheless,

1 1 1
lim x"dr = / lim z"dx = / f(x)de.
Proof'1.

e Pointwise convergence. v/

e Convergence is not uniform:

1_
sup |27 — f(@)] = sup_|a" — 0
z€[0,1] z€[0,1)
n
= sup |z"] v
z€[0,1) 4
=1. 1




1 MOTIVATION AND PREREQUISITES 1.1 Motivation of the Lebesgue Integration

Hence, we don't have uniform convergence.

¢ Integral and limit can exchange:

1 1 1
lim 2" dx = lim [ x"}

n—oo 0 n—oo

/Olf(:c)dxzo.

Hence,
1

1
lim x”d:c:O:/ f(z)da.
0

n—oo 0

QED. m

Remark. There are two conclusions in the above Theorem 1.1.1:
e limiting function is Riemann integrable, and
e its integral is equal to the specific value.

If we replace uniform convergence with pointwise convergence, both of these conclusions can
fail.

Example 1.1.3 Pointwise Convergence Does Not Guarantee Convergence of the Integrals
Consider the following continuous functions:

w
T

nsin(nr) 0<z < T
fn(2) = "

0 o/w.

wlA
|3

fn converge pointwise to 0. But, for each n,

/07r folz) do = 2.

In particular,

nli_)rgo/owfn(x)dx:Q#Oz/oﬂf(w)dx:/()WOdm.




1 MOTIVATION AND PREREQUISITES 1.1 Motivation of the Lebesgue Integration

Notation (Characteristic Function)

1 z€ A
xa(z) =
0 x¢A,

foraset A. x 4 is the characteristic function of the set A.

Example 1.1.4 Pointwise Convergence Does Not Guarantee Riemann Integrable Limiting Func-
tion
Let {¢,},-, be some enumeration of the countable set Q N [0, 1]. i.e., a sequence s.t.

{an [n e N} =Qn[0,1]
and q,, # qx if n # k. For each n € N, define

Bn = {Qb q2,- .-, QTL}

Then,

e Vn € N, xp, is pointwise continuous and thus Riemann integrable, and
1
/ XB, (x)dx = 0.
0

® Xqnjo,1] is pointwise limit of x 5, but it is not Riemann integrable because
1 71
| xerpn@r=021= [ xonp(e)de.

Proof 2.

e X, is continuous except at finitely many points: ¢1, g2, . . ., g,. Therefore, it is Riemann inte-
grable with integral equal to 0.

e For xqgno,1), its minimum and maximum value on any interval is 0 and 1, respectively.

QED. m

These two issues are fixed as follows: In this semester, we will see a more general notation of integra-
bility (Lebesgue integration) and prove the following theorem:



1 MOTIVATION AND PREREQUISITES 1.2 Measuring Sets

Theorem 1.1.5 Dominated Convergence Theorem (DCT), Special Case
Ket f, : [a,b] — R be integrable functions, which are uniformly bounded:

sup sup |fn(x)| < oc0.
neN z€(a,b]

If f,, converge pointwise to f : [a,b] — R, then f is integrable and

b

nh_)ngo fn(z)de = /b 7}1)11;0 fn(z)de = /b f(z)dz.

For example, in Lebesgue integration, xgn|o,1 is integrable, and

1 1
/0 Xonpo,1j(%) dz = lim xB, (x)dx = 0.

n—o0 0

1.2 Measuring Sets

Example 1.2.1 Integration is Related to Measuring the Size of Sets
The length of interval:

/X[c,d] (x)dz =d—c.

More generally, we have the following definition:

Definition 1.2.2 (Lebesgue Measure and Measurable Sets). If x 4 is integrable, the quantity

m(4) = [ xa(o)ds

will be called the Lebesgue measure of A, and A will be called measurable.

Example 1.2.3

m(@N[0.1) = [ xeriou(e)do =0.

Definition 1.2.4 (Translation Invariant). Since translation preserves the length of intervals,
we should expect the same property for Lebesgue measure. Let A C R, V¢ € R, denote its
translation by

t+A={t+z|zc A}




1 MOTIVATION AND PREREQUISITES 1.2 Measuring Sets

I We expect m(A) = m(t + A).

Definition 1.2.5 (o-additivity for Measures).

o If {A,} 7, is a sequence of pairwise disjoint sets and

n
fn = ZXAj’
j=1

we have pointwise convergence:

o0

Tim_f(z) = Zl XA; = XU, 4
]:

o If we can justify the exchange of limits and integrals, we would have

That is,

This property is called o -additivity, and it will be a part of the definition of Lebesgue measure.

The Lebesgue measure cannot be defined on all subsets of R. The motivation above leads to an ap-

parent paradox.

Theorem 1.2.6 Vitali
Let {g,},., be an enumeration of Q N [—1, 1]. There exists aset V' C [0, 1] s.t.

(i +V)N(qe+V) =02 foranyj#k
and

0,1 c |J(g; +V) c [-1,2].
JEN

Corollary 1.2.7 There is no translation invariant function m : P(R) — [0, o], which is o-additive and
obey
m([a,b]) =b—a foranya <b.

7



1 MOTIVATION AND PREREQUISITES 1.3 Metric Spaces

Proof 1. Assume such m exists.
e o-additivity = monotonicity.

Let A C B [WTS:m(A) < m(B)]. Use o-additivity, write A; = A, A = B\A, A,, = @ forn > 3.

m(B) = m(A) + m(B\A) + 0 > m(A).

e For the Vitaliset [0,1] C U (gj +V) C [-1, 2], by monotonicity and o-additivity,
jEN

m([0,1]) <m (U(qj + V)) < m([-1,2])

JeN

1<) mlg;+V) <3

jeN
By translation invariance:
1< m(V) <3,
jEN
1. Ifm(V)=0:
1<0<3 %
2. Ifm(V) > 0:
Zm(V):oo and 1<o00<3 %
JEN
Hence, such m cannot exist. QED. N

1.3 Metric Spaces

Definition 1.3.1 (Metric Space of Continuous Functions).

C([a,b]) =C([a,b],C) = {f : [a,b] — C | fis continuous}
doo(f, ) = max |f(x) —g(z)]

z€a,b]

e C([a,b]) is a metric space with metric d.

e C([a,b])is also complete.

Example 1.3.2 Another Metric on Functions

b
a(f.9) = / (@) - g(@)|dz onC([a,b]).




1 MOTIVATION AND PREREQUISITES 1.3 Metric Spaces

C([a, b)) is a metric space with metric d; but not complete.
Proof'1. Consider functions

M fn
0 <0
1
falz)=¢nx 0<z<—
n | 1 l
1 x>1 -1 1 1
n n

on[—1,1].
Claim f, is a Cauchy sequence w.r.t. dy, but it is not convergent inC([—1,1]) w.r.t. d;.

Define

Then, .
di(fn,9) = o (area of the triangle)

[Note: we slightly abuse the notation here, as g ¢ C([—1,1]), but we can confirm that d;(f,, g) is

well-defined.] So,

dy(fos fon) < s (fur9) + 1 (Frnrg) = —— + ——

2n  2m
Hence, f,, is Cauchy.
Now, for the sake of contradiction, if f,, converges to some f € C([—1,1]), then di(f,, f) — 0
when n — oo. But we also know d; (f,,, g) — 0 when n — co. So,

di(f,9) <di(fn, f) +di(fn,g) = 0.

Thatis, di(f,g) = 0. i.e.,
/ 11 /(@) - g(@) dz =0,
So,
/ Ollf(fv)—g(w)ldwzo — f(2)=g(x) on[-1,0]

b
[We are using: If h is continuous on [a, b], h > 0, / h(z)dx =0, then h = 0.]

Similarly, fix e > 0, we have o

1
/ (@) - g@)|de =0 = f(z) = g(x) onfe1].

Combining the two cases, we get f = g.




1 MOTIVATION AND PREREQUISITES 1.4 Topology

Since g is not continuous, f is also not continuous.
So, f, cannot be convergent in C([—1, 1]), and the metric space is not complete. QED. m

1.4 Topology

Definition 1.4.1 (Topology). A topology on set X is a set 7 C P(z) with the following proper-
ties:

e 3. X€eT,
e Arbitrary union of elements of 7 isin 7.

e A finite intersection of elements of 7 isin 7.

Theorem 1.4.2 Topology Induced by Metric
If X is a metric space with metric d, a topology induced by metric d is

T={AC X | Aisopen w.r.t. d}.

\. J

Proof'1. Recall: Aisopenin X means: (a)Vz € A, 3¢ > 0s.t.Vy € X,d(z,y) <e = y € A, or (b)
Vo e A, Je > 0s.t. B.(z) C A. Now, we can proceed with the trivial proof:

e o and X are open.
e Arbitrary union of open sets is open.

¢ A finite intersection of open sets is open.

QED. N

Example 1.4.3 Different Metrics May Generate the Same Topology

e InR:
d(z,y) = |z -yl

e InR":
do(x,y) =

n
Z|$J
\ -
Z |5 — v

doo(,y) = max |z — yjl

10



1 MOTIVATION AND PREREQUISITES 1.4 Topology

All dy, ds, and d, generates the same topology.

Lemmal1.4.41Ifd, d are metrics on X s.t. 3 a,b>0st.Ve,yec X

ad(z,y) < d(z,y) < bd(z,y),

then d and d generate the same topology.

Definition 1.4.5 (Topological Equivalence). If two metrics induce the same topology, they are
said to be topologically equivalent.

Example 1.4.6
Consider a circle on R? : [0,27) — {z? + y* = 1}. Extending it to a unit circle in C:

{e" | teo,2m)}.

Then,

e chord metric:

dc(eis,eit) _ ‘eis o eit‘

e arc length metric:
do(€,e") = min {|t — s|,2m — [t — s}

d. and d, generate the same topology on the circle.

Example 1.4.7 Extending the Real Numbers

11



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

d(z,y)

(0,0) Yooz -yl o R

d(z,y) = |arctany — arctan y|.

d generates the same topology on R as the absolute value metric does. With the metric d, we can
work on the extended real line:
R =R U {+00, —o0},

with arctan(+o0) = :I:g. Then,
d(x,y) = |arctan x — arctan y|

is a metric on R. Note that, also, arctan : R — [—g, g} . Since [—g, g] is compact, we know that R

is a compact, complete metric space.

1.5 Upper and Lower Bounds

Consider a sequence z,, € R. A natural question to ask is: Is the sequence bounded? Denote

a1 = infx,, ag = infx,, by =supx,, b =supz,
n n>2 n>2 n

Then,
a; < ag < by < by.

Similarly, we can define

ap = inf z,, by = sup x,.
n>k b>k

We have
ar < agy1 < bpyr < by

They form nested compact intervals. From previous analysis courses, we know that union of nested

compact sets is non-empty. So, we can have
a= lim a, and b= lim b.
k—o00

k—o0

[Meaning:n > k — ay, < x,, < by. So, for large enoughn, a < x < b.]

12



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Example 1.5.1

e 7, = (—1)". Then,

ap = inf z, = -1 and by =supz, = 1.
n>k n>k

So,a=—-1landb = 1.
_1 n
° z, = u We have

n
a=0 and b=0.

Definition 1.5.2 (lim inf and lim sup). Suppose z,, is a sequence, then

a = liminf z, = lim inf x, = sup inf z,, and
n—00 k—ocon>k Lk n>k

b =limsupz, = lim supx, = inf sup x,,.
Nn—00 k=00 p>k k p>k

These encode where the sequence is localized when n gets large.

Theorem 1.5.3

lim inf x,, < lim sup z,.
W=E n—o0

Proof 1. Simply take klim of ar, < by. QED. n
—00

Remark 2. (Meaning of lim sup). If lim sup z,, = b, then Ve > 0, we know that

n—o0

b+e>limsupx, = lim b
k—o0

e By definition of supremum: 3% s.t. by, < b+ e.

e Bydefinition of limit: 3k s.t.Vn >k, =z, <b+e.

Theorem 1.5.4

liminf x, = limsupz, =z < lim z, = x.
n—0o0

Proof 3. (=): Ve > 0, Vnlarge enough, z,, < b+ ¢ (b = limsupz,) and a — ¢ < z,, (a = liminf x,,).
Ifa =b=x,thenVe > 0,Vnlargeenough, x —¢ < 2, < x+¢ = |z, — x| < . Hence, li_>m Ty = T.
(«=): Trivial. QED. n

13



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Lemma1.5.5Ifz, <y, Vn,then

lim sup z,, < limsup yy,.
n—oo n—oo

Proof 4.V k, we have that

sup z, <supy, = lim supz, < lim supy,
n>k n>k k—00 >k k—00 >k

lim sup x,, < limsup y,.
n—oo n—oo

Corollary 1.5.6 If z,, < y,, < z,, then

liminf z, < liminfy, <limsupy, < limsup z,.

If lim z,, = lim z,, = ¢, then

liminf y, = limsupy, = ¢, and lim y, = c.
n—oo

QED. n

Theorem 1.5.7 Sub-additivity of lim sup

lim sup(z,, + y,) < limsup z,, + lim sup y,,.

n—oo n—oo n—o0

Example 1.5.8
r, = (—1)" and y, = (—1)"*!. Then,

Tp+yp, =0, limsupz, =1, limsupy, =1,

but lim sup(z,, + y») = 0. So, lim sup(x,, + y,) < limsup x,, + lim sup y,,.

Notation 1.5.9 (Unbounded Sequences). If A C R is not bounded above, we write

sup A = co.
If sequence z,, is not bounded above, we write

lim sup x,, = o¢.
n—oo

14



1 MOTIVATION AND PREREQUISITES 1.5 Upper and Lower Bounds

Remark 5. (What does lim inf z,, = co mean?).

= a = a =00
= limsupx, = c©

<— lim x, = c©
n—,oo

Example 1.5.10
What is the logical negation of the statement li_}m Ty = 00?
Solution 6.

limz, =00 <= liminfz, =c0 and —(limz, =o0) <= liminfz, < co.

15



2 BOREL SETS AND FUNCTIONS

2 Borel Sets and Functions

2.1 o-Algebra

Definition 2.1.1 (c-Algebra). Let X be a set and P(X) be the set of all subsets of X. A o-algebra
on X is aset. A C P(X) with the following properties:

e gc A
e Aec A = A° e A, where A° = X\ A.

e Foranysequence A; € A,j =1,2,3,...,

U Aj c A
j=1

Observations:
e X € A. [following from © and @]
. AjE.A - ﬂAjEA.

j=1
Proof'1.

AjeAd = AjeA

— (Jasea and U(m)
j=1

Jj=1 J=1

— (m A]) eA
j=1

— ﬂ Aj e A.
j=1
QED. =
e Forany A;,...,an, then U Aj e Aand ﬂ Aje A
j=1 j=1
Proof 2. By taking A, 1, Apt2, -+ = @. Then,

U4,=1J4;

j=1 j=1
QED. m

e ABc A = A\Be A

16



2 BOREL SETS AND FUNCTIONS 2.1 o-Algebra

Proof 3.
A\B = AN B“.

QED. N

Example 2.1.2

e Maximal o-algebraon X: A = P(X).

e Minimal s-algebraon X: A= {@, X}.

Proposition 2.1.3 The intersection of a non-empty family (set) of o-algebras on X is a o-algebra on X.
Proof 4. Let F be the set of o-algebras on X:

F={Ay|ael},
where A,’s are o-algebras and ! is the index set. Define their intersection

A= (A

acl
[WTS: A is ao-algebra.]
e Jc A, Vacl — e A

e AcA = AcA, Vael = A°cA, Vael = Ac(|Aa=A
a€cl

e A, ¢ A VneN.Then, 4, € A, Vaecl, neN.So,

UAne Ay Vael = [JAne )A€ A

neN neN a€el

Hence, A is a o-algebra. QED. n

Definition 2.1.4 (o-Algebra Generated by 7). Let ¥ C P(X). The o-algebra generated by F is
the intersection of all o-algebras on X containing 7 (which have F as a subset).

Remark.
e By Proposition 2.3, this is indeed a o-algebra.

e We also think of this as the smallest o-algebra that contains F.

17



2 BOREL SETS AND FUNCTIONS 2.2 Borel Sets and Functions

2.2 Borel Sets and Functions

Definition 2.2.1 (Boral o-Algebra and Borel Sets). Let X be a metric space and 7 be the topol-
ogy induced by the metric. Then, the Borel o-algebra on X is the o-algebra generated by 7,
denoted as By . Elements of By are called Borel sets.

Example 2.2.2

e Discrete metric on X

L, z#y
d(x,y){
0, z=vy

gives topology 7 = P(X), which generates By = P(X).

e X = R. Then,

Proof uses axiom of choice (omitted).

Definition 2.2.3 (Measurable Function). Let f : X — Y. Suppose A is a o-algebra on X and B
is a o-algebra on Y. Denote
fH(B)={z e X | f(z) € B}.

f is measurableif B B — f~!(B) € A.

[Connection: definition of continuity.]

Definition 2.2.4 (Borel Function). Let f : X — Y, where X and Y are metric spaces. f is a
Borel functionif B € By — f~(B) € Bx.

Proposition 2.251If f : X — Y, g:Y — Z are Borel functions, then
gof: X7

is also a Borel function.
Proof'1.C € Bz. Then, g }(C) € By = f~(¢7'(C)) € Bx. Thatis,

(go )~ (C) = (g7 (0)) € Bx.

QED. m

18



2 BOREL SETS AND FUNCTIONS 2.3 Borel o-Algebra on Euclidean Spaces

Definition 2.2.6 (Pushforward). Let f : X — Y and .4 be a o-algebra on X. Define
c={CcY| i) e A}

Then, C is a o-algebra and called the pushforward of Aby f.

Proof 2. Let’s show that C is a o-algebra.
e f[llo)y=0eA = el

e Assume C € C, f~1(C) € A.
FUC) ={z| flx) e CY = {z | f(x) ¢ C} = {x | f(x) e C}* = (f7(O)) € A

So, C¢ e C.

e Assume C,, € C, f~1(C,) € A. Then,

so, | Cn ec.
n=1
QED. m
Proposition 2.2.7 Any continuous function f : X — Y is a Borel function.
Proof 3. [WTS:C € By = f(C) € Bx]. By continuity, we know C is open = f~1(C) is open.
Then, f~(C) € Bx. [WTS: C is Borel.]
Note that
{C|f1(C)eBx} isac-algebra

(because it is the pushforward of Bx by f) contains all open sets. Hence, it contains all Borel sets.
QED. n

Remark. A contains all open sets and A is a o-algebra — A contains all Borel set (i.e.,
Bx C A).

2.3 Borel 0-Algebra on Euclidean Spaces

Goal: Bg is generated by {(a, o) | a € R}.

Corollary 2.3.1 If A ¢ P(R), A contains all half-lines (a, c) and A is a o-algebra, then .4 contains all
Borel sets of R.

19



2 BOREL SETS AND FUNCTIONS 2.3 Borel o-Algebra on Euclidean Spaces

Definition 2.3.2 (Base). A base U of a topological space (X,T) is a family U C 7 with the
property: VV openandvVx € V,3Ac Ust.zc € ACV.

Example 2.3.3

In a metric space,
U={B,(z) |z € X,r € (0,00)}

is a base.

A= B,(z)

I Definition 2.3.4 (Second-Countable). X is second-countable if it has a countable base.

Lemma2.3.5InR, U = {(a,b) | a,b € Q,a < b} is a countable base. Thus, R is second-countable.
Proof'1.

e Countability: a, b € Q, countable. Pair of countable is also countable.

e Base: Let V C R be open. Suppose z € V,then 3¢ > 0s.t. (x — e,z +¢) C V. Since Q is dense in
R,Ja € (x—¢e,z)NQand3b € (x,z+¢)NQ. Then, z € (a,b) C (x —e,x+¢) C V.

a b
—F.—.—.x o)
T —¢€ x+e V
QED. m
Lemma 2.3.6 Let U be a base of X. Every open set V' can be written as a union of some elements of the
base.
Proof2. (C): | | A c V, rivially.
AeU
ACV
(2):Foranyz € V,3A€Ust.o € ACV.Then foranyz € V,z € | J A Then,V c | A.
AeU AeU
ACV ACV
Hence, | ] A=V. QED. ®m
AeU
ACV
Theorem 2.3.7

Br is the o-algebra generated by (a, ), a € R.

20



2 BOREL SETS AND FUNCTIONS 2.3 Borel o-Algebra on Euclidean Spaces

Proof 3. Denote A=c-algebra generated by (a,0), a € R. [WTS: A = Bp.]
(©): Note that (a, c0) is open. So, (a, ) € Bg = A C Bg.
(2): [WTS: A contains all open sets.]

(a,0) e A = @O (—00,a]=(a,00)°c A.
[j oo,b——}e.A.
n=1

So, if V is open,
V= J (@bdeAa
a,beQ
(a,b)eV

Thatis, A contains all open sets. Since By is the smallest o-algebra containing all the open sets, Br C A.
So, Br = A. QED. n
Corollary 2.3.8 f : X — RisBorel <= f~!((a,0)) is BorelVa € R.
Proof 4. (=): Suppose f is Borel and (a, ) is a Borel set, then

f_1<(a) OO)) € BX-
(«): [WTS:¥, B € By, [~ '(B) € Bx] Consider the pushforward of Bx by f:
C={CcR|f0)eBx}

is a o-algebraon R. If f~!((a,00)) € B, then (a, o) € C. So, Bg C C.
Therefore, VB € Bg, f1(B) C Bg = f is a Borel function. QED. m

Example 2.3.9
If f,g : X — R are Borel functions, then

h(z) = max {f(x), g(x)}

is a Borel function.
Proof'5. [WTS: If B € Bx, thenh™'(B) C Bx. = h™'((a,)) € Bx.]

h_l((a,oo)) ={z | h(x) € (a,0)} ={z | h(x) > a}
={z| f(z) >a or g(x)>a}
={z | f(z)>a}U{z]|g(x)>a}
= f_l((a,oo)) Ug_l((a, oo)) € Bx.

QED. m
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2 BOREL SETS AND FUNCTIONS 2.3 Borel o-Algebra on Euclidean Spaces

We proved R is second-countable with countable bases
{(a,b) | @ < b,a,b € Q.

Lemma 2.3.10 The space of R™ has a countable base:
n
U= H(aj,bj)|aj,bj€(@,aj<bj .
j=1

Corollary 2.3.11 By~ is generated by rectangles H(aj, bj), aj <bj.

j=1
Lemma2.3.12Let h : X — R" be defined as
h1
ho

h=1 _|. whereh;: X —R.
I,

Denote 7; : R" — R, the projection to the j-th entry. i.e,,

T
T =Zj, and hj:ﬂ'joh.
Tp
h:X — R"isBorel <= hj =mjoh: X — RareBorel V.
Proof 6. (=): Suppose h is Borel. 7; : R" — R is continuous, so it is Borel = h; = 7; o h is also

Borel, as composition of Borel functions is Borel.
(«<): Assume hq, ..., h, are Borel functions.

So, h is Borel. QED. n

Theorem 2.3.13
If f,g: X — Rare Borel, then f + g and fg are Borel functions.
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2 BOREL SETS AND FUNCTIONS 2.4 Extended Real Line and Limits

Proof 7. Leth = (f

>,soh:X—>R2.
g

e F:R? — Rs.t. F(x,y) = = + y is continuous, so it is Borel. Hence, F o h = f + g is Borel, as a
composition of two Borel functions is Borel.

e G:R? = Rs.t. G(x,y) = zy. Then, similarly, G o h = fg is Borel.

QED. ®m
Lemma 2.3.14 f : X — Cis Borel <= Re f and Im f are Borel.
Proof 8. C = R? with d(z,w) = |z — w]|. QED. m
Lemma 2.3.15If f, g : X — C are Borel, then f + g and fg are Borel.

2.4 Extended Real Line and Limits

Goal: If f, : X — R are Borel, then sup f,, inf f,, limsup f, = infsup f,, lim inf f, = sup inf f, are
neN neN n—00 k' n>k n—o0 k n2k

Borel.

Recall: R = R U {—o0, +00}.

Proof 1. [We will just prove sup f,, is Borel, and the other follows.]
neN

[WTS: f~1(B) is Borel if B is Borel.]
Lemma2.4.1U = {(a,b) | a < b,a,b € Q}U{(a,0) | a € Q}U{[—00,b) | b € Q} is a continuous base for
R.
Claim 2.4.2 If V C Ris open, oo € V. Then, 3¢ € R s.t. (zg,00) C V.

Proof. By assumption, 3¢ > 0 s.t. |arctan z — arctan co| < €, € V. That s,

T
arctanx—§‘<€ — zecV
T
arctanr > — —xr — x €V
T
T
x>tan<§—:c> — zeV.

Letxoztan<g—x>.Picka>xo,aEQ, (a,00] € V. O
Corollary 2.4.3 By = o-algebra generated by (a, o], a € R.
It is hard to work on a general Borel set. Consider half lines

S ((@00]) = (| f(2) > a) = {x [ up () > o}

={z|3In, fu(z)>0}
= U{$ | fn(z) > 0}

= Ufn_l((aa OO])
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2 BOREL SETS AND FUNCTIONS 2.4 Extended Real Line and Limits

[(What's still missing in this proof: (a,~| is Borel to R.] Denote A = o—algebra generated by (a, —c0],
a € R. Then,

{—00} = (—00,00)° = (RU {oo})" = ( Ui OO]) :

J=1

QED. m
Corollary 2.4.4 f, : X — R are Borel. Then, {z | f,(z) bounded below?} is a Borel set.
Proof 2.
{z | fu(z) bounded below} {:c | sup fu(z) = oo}
“1({o0})¢ is Borel.
QED. H

Lemma24.5For ACR, Ac By < ANRE Bz

Proof 3. Simply ignore {—oc0, +00}, ANR C R. QED. m
Lemma2.4.6 f : X — RisBorel <= f~1({cc}) € By, f*({—o0}) € Bx, andf\f,l(R) fY(R) - R
is Borel.
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3 MEASURE AND ABSTRACT INTEGRATION

3 Measure and Abstract Integration

3.1 Measures

Definition 3.1.1 (Measure). Let A be a o-algebra on X. A measure on A is a map:
p: A— 0,00

such that
e u(2)=0,and

¢ for any pairwise disjoint 4,, € A,

N(U An) = ZN(ATL)
n=1 n=1

This property is called o-additivity. [pairwise disjoint means that Ay, N Ay = @ ifk # (.]

I Definition 3.1.2 (Borel Measure). A Borel measure . on X is a measure on By.

Definition 3.1.3 (Finite Measure and Probability Measure).
e 4 is finiteif u(X) < oo, and

e 4 is a probability measure if u(X) = 1.

Example 3.1.4 Simple Measures

e Trivial measure: p = 0.

e Fixx¢ € X. Dirac measure at x is

1 ifxge A
0z0(A) = .
0 lfl‘o ¢ A.

e Counting measure:

) |A| = #A, if A is finite (cardinality of A)
/1/ =
00 if A is infinite.
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3 MEASURE AND ABSTRACT INTEGRATION

3.1 Measures

Properties of Measures

For any measure ;. on A and sets in \A:
e For any finite n, if Ay, ..., A,, pairwise disjoint, then

n

M(U A) =" u(4y).

Jj=1 Jj=

Proof'1. Take A, 1, Ap+2, . ..,= @. Then, by o-additivity, it is trivial.

o If S C T,then u(S) < u(7).
Proof2.T = SU(T\S) = u(T) = u(S) + w(T\S) > u(S).

e If S C T'and p(9) is finite, then
u(T\S) = u(T) — p(S).

Proof 3. Subtract p(S) from p(7T) = u(S) + u(T\S).

[When subtracting, we need to worry about if ;u(S) = o0.]

e If B, C B,+1 Vn € N (nested). Then,

u(U Bn> = lim y(B).
n=1

QED. H
QED. H
QED. H

0 0
Proof 4. Denote A, = By, A, = B,\B,,—1 forn > 2. Then, U B, = U Ay, and A,,’s are pairwise

n=1
disjoint. Also,

n
B, =] 4.

J=1

By o-additivity,

(39) o(34) S

n=1

n—oo

= lim ZM(An)
n=1

o
= lim E,u(Bn).
n=1

n—oo

QED. H

o IfC,, D C,y1 Vn € N (decreasing sequence), and 3k € N such that p(Cj) < oo, then

u(ﬂ Cn> = lim 4(Cy).
n=1
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3 MEASURE AND ABSTRACT INTEGRATION 3.1 Measures

Proof 5. [11(C);) < oo is required for doing subtraction.] WLOG, take k = 1. So, u(C1) < oo, and
C1\Cy, € C1\Cp+1. Then,

u( (01\Cn)> = lim p(Ci\Cy)

n=

—

(C1\Cn) = C1\ () Ch

n=1

(@:

Il
—

M(Cl\ N Cn) = lim p(C1\Cy)
n=1

w(Cr) — p(Cp) = lim (u(C1) — p(Cp))

n—oo

w(Cy) = li_)m wu(Ch) [Subtract C1]

QED. nH

Example 3.1.5 When this property fails

Let 1 be some continuous measure on N. Denote
Cpn={nn+1n+2,...} ={jeN|j>n}

Then, x(C,,) = o0 Vn. However,

(1Cn={ieN|j>N Vn}=go.
n=1

e For any sequence A,, o-subadditivity:

M( An) < Z .U(An)‘
1 n=1

n=

n
Proof 6. Use B,, = U A; (increasing sequence). Then,
j=1

s
2

I
(G
s
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3 MEASURE AND ABSTRACT INTEGRATION 3.2 limsup of Sets

Denote C,, = B,\ B,,—1. Then,

J4i=U¢c
j=1 j=1

o0

[Why? x € U Aj <= djst.x € Aj < Insmallest st.x € A, < Ins.t.x € B,\By_1.]
Jj=1

Therefore, since C; are pairwise disjoint, by o-additivity,

f (G Aj) = (G Cj) = Zn:u(cj)-

Note that C,, € A,. Then,

7j=1 7j=1 j=1
QED. n
3.2 limsup of Sets
Definition 3.2.1 (lim sup of Sets). Let A,, be sets. Then,
limsup 4,, = ﬂ U A,,.
oo k=1n=k
In other words, z,, € limsup,,_,., A, <= Jinfinitely manyn s.t. z € A,.
Proof'1.
Ty € limsup A,, <= Vk, dn>kst.x € A,
n—oo
<= {neN|ze A,}isunbounded
<= {neN|z e A,}isinfinite
<= 7 infinitely manyn s.t. z € A,,.
QED. H
Lemma 3.2.2 (Borel-Cantelli, I). If Z w(Ay,) > oo, then p <lim sup An> =0.
n=1 n—oo
Proof 2. Fix k. Then,
u(limsup An) < u( An> <> n(4y)
——
—0as k—oo
Let k — oo, we have ,u(lim sup An> =0. QED. nH
n—oo
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Definition 3.2.3 (Almost Everywhere). A property P holds almost everywhere (a.e./u-a.e.) if

{z | P(x)is false} has measure zero.

o0
Lemma 3.2.4 (Borel-Cantelli, II). Ifz u(Ay,) < oo, then for p-a.e. x, 3 finitely manyn € Ns.t. x € A,,.

n=1

3.3 Integration of Positive Functions

Set-Up: Let f: X — [0,00], Ais ac-algebraon X, ;1 is a measure on A.

Meanwhile, for B € Bg, f~'(B) € A = V¢, f~!((¢,0]) € A. So, f is also measurable.

Definition 3.3.1 (Simple Function). A function s : X — [0, oo] is simple if it takes finitely many
values. If s takes values cy, .. ., ¢,, and define

Aj =57 ({¢;}),

then

/sd,u = chu(Aj).
j=1

Example 3.3.2 Simple Functions

{1, reQ
s(z) =
0, zeR\Q

is a simple function. It is not Riemann integrable, but integrable under this framework.

Notation 3.3.3 If ¢ > 0, then ¢- co = coand 0 - co = 0.
Proposition 3.3.4 (Properties of Integration of Simple Functions).

e Ifs,¢ > 0 are simple functions, then /(s +t)du = /s dp + /tdu.

e If s <t (pointwisely, i.e., s(z) < t(x) V), then / sdu < /tdu.
Proof'1.

e s+t isasimple, positive function. Suppose s takes values cy, ..., ¢, on A; = s~ ({c;}) and ¢ takes
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MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

values dy,...,d, on By =t~ 1({dg}). Then, (s + t) takes values ¢; + d; on A; N By.

Je+0du=3"Y (¢ + dua; n By

Jj=1k=1

= cipu(Aj N By) + Y > dppu(A; N By)
j=1k=1 j=1 k=1

=> ;> AN B+ > di > p(A; N By)
j=1 k=1 k=1 j=1

=3 e Uasn o) + 3| Utainy
j=1 k=1 k=1 j=1

= ¢u(A;) + > dip(By)

e { — s> 0andt — sisasimply function. From @:

/tdu:/sdu—i—/(t—s)duZ/sdu.

QED. H

Definition 3.3.5 (Characteristic Functions). Characteristic functions of a set A is defined as

1, z€A
xa(z) =
0, z¢A.

Take sets Ay, ..., A,,and ¢y, .. .,c, € [0,00). Then,

n

s = Z cjxa issimple,
j=1

and
n

[otu=3" [epadu=3" (ciula) +0- u(45) = - csu(4y).
j=1 j=1

j=1
Note that

=cj, TEA;
CiXA
0, T E A;.
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Definition 3.3.6 (Integration of Positive Functions). Suppose f : X — [0, 0] is measurable.
Define

/fd,uz sup /sd,uE[O,oo].

s simple
0<s< f

This definition is analogy to “lower sum” definition of Riemann integration.

/td,u: sup /sdu
s simple

0<s<t

s<t = /sduﬁ/tdu
s=1t = /sdu:/td,u.

Theorem 3.3.7 Properties of Integration

Remark. Iftissimple, then

because

° If0§f§g,then/fd,u§/gd,u.

e Iff>0andce [O,m),then/cfd,u:c/fdu.

Proof 2.

e Ifsissimple,and 0 < s < f,then0 < s < g. Hence,

/sdué/gdu-
sup/sdu=/fdu§/gdu-

e Ifc = 0,0 = 0, and the proof is trivial. Now, assume ¢ > 0. Le s be simple such that 0 < s < f.

Take sup over s:

Then, 0 < ¢s < cf is also simple.

/csduzc/sd,u
sup/csdu:supc/sd,u:csup/sdu
S S S

/cfdu:c/fdu.

QED. m
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Corollary 3.3.8If0 < f < gand/gdu < oo = /fd,u < 0.
Notation 3.3.9 Integral over a subset £ C X defined and denoted by

[Eran= [ feean

where y g is the characteristic function of E.

Theorem 3.3.10 Monotone Convergence Theorem/MCT
For any sequence of f, : X — [0,00] s.t. f, < foy1 Vn € N (monotone) (i.e., fy(z) <
font1(z) Yz, Vn € N, pointwise), we have that

lim [ f, d,uz/ lim f, du.
n—o0 n—o0

Proof 3.
Lemma 3.3.11 (Special Case). If s : X — [0cc) simple,and E,, C E,,11 Vn s.t.

U E. =X,

neN

then
lim sdp = /sdu.
Eyn

n—oo

This is a special case because sxg, < sxg, ,,and lim sxg, = s.
n—oo

Proof.
m m
§= ZCJXAj = SXE, = ZCjXA]-XEn
j=1 j=1
m
= Z CjXA]'ﬂEn'
j=1
Then,
m
/SXEn dp = chu(Aj NE,).
j=1
Asn — oo,

ch,u(Aj NE,) — chu(Aj) = /sdu.
j=1 j=1

[Since E,, is increasing, E, — X. Then, A; N E,, = A;N X = A;. More formally, A;NE, C AjN Epq1:

U (A} N En) = Aj N U E, = A} NX = AI
n=1 n=1
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Denote f = 1i_>m frn  (pointwise). [WTS.'ylg‘n /f,,, du < /]‘ dp and lgn‘ / fndu > /]‘ du.]
(<): Since fn(z) < fop1(z) VY, wehave f,(z) < f(z). Then, . '

[fotns [ran vn.

i <
Jim [ fodp < / fdp.

So,

(>): Fixc € (0,1). Fix simple function 0 < s < f. Define

E, ={z| fa(z) = cs(z)}.
Then, E,, C E,+1 because f,,(z) < fui1(x).

Claim GE =X.

n=1

Proof. [Case 1|1f f(z) = 0, then s(z) = 0. S0,0 < fu(z), € B, Vn.
|Case I1|If0 < f(x) < oo, then

lim fu(z) = f(x) > cf (&) > es(s).

n—oo

Then, V large enough n, f,,(x) > cs(z). So, x € E,,.

Case IIT |If f(z) = oo, then

nh_}rglo fn(z) = 00 > cs(z).

Since cs(x) < oo (simple function), f,,(z) > cs(x) for large enough n. So, x € E,,. O

[tntn= [ esxedn

Then, we have f,, > f,xg > csxg. So,

Take n — oo,
li_>m fndu > li_}rn /chEd,u: /csdu:c/sd,u [by Lemma 3.11]

Take ¢ 71 (c goesup to 1):
lim [ f,du> /sd,u [LHS 1L ]

n—o0
Take sup :

s simple
0<s<f

lim /fnduz sup /sdu:/fdu.
n—00 s simple

0<s<f
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Since 11_{11 /fndug/fdu and ILm /fnduz/fdu, it must be that

lim [ fodp= /fdu.
n—oo

QED. H

Example 3.3.12
Let v be the counting measure on N. Let f : N — [0, oo]. What is / fdv?
Let B, = {1,2,...,n}. Then, fxg, is simple, and

/ fxm, dv =S G = 3 16).
j=1

o0
Note that E,, C E, 1 and U E, =N.So, fxg, < fXE,..»and fxg, — f. Then,

n=1

/fdu = nlingo fxg, dv [MCT)
= lim > f(j)

So, for positive functions on N, series is integral over counting measure.

Proposition 3.3.13 (Re-arrangement). Let a,, > 0, 7 : N — N be a bijection. Then,
o o
D an = an(h)
n=1 k=1

Proof 4. We know Z an = /fdu, where f(n) = a,. Take E,, = {n(1),7(2),...,7(n)}. Note that
n=1

o
|JE.=N and E,CE..
n=1

So,

n—oo n—oo

n o0
= nh_g)lo kz Ak Z A (k)

) =
=1 k=1

/de = lim fdv = lim if(w(k))
En k=1
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

That is,

Z Un = Z Ar(k)-
n=1 k=1

QED. 1
Lemma 3.3.14 For f : X — [0, o0, 3 simple functions s, s.t. 0 < s, < s,41 Vnand
lim s, = f.
n—o0
Proof 5. (Sketch). Consider the floor function
ly] = max{k € Z | k < y}.
1 1

[For example, /2] = 1, [10v/2] = 14, 1—0J10ﬂj = 1.4, WUOQ\/@ =1.41]

Define

sp(z) =min {27"(2" f(z)],n} = sp < sppa.
So, s, takes values {k27" | k € Z,0 < k2" < n}. QED. =
Corollary 3.3.15 By MCT,
/fdu = lim /snd,u.
n—oo
Lemma 3.3.16 (Additivity of Integrals). If f, g : X — [0, o¢], then
/(f+g)du= /fdu+/gdu-
Proof 6. 3 simple functions s, t, s.t.0 < s, < sp,+1 and 0 < ¢, < t,,+1 with
S, — f and t, —g.
Then, s, + t, < sp+1 +tpe1 and s, + ¢, — f + g. We know
/(sn—i-tn)du = /snd,u—l—/tnd,u.
By MCT,
/(f+g)du= /fdu+/9du-
QED. n

Proposition 3.3.17 For any sequence of g,, : X — [0, 00],
/ (Zgn> d,u = Z/gndﬂ'
n=1 n=1

Proof 7. Note that f,, = Z g; is an increasing sequence, since g;’s are positive. So, 0 < f,, < fu41,
j=1
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

and by additivity,
/fndﬂ = Z/gjdﬂ-
j=1
Note that -
S fn =295
7j=1
So, by MCT,

/(;gn> dM—/<nh_>IglOfn> dM:nh_{gO/fndM
:nhlEOZ/gj dp
j=1

J]=

QED. nm
Corollary 3.3.18 Suppose a; , > 0. Then,
o0 oo o0 oo
2.2 = ajn
n=1 j=1 j=1n=1
Proof 8. Recall v is the counting measure on N, and
oo
[ =3t
n=1
Define g(n) = N — [0, 00], gn(j) = a;jn. Then,
DD IACEY DALY
j=1n=1 n=1
oo
= Z/gn(])dy
n=1
= gn(])
n=1j=1
QED. m

MCT is great, but it requires monotonicity. What if we don’t have an increasing sequence, but still want
to study the limit?
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Theorem 3.3.19 Fatou’s Lemma
Forany f, : X — [0, o0},

/linn_lgéffn dup < llnrggéf/fn du.

Example 3.3.20 Fatou’s Lemma in Action

1 + 2
2 + 1 =
1+ 1

Proof 9. Deinfe g, = é1>1f fn. Then, lirg inf f, = ILm gn = sup g,. Note that 0 < g, < gn+1. Then, by
>n n—00 n—00 n
MCT,

[t fnan= [ i gudn =t [ onan

Since g,, = Igf frs9n < fn. Then,
/%Mé/hw-

We don't know if the limit exists, but we can certainly take the lim inf on both sides:
llnrggf/gn dp < hnrggf/fn du.

The LHS is indeed a limit because / gn dpu is convergent (monotone sequence converges on R). So,

n—oo

lim [ g,du < liniinf / fn dpu.
So,
/hnrggf Jndu = nggo/gn dp < Iggl_gf/fn dp.
[Key of this proof: lim infAim sup always exists for any sequence on the extended real lineR.] Q.ED. W

Proposition 3.3.21 Let ¢ be a measure on o-algebra.Aon X, f : X — [0, oc]. Then, a measure v on A is
defined by

v(E) ::/Efd,u.

Joav= [ radn.
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

We concisely state this as dv = f du.
Proof'10.

:[afdMZ/X@fdMZ/OdMZO-

¢ Disjoint sets E,,:

XUEn:ixEn

xuB.f = ZxEn
[xus.t = / ZxEnf Z / Ve f (By Corollary 3.18
o(UB) =D vt

n=1

m
So, v is a measure. Now, let’s prove the second half of the statement. If g is simple, g = Z cjxa,- Then,

J=1

= i cj /XA].f dp |[Exchange / and Z]
p :

Z/gfdu

If g is positive, take simple functions s, s.t. 0 < s, < s,41 With s,, — ¢g. Then, 0 < s, f < s,4+1f, and

snf — gf. Since s, is simple,
/sndz/ = /snfdu.

/ lim sndu:/ lim s, fdu
n—oo n—oo
Joav=[aran.

By MCT,

QED. H
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3 MEASURE AND ABSTRACT INTEGRATION 3.3 Integration of Positive Functions

Lemma 3.3.22 (Markov’s Inequality). For f : X — [0,00] and ¢ > 0,
1
plla | f@) = e < ¢ [ ran
Proof'11. Denote A = {z | f(x) > c}. Then,

exa < f
exa(z) < f(z)

/CXA du</f
C/XA du</f

cpu(A) < /fdu

St

Corollary 3.3.23 If f : X — [0, o] and/fdy < oo, then f < oo p-a.e.ie.,

p({z | f(z) = oo}) = 0.
Proof 12. By Markov’s Inequality,
pla | f@) = e < ¢ [ ran
Letce Nande, = {x | f(z) > c}. Then,

{o | f(= OO}—ﬂgc
ceN

So,

lim p(fe | f(@) = ) < Jim ¢ [ fdu=0

—00 C

p{z | f(z) = oo}) = 0.

Proposition 3.3.24 For f : X — [0, o],

/fdu:() — f=0 p—ae

39
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

Proof'13. («<): Assume f =0 p-a.e.. Forsimple s s.t.0 < s < f. Then, s =0 p-a.e.. Thatis,

j =

c;i >0
s = ZCjXAj { ! = u(A;) =0.
C

So,
/sduzO and /fd,uzsup/sd,uzsupOzO.

(=): Assume / f du = 0. Then, by Markov’s Inequality,
pu({x | f(x) >c}) =0 foranyc > 0.

Take ¢ = %, k € N. Then,
Utz f(2) > ¢} = {= | f(2) > 0}
So,
p{a | fl@)>01) = u({z | f(z) = c}) = 0.

ie.,
p({z | f(z)=0})=0 = f=0, p—ae

QED. m
Corollary 3.3.25If f =g p-a.e., then
/ fdp = / gdp.
3.4 Integration of Real and Complex Function
Definition 3.4.1 (h and h_). Given a real-valued function / : X — R, we define
hy = max{h,0} >0
h— = max {—h,0} > 0.
i ~ ) M A
Remark. Note: h =hy —h_and |h| = hy + h_. ]
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

Definition 3.4.2 (Integral of Real-Valued Functions). If at least one of the integrals / h4 du or

/hd,u:/ludu—/hd,u.

/ h_ dp is finite, we define

Example 3.4.3
Suppose f : X — (0, 0] and/fd,u < 400, then

logf < f
(log f)+ < f

Jtogpaus [rap<o

/ log f du is defined, although its value can be —cc.

Definition 3.4.4 (Integrability). In most cases, we'll be working with functions h for which

both / h+ dp are finite, and such functions are called integrable.

Theorem 3.4.5
Leth : X — R. Then,

/|h|du<oo = /h+d,u<oo and /hdu<oo.

Proof 1. (=): Assume / |h| dp < oo. Since 0 < hy < |h|, we have

/hid,u<oo.

(«<): Assume / hy dp < oo. Since |h| = hy + h_, we have

/]h\ dp < o0.

Proposition 3.4.6 (Integration of Real-Valued Functions is a Linear Operation).

QED. n

Let 1 be a measure on X. Then, the following is true:
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e Ifc e Rand f: X — Risintegrable, then cf is integrable, and

/Cfdu=0/fdu 1)

e If f,g: X — R are integrable, then f + g is integrable, and

/f+gdu=/fdu+/gdu 2)

Proof 2.

e cf isintegrable because

[lestan= [ ilirian=1el [ 1fdn <o

since |c| and |f| are positive and f is integrable. So, cf is integrable. Now, prove Equation (1).

‘Casel|Ifc > 0, then
(cf)+ = max{cf,0} = cmax {f,0} = cf;
(cf)—- =max{—cf,0} = cmax{—f,0} = cf_
So,

Jenau= [ensan- [en-an
:/chrd,u—/cf_d,u
—c / Fodp—c / £du (Linearit]
ZC</f+du—/fdu>
:c/fd,u.

If ¢ <0, then

(cf)+ = max{cf,0} = max {(—c)(=f),0}
= (—c)max {—f,0} = —cf_.
(cf)- = max{c(—f),0} = max {(—c)f,0}
= (—c¢)max {f,0} = —cfy.
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

So,

Jenan= [erran= [en-a
:/—cf_ du—/—0f+ dp
:—c/fdu+c/f+du
=c(/f+mr—/f_mQ
:c/fdu.

e f + gisintegrable because

[1s+alaus [s1+lghan= [ 1s1an+ [lolan <o,

by triangle inequality. Denote h = f + g. Then,

hy —ho=h=(fr—f-)+(9+ —9-)
hy +f-+9-=fr+g++h_ [Rearrange]

/M+ﬂ+w@=/ﬂ+m+hw

/h+du—|—/f_d,u+/g_d,u:/f+du+/g+du+/h_d,u [Additivity)

[redu= [roan=[ean= [fan+ [grdu- [oau
/hd,u:/fd,u—F/gd,u.

QED. n

Definition 3.4.7 (£! Space, Integrable Functions). We denote by £!(X,du) = £'(du) the set of
all measurable functions f : X — C s.t.

/X!f\du< 00.

We call such f integrable.

Lemma 3.4.8
fecdp) = /]Ref]du<oo and /|Imf|du<oo.

Proof 3. (=): Suppose f € £!(du). Then, / |fldu < oc. Since |Re f| < |f] = \/|Re fI* + |Im f|* and
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

Im f| < [f],
/|Ref|du<oo and /\Imf|du<oo.

(«<): Suppose / |Re f|dp < oo and / [Im f|du < co. Then,

£ = /IRe f2 + [Im £I” < [Re f| + [Tm f1,
2
since (Va2 +b2) =a?2+b*<a?+b*+2ab=(a+b)? = Va2 + b2 < a+b. Therefore,
(v v

[171dn < .

QED. m

Definition 3.4.9 (Integral of Complex-Valued Functions). For f € £!(du), we define

/fdu:/Refd;mLi/Imfdu.

Theorem 3.4.10 Linearity of Integrals of Complex-Valued Functions

e Ifcc Cand f € £}(dp), then cf € £'(du) and Equation (1) holds.

o If f,g € £L1(du), then f + g € £'(du) and Equation (2) holds.

Proof 4.

e cf is integrable because

[lentan= [ 1clfidu=1el [ 171dn < .

Now, let’s prove Equation (1):

Re(cf) = Re[(Rec+ilmc)(Re f +ilm f)]
=Re[RecRe f —ImcIm f +i(Reclm f 4+ ImcRe f)]
=Rec-Ref—Imc-Im f

Im(cf) =Rec-Im f+Imc-Ref.

Therefore,
/cfdu:/Re(cf)d,u—i—i/hn(cf)du

:/Rec-Refd,u—/Imc-Imfdu—}—i(/Rec-Imf—i—/Imc-Refdu)
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

by additivity of real-valued functions. Then,

/cfdu:Rec(/Refdu+i/Imfdu) +iImc(/Refdu+i/Imfdu>

S fdu [ fdu
= /fdu(Rec+iImc)
—_——

~fran C

e f + gisintegrable because

/!f+g|du§/(If!+!g!)du=/|f!du+/lg|du<00-
Note that

Re(f +9g) =Ref+Reyg
Im(f+¢)=Imf+Img.

Then,
[ +gan= [Re(s g du+i [ 1m(s +g)an
:/Ref+Regd,u—|—i/Imf+Imgdu

:/Refd,u+/Regd,u+i/1mfd,u+i/1mgd,u

:(/Refd,u—l—i/lmfd,u)+</Regdu+i/1mgdu)
:/fdu+/gdu-

QED. n

Theorem 3.4.11
If f € £1(dp), then

’/fdu‘ S/!fldu-

Proof'5. Pickw € C s.t.

ol =1

w/fduz‘/fdﬂ'-
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3 MEASURE AND ABSTRACT INTEGRATION 3.4 Integration of Real and Complex Function

Then,

QED. n

Theorem 3.4.12 Dominated Convergence Theorem, DCT
Let ()52 ; be a sequence of £!(dyu), “dominated” by some function g € £!(dy) in the sense that

|fn(z)| <g(x) YRneN p—ae.z (3)

Assume that f,, converges pointwise p-a.e. defining a function

flz) = lim fo(z) p—ae. 4)

Then, f € £'(du), and
nli_)rgo/|fn — fldp =0, and (5)
Jim ﬁﬂuz/f@t (6)

Proof 6.

e From (3) and (4), we have

fl<g p—ae

— fell(du) since ge £ (dp).

e Leth, =29 — |fn — f| > 0. Also note that
——

<2g

nh_)rglo hn, =29 p—a.e.

By Fatou’s Lemma,

[ 290 <timint [g 15, - )
n—oo
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Since 2g and |h,, — h| are integrable, we have

/2gduélirginf </2gdu—/\fn—f\du>
:/diu—i-lin_l)inf (—/\fn—f\d,u>
~ [29du—timsup [ 17, - fldp.

n—oo

So,
hmsup/|fn— fldp <0.

But
hmsup/|fn fldu=> 0.

Then, Equation (5) holds.

e Note that

OS‘/fndu—/fdu‘é/lfn—fldu-

Since |f, — f| — 0, we have

lim [ f,dp= /fd,u.
n—oo

QED. H

Definition 3.4.13 (Summation Over a Set).

/fdz/

where v is the counting measure. If J = N, then,

IOEDINIO)
jEN

J=1

jGJ

when the series is absolutely convergent. That is, Z f(j) is only defined when Z |f ()] < oo.
jEN j=1

Example 3.4.14

[e.o]

n J

If z, — zin C, then lim (1 ¥ Z—”) -y
n—o00 n — ]!

——

ez

Also note that (1 + %) " ¢”. This proof can be completed using DCT.
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4 LEBESGUE-STIELTJES MEASURES

4 Lebesgue-Stieltjes Measures

4.1 Increasing Functions and Distribution Functions

Definition 4.1.1 (Increasing Functions). a« : R — R is an increasing function ifz < y —
a(r) < a(y).

Remark. This definition will be related to measure by

pl(z,y]) = aly) — alz).

We would also have

This is the additivity of measures.

Lemma 4.1.2 Let o : R — R increasing, then,

e One-sided Limits:

+ 1 — I
a’(x) = ltlfila(t) and o (z) = ltlTrgrcla(t)

existVz € R, and so do
T(—o00) = i t) and o~ = li t).
o’ (=00) = lim a(t) o~ (+00) = lim a(t)
Proof 1. Define o™ (x) = supa(t) and a™(z) = }Ef a(t). Then, 1tiTma(t) = o  (x) because Ve >
t<z r x

0,3t <z st. aft) < a(x) —e = Vi< s <z a (r)—ec < als) < a (z). The other
conclusions follow a similar argument. Note that

a” (400) = sup a(t).
teR

QED. H
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4 LEBESGUE-STIELTJES MEASURES 4.1 Increasing Functions and Distribution Functions

Proof 2. a(t) < a(x) Vt < x. Taking sup, we have o~ (z) < a(X). QED. n
t<z

o Ifz <y, thena™(z) < a (y).

Proof 3. Use some t € (z,y). Then,
a’(z) <a(t) <o (y).

QED. n
o Ifx <y, thena®(z) <a'(y) = aT isanother increasing function, sois a~.
e (a)T=aTand (a™)” =a".
e « can have countably many discontinuities (point x at which « is not continuous).

Proof4. Foreveryz s.t. a~(x) < at(z) (i.e., @ is not continuous), take the interval (o™ (z), o™ (x)).
Different such = produce disjoint intervals. Each of the interval contains at least one rational
number. So, we cannot have more intervals than rationals. That is, the discontinuity is countably
many. QED. H

Definition 4.1.3 (Distribution Function). Let ;1 be a Borel measure on R. The function « is
said to be a distribution function of y if

w((z,y]) = a(y) —az) Vr,yeR, z<y.

Remark. Distribution functions are uniquely defined up to a constant.

Proposition 4.1.4 For a Borel measure ;. on R, the following are equivalent (TFAE):

e 4 is finite on compact sets. i.e.,
u(K) < oo Vcompact K.
o ul(z,y]) <o Va,yeR, z<y.

e 4 has a distribution function.

Proof 5. ® —> @ is trivial.
@ — @: Any compact K is bounded: K C (—c,c|. Then,

1K) < p((=c,c]) < oo
® = @: K = [z, y| is compact, so,
u((z,y)) < p(lz, y]) < oo.
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4 LEBESGUE-STIELTJES MEASURES 4.1 Increasing Functions and Distribution Functions

@ = @: Define a distribution function

w((0,2]), ifx>0
a(r) =<0, ifz =0
—u((z,0]), ifz<0.

Suppose z < y.

[Casel]0 <z <

a(y) — a(x) = u((0,y]) = p((0,2]) = u((z, y))-

:c<0<y:

a(y) — a(z) = p((0,y]) + p((x, 0]) = p((z, y).

[Case |z <y < 0:

a(y) — a(z) = —pu((y, 0]) + u((2,0]) = p((z,y]).

It is also easy to verify cases where 2 = 0 or y = 0. QED. m
Proposition 4.1.5 If « is a distribution function, then « is right-continuous. i.e.,

at(z) =a(r) VzeR.

Proof 6.
at(z) = lima(t)

tlx

o (x) - a(a) = lim(a(t) - a(z)

= lim p((z, 1))

= lim p <<x + ﬁ] > [Take a sequence]

So, at (z) = a(x). QED. =

Example 4.1.6
The same argument does not apply to o~ ().

o(e) ~ o~ (x) = lim p <<x— %x]) :u<
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4 LEBESGUE-STIELTJES MEASURES 4.2 Outer Measure

Consider

1, 0€A
do(A) =
0, 0¢ A.

Then, a distribution function is

1, ifr<0<y
n((@,y]) = aly) — a(z) = '
0, otherwise.
So,
0, <0
a(r) =
{1, x> 0.

Corollary 4.1.7 Distribution function « is continuous < p({z}) =0 Vuz.
Lemma 4.1.8 If 1, is a measure with distribution function «, then

p(z,y)) = o (y) — alz).

Proof 7.
w((z,y)) = nli_}II;O,u ((m,y - %]) [increasing sequence: nLgJN <:z;. Y — ﬂ = (z,y)]
-t (o))
— a~(y) - aa).

QED. H

4.2 QOuter Measure

Definition 4.2.1 (Outer Measure). An outer measure on X is amap p* : P(X) — [0, o0] with
the properties:

o p(2)=0
e ACB = p*(A) < p"(B)

e o-subadditivity:

[An outer measure is not a measure.]
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4 LEBESGUE-STIELTJES MEASURES 4.2 Outer Measure

Build an Outer Measure Fixa class of “elementary” sets £ C P(X). Fixaweightp : £ — [0, co]. Assume
that

e O XCE€&
e p(@) =0.

Example 4.2.2

X =R, avalid elementary set is defined as

£={(a,b)]a<bu{z,R}

Then, p((a,b)) = b —a, p(&) =0, and p(R) = occ.

Take infimum over all countable covers of A by elementary sets:

= inf Zp ) | Ej EEACUE}

j=1

Proposition 4.2.3 ;/* is an outer measure on X.

Proof 1.

o If A= o, thentakeall E; = @.
p* (@) = 0.
e Any countable cover for B is also a countable cover for A.

e Fixe > 0. For each n, pick countable cover 4,, C U;?‘;l E,;js.t.

Z o(E A+ g P ot one >
(0. 0]
U A, C U U E, ; [countable cover for U Al
n=1j=1 n=1
[e.9]
WD o

So,

u(U An> <> urA

Since ¢ was chosen arbitrarily, take ¢ — 0:

w (U An) <D (An)
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4 LEBESGUE-STIELTJES MEASURES 4.2 Outer Measure

QED. nH

Remark.
e Instead of countable cover, we can also take finite cover.

e For any elementary set, u*(F) < p(E). To see this, cover Eby E, &, 2, . ...

Definition 4.2.4 (Carathéodory). The set A C X is measurable with respect to u* ifV S C X,

p(S) = p (SN A) + p* (SN A,

Remark.

e By o-subadditivity,
po(S) < pH(SNA) + p* (SN A,

e Motivation: p*(X) < oo, A C X, and p*(A) can be viewed as an upper sum. The inner
measure, which can be viewed as a lower sum, is defined as

e(A) = 1 (X) — (X \A)
— 1(A) < 17(A).

That is, lower sum < upper sum, and

pe(A) = p(A) = p*(A) + p*(X\A) = p*(X).

Theorem 4.2.5 Carathéodory
For any outer measure p* on X, the set

A = {A| Ameasurable w.r.t. u*}

is a o-algebra, and p*| 4 is @ measure on A.

Proof 2.
A={A|VSst.pu"(S)=p"(SNA) +u" (SN A%}
e Aisa o-algebra.
1. f A =g, p*(S) = p* (@) + p*(S) = n*(S). So, @ € A.
2. If A € A, A° € Abecause the definition is symmetric to A and A°.
3. Let A, € A. Let

B= GAJ- and B, = OA]-.
j=1 7=1
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4 LEBESGUE-STIELTJES MEASURES 4.2 Outer Measure

[WTS: B € A.] Let S C X, then Carathéodory definition, since A,, € A,

pH(SNBS_y) = p (SN BS_ N Ay) +p* (SN By, N AS)
=p"(SNB;_1NA,) + (SN (Bp-1UA,))
7Bc
= (SN BS_ N Ay) + (SN BS)

By induction on n and “telescoping”:

n

pH(S) = pH (SN B)+ ) u (SN Bj_ N A
j=1

> pf(SNBY) +> (SN Bj_ NA)
——— 1
dn J
By monotonicity,
BeCBy,

Let n — oo, we have
[e.e]
pH(S) = p* (SN B + Y p (SN Bj_y N Ay).
j=1
Conversely, by o-subadditivity,
p(S) < p (SN B+ p* (SN B)

< (SNBY+ >t (S0 BS N Ay) < ' (S).
——

J=1
Bj\Bj—l

Hence, these are all equal. Since V.S, p*(S) = p*(S N B€) + p*(S N B), sowe have B € A.
We have concluded that A is a o-algebra.

e u*|41isa measure on A. [WTS: ;/*| 4 is o -additive.]

Let 4,, € Awith 4,, disjoint. Use the same definition for B and B,,. By equality we proven earlier,

e

Il
—_

W(S) = (SN BY) + 3w (SN Biy N A))

J

= (SN B°)+

e

p (SN A ).
1

J

Pick S = B, we have

W(B) = (B B+ 3 i (B Ay = 3 (A,
=0 Jj=1 —A Jj=1
=Aj
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4 LEBESGUE-STIELTJES MEASURES 4.3 Borel Measures on R

So, 1*| 4 has o-additivity, and it is a measure on A.

QED. m

4.3 Borel Measures on R
Application Develop the Lebesgue-Stieltje’s measure

Set-Up Fix an increasing functiona : R — R.
E={2}U{(a,b)|a,beR, a<b}.

Define p : £ — [0, 00] as
p(@) =0, p((a,b)) = a"(b) — a(a).

Let u* be outer measure corresponding to this:

Jj=1

1 (A) _inf{zp(a») |EicE Ac Y EJ}.

Lemma 4.3.1 For the ;.* defined above, for any p,q € R, p < g,
w([p.a]) = " (q) — " (p).
Proof’1. (<): [p,q] C (p—¢,q+¢).

1 (Ip,q]) < p((p—€,q +¢))
1 (p,q) <o (g+¢e) —at(p—e)

Lete — O:

Then, 3 a finite subcover
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Take finite subcover with the smallest possible number of intervals. This minimality implies
aj #a, forj#k and 0b; #b, forj#k.

So, WLOG, assume
a; <ay <---<ap and b; <b, forj<k.

So, the cover will look like “telescoping,” and

> p(ag,b5)) = p((aj,b)))
j=1 j=1
=> (o (b)) — ' (ay))
j=1
n—1
> a”(bn) =t (an) + Y (ot (aj11) — ™ (ay))
j=1
teles&)ping
[usea™ (b;) > o (ajy1) forj < n.]
=a (bp) — at(an) +at(ay,) — a™(ay)
=a (by) —at(a1)
>a’(q) —a (p)
Therefore, 11*([p, q]) = a™(q) — a~(p). QED. m

Lemma4.3.2Va <b, p*((a,b))=a " (b)—at(a)=p((a,b)).
Proof 2. (<): (a,b) C (a,b). So,

(>): Let [p,q] C (a,b). Then,
W ((a, b)) = p*([p,a]) = @ (a) — ™ (p).
Take p | a and ¢ 1 b, then a*(g) — a~(b) and a~(p) = a*(a). So,
1 ((a,0)) > a” (b) — ' (a).

QED. 1
Lemma 4.3.3

w*((a,c]) = a™(c) = a™(a).

Goal Carathéodory Theorem gives a o-algebra
A ={A| Ameasurable w.r.t. u*} = {A|VS, p*(S) = p*(SNA) + p*(SNA)}.
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Also, 11*| 4 is a measure.

We want to show:

e BrC A

e Denote ;*|p, = pa, then
pa(la, b)) = a* (b) — a’(a).

[To show Br C A, we need to show A contains all the half-lines. So, we should work on half-lines

first.]

Lemma4.3.4 Forany / C £ and any ¢ € R,
(1) = (I 0 (=00, c]) + (I N (e, 00)).

Proof 3. I = @ is trivial.
I = (a,b) C (—o0,c],and I = (a,b) C (¢, 00) are also trivial because

pr(I) = p*(I) + p*(2).
[Caselll]a < ¢ < b. Note that
a”(b) —af(a) = (a7 (c) —a™(a)) + (a7 (b) — a™(c))
So,

1 ((a,b)) = p*((a, c]) + p*((b, c])
= p1*((a,0) N (=00, c]) + p*((a, b) N (¢, 00)).
QED. n
Lemma 4.3.5 V ¢, (¢, 00) is measurable with respect to x*. In other words, Ve € R,V S C R,

1(S) = 1 (S 1 (=00, d]) + (S 1 (e,00)).

Proof4. (>): Fix S C R. Fix a countable cover of S by I; € £. Then,

o) = 30wt 0 (=0 e)) + 30w (10 (e%)

[

countable countable cover countable cover
cover for S for SN(—o0,¢] for SN(c,00)

> (5N (=00, ¢]) + p* (SN (¢, 00))

Zp(fj) > (SN (=00, ) + p*(S N (e, 00)).
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Take inf over covers:
p*(S) > p* (SN (=00, ) + p* (S N(c,00)).

(<) ™ (S) < p* (SN (=00, ¢]) + p*(SN(c,00)) is trivial by o-additivity. QED. =
As a summary here,
(c,0) e A = Br € A.

Therefore, 11*| 4 is a measure, and ;*|, is also a measure.
1 ((a,b]) = a*(b) — a™(a).

If a is right continuous,
w((a,0]) = a(b) — afa).

Theorem 4.3.6 Lebesgue-Stieltjes Measure

For any o : R — R increasing, right continuous, 3 a Borel measure
Ha = ,U*|BR on R

, called the Lebesgue-Stieltjes measure, such thatV, a < b,

pa((a,b]) = a(b) — afa).

Definition 4.3.7 (Complete Measure). A measure y on A is said to be complete if for every
be Awith u(B) =0,thenVA C B, A € A.

Definition 4.3.8 (Lebesgue Measurable Function and Lebesgue Measure). Specialize to p*| 4
and p*|p,:
FeA < FJA BeBrst. ACECB and p.(B\A)=0.

e Lebesgue Measurable Function: f : R — R.

f is measurable as a function form (R, A) — (R, Bg):
71 ((e,00)) € A

e Lebesgue Measure m: take a(z) = x.

m((a,b]) =b—a.
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4 LEBESGUE-STIELTJES MEASURES 4.4 The Monotone Class Theorem

Theorem 4.3.9
If f : [a,b] — R is Borel and Riemann integrable, then

b
/ f(z)dz = fdm.
a [a,b]

Proof'5. (Sketch).

lower Darboux sum = integral of piecewise constant function, which is simple.

So, \
/ f(x)d:cg/ fdm.
Ja [a,b]
Similarly,
7b
/ fdm < / f(z)dz.
[a,b] a
Therefore,

/a () da = /[a’b] Fdm.

QED. nm
Notation 4.3.10 We will use

b
/ f(x)dx = fdm
a [a,b]

even if f is not Riemann integrable. With respect to improper integrals, for us,

/fdm

is only defined if/ |fldm < oo.

4.4 The Monotone Class Theorem

Motivation ., are measures on R that are finite on compact sets, with
u((a,b]) = v((a,b]) Va<b.

Is it true that u(B) = v(B) V Borel set B?

Attempt Define
A={B|u(B) = n(B)}.

Prove that A is a o-algebra.

e We know it contains intervals =— Br C A.
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4 LEBESGUE-STIELTJES MEASURES 4.4 The Monotone Class Theorem

e However, if sets 4,, € Awith u(4,,) = v(4,) Vn,wedon'tknow if

(54)+(0)

Definition 4.4.1 (Algebra). An algebra on X is G C P(X) with properties:

e JCQG,
e AcG =— A°ec g,and

e A1, Ay e — A1 NAyeq.

Example 4.4.2

e Any o-algebra is an algebra.

e The following example is an algebra, but not a o-algebra:

G = {A C R| Ais finite or A°is finite}.

Definition 4.4.3 (Monotone Class). A monotone class on X is a subset C € P(X) with proper-
ties:

¢ An€C, Ay CAnn VneN = | J4, e

n=1

oo
e B,eC,B,D>Bpni1 YneN = ﬂBneC.

n=1

Example 4.4.4

C={9,R}U{(n,00) | nei}

is a monotone class but not a o-algebra.

Definition 4.4.5 (Monotone Class Generated by £). The monotone class generated by C P(X)
is the smallest monotone class containing £. It is also the intersection of all monotone class
containing &.

60



4 LEBESGUE-STIELTJES MEASURES 4.4 The Monotone Class Theorem

Theorem 4.4.6 Monotone Class Theorem
If G € P(X) is an algebra, then the monotone class generated by G equals the o-algebra gener-
ated by G.

Proof 1. Denote by C the monotone class generated by G, and denote by A the o-algebra generated
by G. [WTS:C = Al.

(©): Ais amonotone class, so C C A.

(2): [To show A C C, we want to showC is a o-algebral.

e Cisanalgebra. [(Goal:VE,F € C, E\F, F\E, ENF € (]

Fix E. Define
Cp={F€e€C|E\F,F\E,ENF €C}.

Then, Cg is a monotone class. [F,, C F,.,F, € Cp = FE\F, D E\F,1 = F\F,+ € C.
Hence, E\F,, e C = E\(UF,) =N(E\F,) €C = UF, €Cg.l

Weknow: E,F € G = E\F,F\E,ENF € G C Cbecause g is an algebra.

1. fEFEegG, FedgthenF €Cg.
2. f Ee€G.theng c Cg.

Cr is a monotone class containing G, so it contains C. So, C C Cg. Then,
Ee€g,FeC = E\F,F\E,ENnF eC.
We could also have, by symmetry for £ and F, that

Ee€CFeG — E\F,F\E,ENFeC
VEe€C,FeG = FeCgGcCCg.

Since Cr is a monotone class, and C c C., we have
E,FCC = E\F,F\E, ENF €C.

So, C is an algebra:

l. oegccC
2. XegG,s0AeC = X\AeC.
3. A, Ay eC = AiNAyel.

e Cisao-algebra.

C is an algebra and a monotone class. If A,, € C, denote B, = A; U---U A,, € C. So,
UA” - UB” € C since B, C Bpy1.

61



LEBESGUE-STIELTJES MEASURES 4.4 The Monotone Class Theorem

Therefore, C is a o-algebra.

QED. H

Theorem 4.4.7 Motivating Example
u, v on R are Borel measures finite on compact with

p((a, b)) =v((a,b]) Va<b.

Then, ;(B) = v(B) V Borel sets B.

Proof 2.
e Show p(B) = v(B) for B in algebra generated by half open integrals. [Challenges are

1. p,v may be infinite.

2. Wedon't know if
w(A) =v(A1) and p(Az) =v(4y) = p(ArNAy) =v(A;NA,).

J

Lemma 4.4.8 Denote
Z ={(a,b] | a < b,acanbe — oo} U{(a,0)|a€RU{—o0}}.

So, u = vonZ. Also, define

g_{Q}U{UIjneN,Ij GI,IjﬁIk—Q,j;ék}.

J=1

Then, G is the algebra generated by Z.

Proof. [WTS: G is an algebral E € G <= xg is left continuous and is continuous except at
finitely many points.

1. If A € G, then y 4 has the properties. Note that
Xae =1—xa

has the same property. So, A € G.

2. If Ay, Ay € G, then x4, and x 4, have the properties. Then,

XA1NAz = XA1 XA

is left continuous and is continuous except at finitely many points.
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So, G is an algebra. O

n
ForE € G,if E = U I;, with I; N I}, = @ for j # k, then
j=1

u(E) = 1 (U ) >ty z (

HC:

7j=1

)

[This addresses challenge #2. Also, since only addition was invovled, we don’t need to worry about
#1.]

e Monotone Class Theorem to show V Borel sets B. [

Attempt {E € Br | u(E) = v(E)} is a monotone class.

Issue IfE, D E,.1, then

p(En) = Jim u(Ee) = i v(5,) = v(() En)
only if u(Ex) < oo for somek.
]

Instead Define
C={EeBr|VkeN, wW(EN(-k,k]) =v(EN(-kk])}

[since u, v is finite on compact, so E N (—k, k] C (—k, k], and u((—k, k]) < 00.]
[WTS:C is a monotone class.] If A, C Apt1, Ap N (—k, k] C Apy1 N (—k, k. Since

u(Ay, 0 (=k, k) = v(A, N (=K, k),
by taking n — oo, we have

MQJ&JW—hH)ZVGJAnﬂGk$D.

For A,, D A, +1, these arguments work similarly.

ForE € G, ENn(—k,k] € G. So, u(E N (—k,k]) = v(E N (—k,k]). Then, G C C, and C contains
monotone class gen erated by G = Bg (by Monotone Class Theorem). Then, since

wW(E N (—=k, k) = v(EN (—k,k]) VkeN

by taking k — oo, u(E) = v(E).

QED. n
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5 Product Measures

5.1 Product Measures

Goal We want to construct a measure « such that

k(A x B) = u(A)v(B).

Definition 5.1.1 (Product o-Algebra). If A is a o-algebra on X, B is a o-algebra on Y. The
producto-algebraon X x Y is the o-algebra generated by “rectangles” A x B, where A € A and
B € B. The product o-algebra will be denoted A ® B.

We want to construct product measure by Carathéodory’s Theorem. Let iz be a measure on A, v be a
measure on . Take class of elementary sets

E={AxB| A€ A, Be B},

with weight
p(A x B) = u(A)w(B).

We get outer measure

K*(S) = inf {Zu(Aj)y(Bj) | S c (A4 x Bj}.
j=1

j=1
Updated Goal This gives a measure on A ® B.
Lemma5.1.2If A € A, B € BB, then
K*(A x B) = u(A)v(B).
Proof'1. (<): A x Bcoveredby A x B,2,2,....So,
K*(A x B) < p(A x B) = u(A)v(B).

(>): For the opposite inequality, let
o0
Ax BC U Aj X Bj
j=1

o
XAXB S Z XAj ><B]'
7j=1

Letz € X andy € Y, then

xa(@)xs(y) < ZXAJ- (z)xB, ().
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Fix z, integrate in y:

Integrate in x:

QED. m
Lemma5.1.3 Forany S, R € €,

K*(S) = k" (SN R)+ k" (SN R).
Proof 2. By sub-additivity of outer measure,

K*(S) < K*(SNR°) + K* (SN R)
K*(S N (A x BY)) + £5(S N (A x B)) + £5(S N (A x B)) + £*(S N (A x B)).

Defining S = C x D, LHS = RHS = p(C)v(D). So, we have an equality,
K*(S) =k (SN R°) + k(SN R).

QED. ®
Lemma 5.1.4 Every rectangle R € £ is measurable with respect to x*.
Proof 3. (>): Let S C X xY be an arbitrary set. Then, S C U A; x Bj. For any rectangle R, applying
Lemma5.3to A; x Bjand R,

D KA x Bj) =Y k(A x B)) NRY) + Y _ k*((4; x Bj)NR)
> K (SNR) + K" (SNR) [0 -additivity]

Take inf over countable covers,
K*(S) > kK*(SNR)+ k" (SN R).

(<): By sub-additivity,
K*(S) < K*(SNR°)+ k*(SNR).

QED. 1
By Carathéodory’s Theorem, restricted of * to A ® B is a measure, which we call the product measure
of i, v and denote it u ® v.
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Remark.
M ={SC X xY | Sismeasurable w.r.t. k*}.

By Carathéodory, M is a o-algebra and contains all rectangles, so A ® B C M. Further, *| ( is
ameasure —> k*|4gp is @ measure called the product measure.

5.2 Tonelli’s and Fubini’s Theorem

o
Definition 5.2.1 (o-Finite). . is o-finite if I K,, C Ky s.t. p(K,) < coand | J K, = X.

n=1

Theorem 5.2.2 Tonelli
If i, v are o-finite, then for every f : X x Y — [0, co] measurable:

e Foreveryy €Y,z — f(z,y)is measurable.

The function y — / f(z,y) du(z) is measurable.

e Foreveryz € X,y — f(z,y) is measurable.

The function = — / f(z,y)dv(y) is measurable.

Iterated integrals Ll the order of integration.

/fdu@u //fxydu )dv(y //f:rydu Ydu(x).

Proofl.let M ={f: X xY — [0,00] | @-® hold}. Note that

e fgeEM = f+geM
e feM,cel0,0) = cf e M
o Iff,, e M, f,, < fny+1,and f,, — f pointwise, then f € M.

Goal If S € A® B, then xg € M. [For this, we will use Monotone Class Theorem.]

If E =Ax B, then ygp € M:
xe(z,y) = xa(x)xs(y).

Note that fix z, x5(y) is measurable, and fix y, x 4 (x) is measurable. So,

/ / xA(@)x5(y) du(z)dv(y) = / H(A)XB(y) dv(y) = p(A)w(B).
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Likewise, for

[ xat@ra) dvau.

So,
/ X, 9) A5 ® v) = (4 ® v)(E) = p(A)w(B).

Define an algebra (one can check this easily)

J=1

Gg={o}U { U (Aj x Bj) | A; x Bj are pairwise disjoint rectangles}.

ForS € G, xs € M.If S = A x B, then

// xs(z,y) du(z)dr(y) = /u(A)xB(y) dv(y) = u(A)v(B).

Since pu, v are o-finite, so,

o0
IKn, p(K,) <oo, X=|]JKy

n=1

ALn, p(Ln) <oo, Y =] Ly

n=1

Assume, WLOG, K,, C K1 and L,, C L,+. Define
So,

SjCSj+1,...,—>S, SjGCn = SeC,
S; D Sjt1,...,— 8, S;e€C, = SeC, [useK, x L,\S|]

Also, note that G is an algebra of a set. Since
Seg = SN(K,xL,) €gG = Sei,.
So, C,, is a monotone class containing G. So, by Monotone Class Theorem,
ABCC, = A®B=C,.

We know for each S € A® B, xsxk, xr, € M. Whenn — oo, xs € M. QED. =
Corollary 5.2.3 If/ fd(p®v) < oo, then

/f(x,y) du(x) < oo forv-a.e.y and /f(x, y)dv(y) < oo for u-a.e. x.

67



5 PRODUCT MEASURES 5.2 Tonelli's and Fubini’s Theorem

Theorem 5.2.4 Fubini’s Theorem
Suppose f: X xY — C. If/|f|d(u®u) < 00, then

[tawen = [[ e @iy = [[ feywwae)

Proof 2. If/ |fld(p ® v) implies

/ |f(z,y)|dp(z) < oo forv-ae.y and // |f(z,y)|dv(y) < oo for p-a.e. z.

Key to the proof:
f=Ref)y = (Ref)-+i[(Im f)y — (Im f)_].

Corollary 5.2.5 If g, : X — C is a sequence of measurable functions such that
Z/|gn|d/‘<ooy then Z/gndﬂz/zgndu-

Proof 3. Method I | Fubinis’ Theorem.

QED. n

This is a special case of Fubini for ;1 ® v, where v is the counting measuring on N. Apply Fubini to

G : X x N — C defined by
G(z,n) = gn(x).

Method IT | Dominated Convergence Theorem.

fa=91+ - +gn |[partial sum|

Then, |f.| < |gi| + - - + |gn| < h. Dominating function:

h = Z |9n|.
n=1

QED. ®

Example 5.2.6
f:X —[0,00]. Define g(y) = u({x | f(z) > y}). Then,

/fduz/ooog(y)dy-

Proof'4. Take h(z,y) = f(x)—y. Measurableas h : X x(0,00) - RU{o0}. Then, E = h~

1((0,00))

68




5 PRODUCT MEASURES 5.3 Lebesgue Measure on R"

is measurable. By Tonelli’s Theorem on x z:

// xe(z,y) du(z)dy = // xe(z,y) dydp(z).

° RHS:/XE(J?,y)dy: f(z)

e LHS: Fixy, (z,y) € E <= f(x) >y <= z € {x| f(z) > y}. So,
/XE(w,y) du(z) = g(y)-

So,
[owas= [ 1) duo).

QED. ®m

5.3 Lebesgue Measure on R"

Theorem 5.3.1

If X,Y are second countable, then Bx ® By = Bxxy

Proof'1.
Lemma 5.3.2 If X, Y are metric spaces, then X x Y is a metric space with

d((z1,y1), (T2, y2)) = dx (21, 22) + dy (Y1, Y2)-
The rest of the proof is omitted. QED. n

Corollary 5.3.3 Brr @ Bre = Bite.

Definition 5.3.4 (n-Dimensional Lebesgue Measure). Let m : B — [0, oo] Lebesgue measure
on R. Define, inductively,

mi=m, and m, =mp_10m

to be the n-dimensional Lebesgue measure. So,

my, : Brn — [0, 00].

Proposition 5.3.5 (Translation Invariance). m; is translation-invariant because m;(A + t) = mi(A),
A € Bg,t € R. Hence, m,, is also translation-invariant:

mp(A+v)=my(A), A€ Brn, veR"
Proposition 5.3.6 (Uniqueness of Lebesgue Measure). Let ;. be a Borel measure on R”. If 11 is translation-
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Lebesgue Measure on R"

invariant and
w1 ((0,1]") = ¢ < o0,

then p = em,.
Proof 2. By translation invariance,

M((O’l:|x<0’l:|xx<07i:|):#
q1 q2 dn q192 - - dn
M((O,E]XX Oj_n:|>=c]£]2&
q1 qn q1 g2 dn

- ,u((O,bl] X e X (07bn]) =cbiby-- b, fOI‘bl,bg,...

= p((ar,b1] X -+ X (an, b)) = ¢ [ [ (b5 — a))
j=1

b >0

=cmp((ag,b1] X -+ X (ap, by]).

So, u(B) = ¢cmy,(B) for rectangle B. Define

Cr = {B | n(BN(=k, k]") = cmn(B N (=K, k]")}.
Note that C, is a monotone class. By Monotone Class Theorem,

w(BN(=k, k") = cmp(BN(—k, k") VBorel B.

When k — oo, u(B) = ecmy,(B).

QED. m

Theorem 5.3.7 Rotation Invariance
Let S be an invertible n x n real matrix. Define

SB = {Sx | x € B}.

mn(SB) = my(B).

This property is called rotation invariance.

Then, m,,(SB) = |det S|m,(B). In particular, if S is a rotation matrix (det S = 1), then

Proof 3. Fix S. Define ug(B) = m,,(SB). pg is translation-invariant because

ps(v + B) = mp(Sv + SB) = mn(SB) = ps(B).

Now, consider
ps((0,1]") = my( S(0,1]" ) = ¢(S) < oo.

———
bounded set
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pus = c(S)my,, and my,(SB) = ¢(S)m,(B).

It remains to prove ¢(S) = |det S|. Observe that ¢(S1.52) = ¢(S1)c(S2), and |det(S1.52)| = |det S1|-|det Sa|.
It is sufficient to prove for elementary matrices (appeared in Gaussian Elimination).

e S = permutation matrix. 3o : {1,...,n} O direction. Sj,;y = 1, and all other entries are 0.
Permutation does not change the Lebesgue measure.

e S = diagonal matrix.

A
_ Lebesgue measure is charged by
S= = A1 Az-+-An |[=|det(S)]
An
°
11
0
1
S = 1
0
- 1 -

By translation invariance, Lebesgue measure is unaffected.

We can multiply elementary matrices to S, to get an identity eventually. Hence, we have shown
my(SB) = |det S|my,(B).

QED. H

Example 5.3.8

Definition 5.3.9 (Gamma Function).

I'(2) :/ t*“le7tdt, Rez >0
0

o0
Note that / [t*"'e"| dt < oc. So, Gamma function is well-defined.
0

Definition 5.3.10 (Beta Function).

1
B(z,w) = / Y1 —t)*"'dt, Rez, Rew > 0.
0
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Lemma 5.3.11 (Relation Between Gamma and Beta Functions).
B(z,w)['(z +w) =T'(2)I'(w)

Proof 4.

RHS =T'(2)I'(w) = / ¥ le® dx/ y“ eV dy
o 0
/ / ¥ e Ty e Y dy [Fubini]
o Jo

= / ¥ e Ty eV d(z, y) [Integral over product measure|
(0,00)

Change of variable: s = x — y and ¢t = = + y. Then,
Sy (1 -1\ [z
t) \1 1) \y)
1 -1
det (1 . ) =2 = d(s,t) =2d(z,y).

s+t\*/t—s\Yh 1
H: =tz
= ()7 (5) e

where A = {(s,t) | |s| < t}. That is, by Fubini,

o) t ¢ z—1 t— w—1 1
RHS:/ / <3+ ) ( S) et dsdt.
0 )2 2 2

Another change of variable: s = —t + 2tu. So, -t < s <t = 0 < u < ¢, and ds = 2du. Then,

where

So,

RHS_/ / A — )=tz te—le=t qudt

o0
—/ w1 —w)v 1du/ tFre—lemt gy
0 0

= B(z,w)I'(z + w)
= LHS.

QED. m
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6 L* SPACES AND FOURIER TRANSFORMS

6 [? Spaces and Fourier Transforms

6.1 Norms, Banach, and L” Spaces

Definition 6.1.1 (Seminorm and Norm). Let ' be a vector space over C. ||-|| : V' — [0,00) is a
norm if

o [|Az]| = [A] - [z
o |lz+yl <zl + [yl
o x40 = |z #£0.

Note that ® and @ defines a seminorm.

Definition 6.1.2 (Norm-Induced Metric). A norm induces a metric

d(z,y) = |l = yl|

Example 6.1.3 Space with Norm
o R"
e C(K)={f:K — C| f continuous}, where K is compact.

1. Norm:

11|z = max | £ ()]

2. C(K) is a complete metric space.

3. Convergence: || f, — f||; — 01is uniform convergence.

Definition 6.1.4 (Banach Space). A Banach space is a vector space with a norm, which is com-
plete with respect to the metric induced by the norm.

Definition 6.1.5 (L? Norm (informal)). X is a space, A is a o-algebra on X, and  is a measure
on A.

111, =/\f|du-

1/p
1l = ( / If!pdu> .

e Forp e [1,00),
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e Forp = oo,
[flloo = nf {t € [0,00] [ |f] <, p-a.e.}

Disproof'1.1s || f||; anorm on £'(X, du)? Recall

£1(X, dy) = {f x el [Inan< oo}
is a vector space over C.

. /IAfIdMZIAI/IfIdu — Ml = A DL

. /|f+g|dus/(\f|+\g|>du:/\f|du+/rgrdu — 1f + gl < 11+ gl

e However,
/|f|du:O <~ f=0 p-ae.

That s, || f|, is just a seminorm on £(X, du). [

How to make it anorm? Define an equivalence relation:

f~g < f=g p-ae.

An equivalence class is denoted [f]. Define

LNX,dp) = {[f] | f € LY(X, dp)} = L1(X, dp)/ ~
—_——

Quotient space

Now, || f]|; isanorm on L' (X, dp):
I = A1

Proof 2. This norm is well-defined.

o [l = 1AL Al = IAT- (LA
o If+gllly < A A+ [l

So, |||, is anorm on L(X, du). QED. m
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1 1
Lemma 6.1.6 (Young’s Inequality). Let p,q € (1,00) s.t. — 4+ — = 1. Then, Vz,y € [0, 00),
p q
p q
zy < r + y_'
p q
Proof 3. Use log and exponentials, we have
Ty = €878y and i + v l6p10g”” + 1eqlogy-
p q p q

1 1
Denote u = plogz,v = qlogy,t = —,and 1 —t = —. Then,
p q

zy = elosrtlogy — ctut(1=thv  apq o + o =te" + (1 —t)e".
p q

Since exponential is a convex function,
etu—l—(l—t)v < tet + (1 _ t)eu‘

QED. H

1 1
Lemma 6.1.7 (Holder’s Inequality). Ifz_? + p = 1,and

[isran<oo and [ gl du< o,

thengf € £1(X,du) and
] / ?fdu‘ < 171 llgll,

Remark 4. (Special Cases).

e Young’s Inequality: p = ¢ = 2.

$2

2
l‘y§?+%

e Holder’s Inequality: p = ¢ = 2 gives Cauchy-Schwarz Inequality.

[arau] <iblols, and (S| < TPy b
j=1

Proof 5.
e If | f|[,=0,then0 <0
o Iffgll, =0, then0 < 0.

o Otherwise, WLOG, assume ||f||, = 1 and ||g||, = 1. [For the general case, if0 < | f||, < oo, let
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C =

LetFF =Cf. LetD = G = Dg. Then, |F||, = |G|, = 1. Then,

’/GF du

1
Multiply by Yolo) to finish the proof.] By Young’s inequality, we have

1
11, llgll, H

< Fll, Gl

(@)£()] = l9(@)|| ()] < N
/!gf!du< /!f!”du+ /Iglqdu—— == 1=l

Thus, gf € £'. Further,
\ / ?fdu' < [ laslau= 171, ol

QED. m
Corollary 6.1.8 For fixed f € £P(X,du). If we pick

{prf, f non-zero
g =

0, f zero.

We have g € £7, and

1/q 1/q
lal, = ( / If!(”_”qdu> _ ( / !f!”du) _ I

Then, we have equality in Hélder’s Inequality:
[atau=111, )l
Lemma 6.1.9 (Minkowski’s Inequality). For f1, fo € £P(X,du), p € (1,00). Then,

11+ fall, < WAl + [1f2l,-
Proof 6. For every g € L1,
‘/y(fl +f2)dM’ - ‘/afl dji+ /?fzdu‘
< llgligllf1ll, + lgllgllf2ll,-

Pick the ¢ that achieves equality in Holder’s Inequality (by Corollary 6.8). Thatis, g = |f1 + foP 2(f1 +
f2). Then,

] [+ fz)du‘ Nl s + fall.
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So,

gl fr + fall, < Ngllllfall, + lglly [l f21l,
11+ fall, < [1f2ll, + 12l

QED. m
Proof 7. (Rigorous) Let fi, fo € LP. Pick g = | f1 + fo|P"2(f1 + f2). Then,
lol, = ( [ 1a1"a) e (f15+ 2 du)l/q i+ Rl
[ana <l I,
‘ [ a5 du‘ < llgl I 2l
[+ 2P an=| o+ 20 < ol (1l + 121,

s+ BIE < I+ (LA, + 11,)

11+ Ball, < Il + 1 fell,
QED. m

Definition 6.1.10 (L? Space). Define || f||, =0 < f=0 p-a.e.. Then,

LP(X,dp) =LA f € £2(X, du)},

where the equivalence class is defined as f ~ gif f = g p-a.e. LP(X,dpu) is a normed vector
space.

Theorem 6.1.11 Riesz-Fischer

Forp € [1,00), LP(X,du) is complete.

Proof 8. Pick a Cauchy sequence f,, € LP. [WTS: it is convergent. i.e., 3 [ € LV s.t. ||f,, — f[[, — 0 as
n — oo.] Pick a subsequence such that

1
ank+1 o f"ka < 4k

Notationally, denote f,,, = 0. By geometric sum,

Z Hf”k - f”kﬂHp < 0.
k=1

Define -
h($) = Z ‘fnk($) - fnkfl ($)‘
k=1
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6 LY SPACES AND FOURIER TRANSFORMS 6.1 Norms, Banach, and L? Spaces

This is an increasing limit of functions

) =Y [fon (@) = fars (@)].
k=1

ByMinkowski,

[Pl SZank Friall,

m

1/p
(/\hm\pdu) <3 o = Fn |
k=1

Taking m — oo, by monotone convergence,

1/p o)
</|hlpdu> < e = Sl
k=1
[All, < Z | fr — fnk—lHP < 0.
k=1

So,h < oo p-a.e.
For any z s.t. h(x) < oo,

S fnn @) = frs (@)] < 00
k=1

= (fn,(®))po, isCauchyinC

= (fn,(2))se, is convergent.

Define f(z) = lim f,, (x), the pointwise limit. So, f,, (z) — f(x). Then,

Jrm (T Z fnk — fre_ ($))
k=1
| frim (T Z |fnk fnk_1(x)‘ < h(z)

Then, taking m — 0, |f(x)| < h(z). Note that

| e = f] < | fni| + 1f] < 2R
| fn, — FI" < 2PRP.

By Dominated Convergence Theorem, with dominating function 2Ph?, we have

i [ Vo~ 7 du= [ Jim |~ 7 du= [0du=0.
k—o00 k—o0
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So, || fu, — fll, = 0ask — ooc.
Given a Cauchy sequence, showing its subsequence converges implies that the original sequence
converges. QED. n

Theorem 6.1.12
Let LP(X,du), where p € [1, 00), then simple functions s such that

p({z | s(x) # 0}) < oo

are dense in LP(X,du).

Proof 9. Let s = y 4.

Isll, = (1(A)'/? < 00 = p(A) < 00

s:chXAjGLP < u(4;) <oo Vjwithe; #0.
j=1

[M is dense in metric space X if M = X <= Vzrc X, 3Ty, <€ Ms.t. lim y, =]
n—o0
First assume f € LP, f > 0. Since f > 0, 3 s, simple such that 0 < s,, < s,,4+1 with s,, — f pointwise,
and by Dominated Convergence Theorem,

] — p - 1 — p s e
nlggo/lsn f1P dp /nlggolsn fIP dp /Odu 0.

We can apply DCT because |s,, — f| < f = |s,, — f|P < fP. Use f? as the dominating function.
Now, assume f € L? and f is real-valued. Then, f = f. — f_, where f1 = max{+f(x),0} >0 =
fE < |fP. So,

/fid,u<oo.

Hence, f1 € LP? are positive functions. Take simple functions s,, 4 — f; and s, -~ — f_. Then,
Sn,4+ — Sn,— —7 f_|_ — f_ in LP.
[Alternative reasoning: ||sn + — f+|[, — 0 and||s, - — f-||, — 0 asn — co. So, by triangle inequality,

[($n4+ = sn,—=) = (f+ — ff)Hp = |[(sn,+ — f+) — (sn,— — ff)H,,

< llsn+ = f+ll, + llsn— = F-1, < 0.

Finally, for f € L? arbitrary, f = Re f + iIm f. By linear combination, we complete this proof.
QED. ®m
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6.2 Approximation of Sets and Functions

Theorem 6.2.1
Let 1 be a finite Borel measure on metric space X. V Borel set £ and Ve > 0, 3 closed F and 3
open U such that

FCECU and p(U\F)<e.

Proof'1.
A= {FEBorel |Ve >0, 3U open3Fclosed, FF C E CU, p(U\F) < ¢}

[WTS: A is a o -algebra and contains all closed sets.]

e Aisao-algebra.
1. F=0,F=U=090
2. FEe A = E° e Abecause

FCECU = U°C E°C F“.

3. Assumesets E,, € A, E = UE" [(WTS: E € Al

Fixe > 0, Vn, 3F, closed and U,, open such that F,, ¢ E,, C U,, and
€
Take U = U U,and A = U F,,. Then,

ACECU and u(U\A)<22%:e.

[The inequality becausex € UN\A — x €U, v ¢ A = Ins.t.x € U, and¥n, x ¢ F,. So,
dn s.t. x € Uy\F,. Thatis,

U\A C U U\F, = p(U\A) <Y p(Un\Fy).
n=1 n

]

Hence, U is open, but A is not necessarily closed. [WTS: create a closed set.]

N
Ay = U fn closed.

n=1

uw(An) = p(A)as N — oco. Then, u(A\Ay) — 0as N — oo since p is a finite measure. Pick
N so that (A\An) < €. Denote F' = Ay. Then,

FCACECU and pU\F)< u(U\A) + p(A\F) < ¢ + ¢ = 2.
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So, £ C A.
So, A is a o-algebra.

e A contains closed sets:

1

Assume E is closed. Take F' = E. Define U,, = {x | dist(z, E) < —}. Then, U,, are nested open
n

sets: Up+1 C U,

(o]
ﬂ U, = E Dbecause E is closed.

n=1

w(Uy,) = p(F) = w(U,\E) = 0asn — oc.

[Note that we can do subtraction since . is finite.] Fixe > 0. Pick n s.t. p(U,\F) < . Pick F = E
and U = U,. Then, F = E C U with u(U,\F) < €.

QED. m

Theorem 6.2.2
Let i be finite Borel measure on a compact metric space X. Then, C(X) are a dense subset of
LP(X,dp) forp € [1, 00).

Corollary 6.2.3 C([a, b)) are dense in LP([a, b],du).
Proof 2. (of Theorem 6.2.2)

Observation f € C(X) — fisbounded — |f| < C. Then,

J1a7dn < crux) < o

— CO(X) C LP(X,dp).

The remaining needs to prove C'(X) is dense. Let E C X be Borel. Fixe > 0, F' closed, and U open such
that
FCcEcCU and p(U\F)<e.

Take f(z) = (1 — dist(z, F)/5), . The,
feC() and f:X—[0,1, flr=1.

Take 0 = dist(F,U¢) > 0. In other words, x € U¢ = dist(x, F') > d. Then, f(z) = 0. Hence, f|y- = 0.
So,

/|f—XE!de§ 1-p(U\F) < ¢

If = xell, < &'/
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Now, take simple function

n
s = E CjXEj‘
j=1

Fixe > 0. Find f; € C(X) s.t. Hfﬂ XEJH < e.Take f = Zc]fj,then
7j=1

Is = fIl,, = §j (xg; = £)|| <D lgjle.
j=1

p

Finally, g € LP. Fixe > 0, 3s simple such that ||s — g||, < cand 3 f € C(X) such that [|s — f||, < ¢
Then,

lg = fll, < lls —gll, + s = fIl, < 2e.

QED. nH

Theorem 6.2.4
Let 1 be a Borel measure finite on compact sets. Then, C'(R?) is a dense subset of L?(R?, dy) for
p € [1,00).

Proof 3. Note that f € C(R?) is not necessarily bounded and not necessarily in LP. We will use
f € C.(R%), where

supp f = {x | f(z) # 0}, and C.(x) = {f € C(X) | supp f compact}.

Define K = supp f, C = max |f|- Then,

UKCMAUVSWMy/VWMSWMM<w-

QED. W

Theorem 6.2.5
Let 1 be a measure on R? which is finite on compacts. Then, C.(RY) is a dense subset of
LP(R?, dp), p € [1,00).

Proof 4. Let E C R? be a Borel set. Then, .(E) < co. Denote K,, = [-n,n]?, then E\ K, is decreas-
ing, and

N(E\K,) = @

Since F has finite measure, u(E\ K,,) — 0 when n — oo. Fixe > 0. Pick n such that u(F\K,) < ¢
Let'sworkon K,,: 3F C E N K,, such that F is closed and

W(ENK\F) < e
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6 L” SPACES AND FOURIER TRANSFORMS 6.3 Continuity of Translation

Define fi(v) = (1 — kdist(z, F)), . Then, f; = 1on F. When k — oo, fr. — xr pointwise. By Dominated
Convergence Theorem,

lim /|fk — x|’ du 2/ lim |fy, — xr|"dpu = 0.
k—o00 k—o00

To apply DCT, consider the dominating function xx,, ., .
[We are not choosing 1 as our dominating function because

/1du may be infinite (non-integrable).
JRA

But, ‘
/ XK1 At = p(Kpq1) < 00,
R4

And 0 < fr < 1,and f; = 0 on K, ;. From DCT, we also know that 3 £ such that

I fr — xrll, <e
/p

/p

Ixr — xEnr,ll, < &'
IxXe — XBnK, |, < et

= [Ixp —xrl, <e+ 2e1/P,

Then, simple functions can be approximated. So, any function in L” can be approximated. Q.E.D. H

Definition 6.2.6 (Space T/Torus). T is the unit circle with length 27. Note that T is compact,
and T = R/2xZ. So, addition is defined as  + y mod 27. Meanwhile, T = T x T x - x T.

6.3 Continuity of Translation

Definition 6.3.1 (Translate of a Function). For a function f : T — C (for f : R¢ — Q), its

translate by y is the function
(ryf)(x) = fz —y).

Theorem 6.3.2
For any f € C.(R%)
If — Tufllga = 0 asy — 0.

Proof 1. Let ||y|| < 1 and supp f C [-n,n]%
Take K = [-n —1,n+1]%. f is continuous on K, so it is uniformly continuous. That is, Ve > 0,
36 > Osuch thatz,y € K and

[z —yll <0 = [f(z) - f(y)l <e
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Change the notation: Ve > 0,36 > Osuch thatVz,z —y € K, if ||y|| < 6, then |f(z) — f(z —y)| <e.
Outside of K, f(z) — f(z —y) = 0.
So,Ve >0,36 > 0s.t. [ly]| <6 = Va eRY, |f(z) — f(z —y)| <e Thatis, |f — 7y fllga <&
QED. m

Example 6.3.3 Why we Need Uniform Continuity?
f(x) = 2% on R? is not uniformly continuous.

(ryf)(@) = f(z) = flz —y) = 22y — °.

If =7y fllga = o0

Extension 6.3.1 OnT%,V f € C(T?), ||f — 7 f|lza — 0 asy — 0.

Theorem 6.3.4
For any f € LP(RY) (with Lebesgue measure), p € [1,c0). Then,

If =7y fll, =0 asy— 0.

Proof 2. [Key idea: use density.] Fixe > 0, 3g € C.(R?) s.t. ||f — 9l, <e = lryf —7ygll, <e. We
have ||g — 7,9||[ga — 0asy — 0. Ifsuppg C [-n,n]% and ||y| < 1, then

g— 7,9 issupportedin[—n —1,n + 1]%

Then,
/ lg — ygP dp < m([—n —1,n+ 1]d> lg —1gllpa — 0 asy— 0.

0,30 > 0s.t. Vywith ||y <6 = [lg — 7ygll, < . Thatis, 36 > 0 such that Vy with ||y[| <,
1 = rfll, < 1 = gl + I f — 7yl + llg — 7ygll, < 3e.
QED. W
Extension 6.3.2 InT,V f € LP(T%),p € [1,0),
I = fll, —0 asy 0.

[Note: implied measure:
dm

(2m)?

dp = and (T =1.
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6.4 Fourier Series and the Fejér Kernel
Set-Up f: 27-period function on R.

Goal Approximate f by 27-period functions. A natural attempt is to use trigonometric polynomials.

For example,

If f ~ p, then

Definition 6.4.1 (Fourier Coefficients). For a function f € L!(T), Fourier coefficients are

2 dz

- —ijz
f] 0 (x)e 27T

Question

.
723 e
=N

Definition 6.4.2 (Partial Fourier Sum).

f(a+2m) = f(x)
1 2w

fn= o J, ()™ dx, ncZ

N ~ .
(Snf)(@) = D fae™.
n=—N

Definition 6.4.3 (Dirichlet Kernel).

Proposition 6.4.4
sin((2N + 1)t/2)

: . t#0
Dn(t) = sin(t/2)
2N +1, t=0.
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Proof 1. By geometric sum,

2N :
. g 1 — eleNFDE
DN(t) —e iNt Zeljt —e iNt o
§=0
. (2N+1)t L (2N+1)t
ez —e 2
e—it/2 _ ¢it/2
—2isin (2841
= # [Euler’s formulal
—2i s1n(§)
_ sin((2N +1)t/2)

sin(t/2)

QED. N1

Attempt to answer the question

al °n iny inwdy
sxhw = 3 | remen

™

or N
— / >t (y)ei”yei”l’g—i [Exchange ~ and / because we have finite sums]
0 n=—N

21 N dy
_ in(z—y) Y
W) n;N e 5
2T d N )
= | fwDxte- y)% [Dn(t)= Y & is the Dirichlet kernel

n=—N

Updated Question
o feC(T):
|Snf— fllx] =0 asN — oo? Notin general.

o fe LYT):
|Snf—fll; =0 asN — oo? Notin general.

Why this Dirichlet Kernel Fails?

27 or N
de o, dt
Dn(t)— = § it = —q,
; N )27T /0 szNe o

but )
g dt
sup/ |Dn(t)| =— = oc.
N Jo

o0

So, we have oscillations.
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Definition 6.4.5 (Cesard Convergence). The sequence z,, is cesard-convergent if

N-1

N Z x, (Cesard-averages) is convergent.

n=0

Example 6.4.6
The sequence 1, —1,1, —1,... is not convergent, but their cesard-averages converge to 0.

Definition 6.4.7 (Cesard-Averages of Fourier Partial Sums).

(Cnf)(z) =

[No dependency onn; sum it up.]

Definition 6.4.8 (Fejér Kernel).

2w dy
Cnfl@)= | fly)Enz—y)o .
0 T
where
| N1
Fn(t) = N nZ:;J D, (t) isthe Fejér kernel.
Note that )
_ 1 (sin(Nt/2)
Fn(t) = N( sin(/2) > !
and

2 dt 1= [ dt
Fy(t)— = — D,(t)— = 1.
[, g =53 [ miog,

Lemma 6.4.9 (Fejér Kernel Properties). Fejér kernel has the following properties:

o Fin(t) >0

2m
dt
° / Fyit)— =1
0 2T
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e Foranye > 0,

Proof 2.
e @-®@ are evident. To show ®, if e < t < 27 — ¢, then

ot S €
sin — > sin —.
- 2

So,

1 (sinNt/2 2 1
Fn(t) = N( sint/2 > = Noin?(e/2)

2m—e dt 2m—e 1 dt
Fyn(t) By < 9 oo
e U e Nsin®(g/2) 27

I
2 Nsin®(g/2)

—0 when N — .

QED. m
Theorem 6.4.10 Fejér’s Theorem
Forany f € C(T),
ICnf— flly =0 asN — oo.
Proof 3.
2w d 2 d
Oxn@) ~f@) = [ Pxofe =5t - 1@ [ FxgE
2 d
= [ P =) - s gL
[Idea: for smally, f(x —y) — f(x) will be small. For largey, Fn(y) will be small.]
d 2m—¢ d
e - 1@l <| [ v -0 - s+ [ Bt - - san gt

2m—e d
Cwf = fle < [ Ev@lng — gt + [ Fxt)-20sl5

Foranyé > 0,3¢ > Osuchthat |y| <e = |7,f — f|l; < 9. So,

d 2m—e d
lens=sle<o [ EnwEL 4 [T Fel)-2lly

————
<1 since total integral=1

2m—¢ dy
<6 F -2 —
<ot [ Pv)- 2l

—0 by Lemma 6.9
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So, when N — oo,
limsup O f — fllp < 6.
N—oo

Since ¢ > 0 is arbitrary,

limsup O f = flly = 0

N—oo

li — flly = 0.
Jim [Oxf = fllp =0

QED. ®m
Corollary 6.4.11 (Wieastrass’ Second Theorem). Trigonometric polynomials are dense in C(T).
Corollary 6.4.12 For any f € L'(T),
lim f, = 0.

n—+oo

Proof 4. If p is a trigonometric polynomial,

l
p(x) = Z cpet?.
k=a

Then, p, =0ifn > forn < a.
For any f € L}(T), anye > 0,3¢g € C(T) such that ||f — g||, < € and 3p trigonometric polynomial
such that ||g — p[|; < €. Then,

||g—p11=/|g—pdws ||g—pHT/1dw<2m

If =l +1<[[f =glly +[lg = pll, <e+2me=(2r+1)e

n ~ —inz —inz dz
fn—Dn| = ‘/ (f(x)e p(;c)e )27'('
dz
< Y
< [17 sl
1 2r +1
= %Hf—p\h < o€
Note that for any |n| large enough, |p,| = 0. So,
~ 2 1
fnl < Tt E.
2w

QED. nH

Definition 6.4.13 (Fourier Coefficients of Measures). Let 1 be a finite measure on T. Its Fourier
coefficients are given by

Ty = /e_im dp(z).

Ifpu,=v, Vne€Z thempy=uv.
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6.5 Convolutions

In this section, assume G = T or G = R?, f,g € L'(G), and define

— / f(@ - y)g(y) dy

Lemma 6.5.1 h(z) is well-defined for a.e. z and h € L'(G) with

120y < (£l gl

Proof'1.
/ |f(z—y ’dydl’—/ |f(z —y)g(y)| dedy [Tonelli]
/ |f(x)g(y)| dedy [Translation Invariance]
-/ (|g<y>| / )] de) ay
~ [1r@ldz- [ lgw)ay < oc.
Then,
/|f33— y)|dy < oo fora.e.x.
Hence,

- [ #e=eway
is well-defined for a.e. z. Moreover,

/!h(w)ldwz/‘/f(x—y)g(y)dy
< [[ 11t = gl dyas

= [I£1l,1lgll;-

dx

Thatis, |2ll, < [If]l,llgll,. So, h € L (G). QED. m

Definition 6.5.2 (Convolution). 4 is called the convolution of f and ¢. Notationally,

h=fxg.

Remark.

e Convolution is commutative. Consider x fixed, y variable, and the substitution u = = — y.
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Then,

[ e -nsw)ay= [ swgtz -

fxg=gxf.

e One can also show

(fxg)xh=fx(g*h)

¢ No identity element for convolution. Instead, we have an approximate identity, which s a
family of functions (sequence, or parametrized by A > 0), K, € L!(G) satisfying

3. YopenU C Gwith0 € U,
lim Ky(z)dz =0.

A—00 Uc

[This definition is similar to Fejér kernel’s. A more general definition is that

1. sup/|K,\(1:)\d:L‘< 00
A

2. /K,\(x)da, 1

3. VopenU with0 € U,
/ |K)\(z)|dx — 0.
Jue

Theorem 6.5.3 Approximate Identity
For an approximate identity K,V f € C(G), Ky * f — fin C(QG)

Remark. g = 1isnot an identity.

(f*g)(z /fw— y)dyz/f(ﬂf—y)dy
~ [ fw)ay

= constant 1L z.

Fourier Series on T*
e Fourier coefficients:
_ f(‘,r)efinxd_‘r ne Zd
B (2m)d’
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e Fourier partial sums

Snf= Y fae™
nezs
In;|<NVj

e Cesard-Averages:

N—-1
1

CNf—NE Snf, andCnf =Fnx*f
=0

e Fejér kernel in T%:
d
=[] Fv(z))
j=1
This Fejér kernel is an approximate identity in T<. So,

Cnf— f inC(TY).

Theorem 6.5.4
Let K, be an approximate identity. Then, V f € L'(G),

Kyxf— f inLYG).

Proof 2
(K s 1))~ £0) = [ Ka@f @ =) dy = [ Ka@)F(a)dy ([ Kot dy =
/ E\@)lf(z —y) — £()]dy
- / K@) (ryf — £)(x) dy
So,

1Exx f — 7, < / KW)|(myf — f)(@)] dyda
< / Ex@)lImf — £, dy

Fixe > 0. Let U open with 0 € U such that

|7y f — fll <& whenevery e U.

[Why we can pick such a set? By continuity of translation:

f—=f inL' asy—0 = 35>0, |y|<é = |rf—fll,<e
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| Hence,
15+ f = 1, S/UKA(y)IITyf—flllder/U K@)/ — £, dy
< / K (y) dy + / 2011, K(y) dy
U Uc
—>0asv/\—>oo
Hence,

limsup || Ky * f — f]|; <e.
A—00
Since ¢ > 0 is arbitrary,

lim ||Ky* f— f|l; =0.
A—00

Proposition 6.5.5 (Convolution Improves Differentiability).

(f * 9)(x) = / £z - 1)g(y) dy
(f*g)(z) = / £ — w)g(y) dy

(fxg)=1fxg
6.6 Fourier Integrals
Recall Fourier series: for f € L(T?),
N 1 —inx d
fnzw/e f(z)dxe neZ"

QED. H

Definition 6.6.1 (Fourier Integral). Let f € L!(R?) [we lose periodicity here],

Pk = == / ek f(z)dz k€ RY

(2m)

I Definition 6.6.2 (Pointwise Decaying Function). f(x) is a decaying function if lirin f(x)=0.
T—>T00

o~

Fourier integral produces a decaying function.

Remark. Note that f ¢ L'(R?) +#= f is decaying. However, f(k) is decaying. So, the

Proposition 6.6.3 (Some Properties of Fourier Transformation).

o [e7*f ()] = [f(2)|

o frg=(2m)2fG
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e fisabounded function

Proof'1.

M‘)

27r1d/2/‘ @)
— \ \_ d/2||f||1 vk

— f is a bounded function

QED. n

e f is uniformly continuous.

Proof 2.

It is enough to prove:

hm/‘e — ()| dx = 0.
a—0

Note that |e ™" — 1| - | f(z)| < 2|f(z)| and e~'*" — 1 pointwise when a — oo. [Recall the fact that

hI%J( a) =0 < Vsequencea,, a,—0 = g(a,)— 0.
a—

| So, we will do the same. Pick a sequence a,, — 0. Apply dominated convergence theorem, and
we complete the proof. QED. n

e Lemma Riemann-LebesgueIf f ¢ L'(R?), then

~

F(k) =o.

[kl =00

That is, | is decaying, and¥e > 0,3R Vks.t.

Ikl > R = | Fk)| <

Proof 3. We will just prove a special case here. Let f € Co(R?). Then,

—ik-x

)

()
_e—lk (:E+ >f(ac) dz

Fk) = G [ e
Flk) = (zﬂl)d /
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6 L* SPACES AND FOURIER TRANSFORMS 6.6 Fourier Integrals

Definey = x + % Then,

-~ o 1 _ik- m
(7) + (8), we have

2f(k) = (27r1)d/2 / @) = f (o -3 ) o

Z‘f 27r1)d/ /‘f x——)‘dx—>0 as k— o0

since f is uniform convergent (f € Cc(R9)).

Lemma6.6.4 If f € L'(R) and / |z f(z)| dz < oo, then f is differentiable, and

(F) @) = (st ).

(8)

QED. H

Proof 4. Denote g(x) = iz f(x). So, g € L'(R). [WTS: f = 3. Instead of differentiation, let’s show for

a<b,

-b . N
/ G(k) dk = F(b) - Fla).

We already know that g is continuous. So, this will imply =3 by Fundamental Theorem of Calculus.]

Fixa < b. Then,

/a " 50k) dk = \/%7 / ’ / g(@)e T dadk.

To justify exchanging intergrals, let’s check:
b
d:z:dk::/ /|g(m)\dxdk

/a b / ‘g(x)e’““'x
=lﬂMhM

= llglly (b = a) < o0

So, by Fubini’s Theorem,

/a bgi(k) dk | = \/% / / ' g(x)e *T dkda

\/ﬁ// —izf(z)e * dkdz [0 (c_“‘"’”) — _ige ]
\/%/f _lkm . da:

=7§/f@xw“—ﬂmemwx=ﬂw—ﬂw.
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6 L” SPACES AND FOURIER TRANSFORMS 6.6 Fourier Integrals

For f € LY(R), does funiquely determine f? The answer is Yes. To prove it ,we need Fejér Kernel.

Definition 6.6.5 (Fejér Kernel).

A (sin(Az/2) 2
o) =52 (e ) 20

Note that
. / s = 1
e Foranyé > 0,as A — oo.

/ Ky(z)dz — 0.
R\(—4,0)

e So, Ky * f — fin L(R).

Lemma 6.6.6 (Fejér Kernel as an Integral).

e K1Y ik
Ka@)=— [ (1-50)e dr.
) =5 /A< X )e

Corollary 6.6.7 For all f € L'(R),

(rx o) == [ 1 (1 - @)ﬂme“ﬂ'f s

Corollary 6.6.8 Fourier transforms uniquely determine the function. i.e., if f =g Vk,then f =g.
Proof 5. Fourier integrals uniquely determine the convolutions, which converges to the function.
QED. ®m
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7 HILBERT SPACE

7 Hilbert Space

7.1 Inner Product

Definition 7.1.1 (Dot Product).

n
e Vaz,y € R", the dot product is defined as = - y = Y " z;y;, and 2 - = = |*.
j=1
n n
e Vz,y € C", the dot product is defined as (z,y) = ijyj, and (z,x) = Z |z
i=1 j=1

Definition 7.1.2 (Inner Product). Let V be a vector space over the field C. An inner product on
Visamap (-,-) : V x V — C with the following properties:

e Linearity in the second parameter: If A € C, z,y,y € V, then

(,\y) = Az,y) and (z,y+9) = (z,y) + (2,7) .

e Skew Symmetry: (x,y) = (y, z).

o Strict Positivity Away from 0: Vz € V, z#0 = (z,z) > 0.

Proposition 7.1.3 (Conjugate Linearity in the First Parameter). Combining properties ® and @ in
Definition 7.1.2, we have that

(Az,y) = (y, Ax) = My, 2) = Ma,y) AeC

(z+7,y) = (y,v+7) = (y,2) + (¥, ) = (z,y) + (T, y) .

Definition 7.1.4 (Induced Norm).[We have yet to show that this is a proper norm.]

Izl = V(z,2) or [a|*=(z,q).

Proposition 7.1.5 (Properties of the Induced Norm). The inner product induced norm has positive
homogeneity and positivity away from 0.
Proof'1.

o el = O Az) = 3 (z.2) = /AP (@.2) = A [a]

e z>0 = (z,z) >0 = |jz|| > 0.

QED. m
[To show the induced norm is a norm, we still need the triangle inequalities. We will develop some
tools.]
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HILBERT SPACE

7.1 Inner Product

Definition 7.1.6 (Orthogonality). We say that z
0 whenever j # k.

1,...,Zy are (pairwise) orthogonal if (z;, x1) =

Theorem 7.1.7 Pythagorean Theorem
If x1,...,z, are orthogonal, then
n 2 n
Yozl =D Ml
j=1 j=1
Proof 2.

2
n

>

=1

n

T

=1

n n

1 k=1

.

M:

(z;
1

.

Cl?j,

n
Lk
1

(x5, k)

Z Al

k

7‘/17]

QED. m

Lemma 7.1.8 (Cauchy-Schwarz Inequality). Vz,y € V, we have

[z, )] <]

|l - lyll-

Proof 3. If z = 0, then both sides are zero. Now, assume =z # 0. Look for A € C s.t. y — Az is

orthogonal to z.

Yy
: Y — AT
l)\x €T
So, we want
<l’, Yy — )‘:L'> =
(z,y) — (@, A\z) =
(z,y) = Az, z)
_(=y) _ (zy) .
P T el e



7 HILBERT SPACE

7.1

Inner Product

So, (Ax,y — Az, =) 0. By Pythagorean Theorem,

lyl* = Azl + lly — Az|* = Az
[yl = [[Azl[ = [A] - [|l|

[z, )] < Nl - llyll

The equality holds when y = Az. QED. n
Theorem 7.1.9 Triangle Inequality
Vz,y€eV,
Iz +yll < llll + llyll
Proof 4. This is equivalent to proving
lz +ylI* < (=]l + lyll)*
(@+y,z+y) <z +llyl* +2l|z] - lly]
(o) + (,y) + (Y, 2) + (5] < (o) + (ys) + 2l|]| - [ly]
(@) + (z,y) < 2llz]| - [yl
2Re (z,y) < 2|z - [lyll
This is then correct, because,
Re (z,y) < [(z,9)| < [lz[| - |y
by Cauchy-Schwarz Inequality. QED. m

Definition 7.1.10 (Hilbert Space). For V with inner product (-, -), if V is complete with respect
to the induced norm, then V is called a Hilbert space, and usually denoted #.

So, every Hilbert space is a Banach space, but not conversely.

Example 7.1.11
L?(X,dyu) with inner product (f, g) = / fgdu is a Hilbert space.
Proof’5.1f f, g € L?, then by Hélder’s Inequality,

[ isatan( f11an) v (/ / \g\zdu)m )
/Wdu: (/!f\2du) (/ |g|2d,u>

So, fg is integrable, and (f, g) is well-defined.
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7 HILBERT SPACE 7.1 Inner Product

e Linear in the second parameter: (f, g) = (g, f).

. <f,f>:/|f|2du20,and/\f|2du:0 < f=0 p—ae <= f=0aselementofL?.

o (f.f)=Ifll3

The induced norm is exactly the norm we used in L” spaces. So, we have triangle inequality.

Moreover, we know L? is complete with respect to ||-||,. So, L? is a Hilbert space. QED. m

Proposition 7.1.12 If vectors z;, j € N are orthogonal, and if

> 6ooljz;]|* < oo,

Jj=1

o0
then Z x; converges in Hilbert space #, and
j=1

o0

2
o0
2
Soagll =
j=1

j=1

Proof6.Lety, =Y zjandy =Y _, 60ox;. [WTS:y, is Cauchy.)]
j=1
Suppose m < n. Then,
2

n n
2 2
lyn —yml* = | D 2]l = D llzyl
j=m+1 j=m+1

(o) o0
by Paythagorean Theorem. Since Z ||l’j||2 < o0,Ve>0,3Ing s.t.m >nyg = Z ||£L'j||2 < e. So, for

j=1 j=m+1
n>m > ng,
n

2 2
[yn — ymll” = Z |2]]” <e.
j=m+1

So, (yn),—, is a Cauchy sequence. By completeness, y, — y € H.

Lemma [n Banach Spaces,

yn =y = |lyall = llyl-

Proof.

[ynll < lyll + [lyn = ¥l
1Yl < llynll = lly = yall
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7 HILBERT SPACE 7.1 Inner Product

Combine, we get
—llyn =yl < llynll = llyll < llyn —yl-

When y,, — 0, ||lyn — y|| = 0. So,

lynll = llyll — 0O
lymll = llyll-
[l
n
We have [jy,[|* = [|z:]*. So,
j=1
[o.¢]
2 2
Iyl =" llal®.
Jj=1
QED. m

Example 7.1.13
In L?(T), consider functions e"® for n € Z. The inner product is defined as

2r dz

(f,9) ; fla)g(z) o

Then,

Start with some sequence ¢,, € C, with Z lea|? < oc. Then, Z c,e™ converges in Hilbert space
ne”Z
L?(T). By mutual orthogonality,
Conclusion: V sequence ¢, € (2(Z),3f = » _ cpe™ € L*(T) such that Fr = cn.
neL

|cneimH = |cp-

Proof 7. 1f Z xj converges, then Vv,

<v, Zx]> = Z (v, ;).
Equivalently, if y,, — y, thenVv € H,
<U7yn> - <U7y> :
This is a continuity statement about inner product:
(v yn) = (0, 9)| = (v, 0 = y)|

< [l - lyn — vl [Cauchy-Schwarz]

— 0 as |y, —yl = 0.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

So, (v, yn) — (v,y). Hence,

<eikx7f(x)> _ <eikx,zcneinx>

ne”
— § :Cn <elkz761nx>
ne”
= Ck.-

QED. H

7.2 Orthogonal Complement and Projection

Remark. A vector space S of a Hilbert space A isn't always closed. For example, in /2(N), let

S={ze*N)|z,=0 Vlargeenoughn}
:{wEEZ(N) | Ino, Vn>ng, z, =0}
= span {0, | n € N},

L j=n
(5n)j{ ,
0, j#n.

1
Tn=—, TE %(N), butz ¢ S.

where

S # (?(N) because

But S is dense in ¢?(N).
Proof 1.V x € *(N),VYe > 0, Iny,

o0

>zl <e.

n=ng-+1
Take y = (x1,22,...,2n,y,0,0,...) € S. So,
lz—yl*= D> l|eal®<e.
n=nop+1

QED. H

Definition 7.2.1 (Orthogonal Complement). The orthogonal complement of S is

St={yeH|(z,y)=0 VzeS}
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Remark. If Sis closed, then# = S & S+.

P

e

Lemma 7.2.2 S+ is a closed subspace of A.
Proof2.1lety,z € S+.Then,Vz € S,

(r,y) =0 and (x,z)=0.

So,

(2,9) + (2,2) = (a,y +2) = 0.

Hence, y + z € S*.
Similarly, for ¢ € C,

cl{x,y) = (z,cy) = 0.

So, ¢y € S*. Therefore, S+ is a subspace of H.
For closedness, if y, € S+, v, — y. Then,V € S,

(x,yn) =0 = (z,y) =0.

So,y € S+, and S+ is closed.

QED. n

Lemma 7.2.3 (Projection Lemma). Let S be a closed subspace of #. Vx € H, 3 unique y € S such that

r—yeSt.
Proof 3.

e Uniqueness is easy:

Ify,z € Ssuchthatz —y € Standxz — 2 € S+, theny — 2 € Sandy — z € S*. [Since both S and

S | are closed.] So,

<y_z?y_z>:()
ly =z =0

Y=z

. . 1
¢ Existence: Denote ¢ = 1n£ |z — z||. Then, Vn € N, 3y, € Ssuchthatc® < ||z — y,||* < &+ —.
zE n
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Lemma (Parallelogram Identity) Y ----- ;
L '/
lw+ol|* + [lu = o||* = 2[|ul|® + 2||v|® ’

u
Proof.
u=+v]* = (u+v,utv)
= (u,u) + (v,v) £ (u,v) £ (v, u)
lu+ vl + [lu = v)|* = 2 (u, u) + 2 (v, v)
2 2
= 2]lu[l” + 2]lv]]
g
We have °?
N\
v+ | "
k
21 sl + 2 = wel? = o —wel? + 2= - 252 )| N
~~ For
<o(dr) <) ~ I
5 5 = Yn'y v, Yk
26+ =426+ 7 < lyn —wil]® +4¢ )
2 2 N
2 |
_ < Z - A
Hyn yk” = n + L ¢

So, y,, is a Cauchy sequence. Then, y,, is convergent by completeness. So limy,, = y € S since S

is closed.
o7 —yl|l = inf ||z —
p |z —yll ;QSHSU 2|l

/7
/7

7

— °
) z S

Fix z € S. Assume (z — y, z) # 0. Then,

lz —y = Az)* = (@ —y = Az,z —y — Az)
=llz = yl* = Az, —y) = (z =y, A2) + Az
= [lz — ylI” — 2Re(A (& — y, 2)) + |A]"]1]*

< |lz —y||* for suitable small \

x This is a contradiction because y should be the minimizer.

QED. ®m
Corollary 7.2.4 If S is a closed subspace of 7, and S # #, then S+ # {0}.
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Proof 4. Take x € H\S. Then, 3y € Ss.t.z —y € S*. Sincex # y, v —y # 0,and z — y € S+, the

proof is complete. QED. n
Proposition 7.2.5 Let x4, . . ., x,, be orthogonal.
T
|
|
|
|
|
T3 S
- - —>lP
X1 2 Y Y
Then,
e S =span{xy,...,z,}is aclosed subspace and orthogonal projection to S is

Pr=3 (zjz)x;=y.
j=1

Proof5. x € H,y € S. Then,

<l’k,.%'> = <xk7y> Vk
<$k,$—y> =0 Vk

— <Z)\kxk,x—y> =0

z—ye St

So, we proved orthogonal projection part. It remains to prove the closedness: SS. S C S is trivial.
Ifr € S,thenz —y € S,ands —y € St = ?L [proved in HW]. So, x —y = = — Px = 0. So,
x=Pr=y€S. Then, SC S.So0,5=25. QED. 1

e Lemma Bessels Inequality For any x € H,
n
> Mg < el
j=1

Proofé6.

2 2 2 2
2] = llyll” + llz = ylI* = [yl
n
2
= [y, z) 24|
j=1
n
=> [z, ).
j=1

QED. n
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7 HILBERT SPACE 7.2 Orthogonal Complement and Projection

Example 7.2.6 Application of Bessel’s Inequality
On L%(T), consider " for n € Z. Let f € L*(T). Then,

Fom [emp@) s
ﬁz _ <€inx’f>

2
D ‘ fk‘ < |If]? [Bessel’s Inequality

k=—n

Take the limit n — oo:

So|A] <P

kEZ

Letg = Z Fwe®® [Note: frelk* are mutually orthogonal], then we have
keZ

S e - S <
Then, g is well-defined, and g € L?(T),

lgllz =

But can we say ||g||§ = || f|I*? See Corollary 7.3.6 in the next section.

2
2
< [IfI*-

Fn

Proposition 7.2.7 (Gram-Schmidt Process). Given y1, 42, . . . , Yn.-

e Remove any y;, which is a linear combination of y;,...,yx—1. We get yk,...,Yk+1,-.., which is
linearly independent and has the same span as the original sequence.

Reindex the linearly independent sequence y1, y2, y3, - - -

T = Y1 Y2
[ .
= (TLy)m !
® To = . |
ly2 — (z1,92) 21| T2 |
|
¢ In general, |
1 Y1
n—1
Yn — (T Yn) Tk
_ k=1
Ln n—1
Yn — ) Tk, Yn) T
k=1
e Then, x1, 29, ... is an orthonormal sequence with the same span as y1, y2, . . ..
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7 HILBERT SPACE 7.3 Orthonormal Sets and Bases

7.3 Orthonormal Sets and Bases

Definition 7.3.1 (Orthonormal Set). The orthonormal family of vectors x € H satisfy:
o Ifzy, 29 € X and x; # x9, then (1, x2) = 0.

o Ifz € X, then ||z|| = 1.

Definition 7.3.2 (Orthonormal Basis). An orthonormal basis is an orthonormal family X such
that span X is dense in H.

Example 7.3.3

X = {ei’“ | ke Z} is an orthonormal family.

span X = span of all trigonometric polynomials. It is dense in C(T). Further, C(T) is dense in
L?(T). So, span X is dense in L?(T). So,

X = {ei’”’ | ke Z} is an orthonormal basis of L?(T).

Theorem 7.3.4
For an orthonormal family X, the following are equivalent:

e Thereisnoy ¢ X s.t. X U {y} is an orthonormal family.
e X is an orthonormal basis.

o If (2,2) =0 Vze X,thenz=0.

\. J

Proof'1. (© — @): We will prove the contrapositive: - @ = — @.Let S = span X. Assume S is
not dense. Then, S # H. Since S~ # {0}, 32 € S, 2 # 0 such that
(x,z) =0 VzelX.
Lety = Z Then, X U {y} is an orthonormal family.

z|
(@ = @):If(z,2) =0 Vz e X. Then,

(z,v) =0 VovespanX = 5.
Since v,, € S, thenwv,, — v € S. So,
(z,v,) =0, and (z,v,) — (z,0).
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7 HILBERT SPACE 7.3 Orthonormal Sets and Bases

Hence, Vv € S, (z,v) = 0. That s, z € 5. Since S is dense in H, S = 7. So, z = 0.
(® = @): Assume @ is true.Assume y such that X U {y} is an orthonormal family. Then,

(x,y) =0 VzelX.

So, y = 0. % This contradicts that ||y|| = 1. Then, such a y must not exist. QED. m

e D

Theorem 7.3.5 Parseval’s Identity
Assume (z,,),”, is an orthonormal basis of /. Let y € #. Then,

[o.¢] [o.¢]
y=> (wny)z, and |[ylI> =D [zny)*|
n=1 n=1

[Note: the boxed equality is the equality of Bessel’s Inequality and is referred as Parseval’s Identity.]

Proof 2.
Yn =D (Th,Y) T
k=1

By Bessels’ Inequality,

n

(o) < llyl* Vn
k=1

Take n — oo, then
o0
2 2
> ks w)? < Jlyl*.
k=1

Suppose m < n. By Pythagorean Theorem,

n 2

DRRCTNNER

k=m+1
n

= 3 )

k=m+1

lyn — ?/mH2 =

So, (yn),—, is a Cauchy sequence. Since 7 is complete,
yn — z forsomez € H.

[WTS: z = y.] Note that
(zj,2) = lim (z5,yn) .

Forn > j,
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7 HILBERT SPACE 7.3

Orthonormal Sets and Bases

So,

lim (zj,yn) = (x},y)

<ajj’ Z> - n—oo

(xj,y—2)=0 Vi
Hence, by Theorem 7.3.4, since {z; | j € N} is an orthonormal basis,
y—2=0 = y=-=z.

Finally, for Parseval’s Equality,

n

2 : 2 : 2
lyll* = lim [lyall* = lim > (x5

k=1
=> Hzwy)l.
k=1
Corollary 7.3.6 In L?(T). Suppose f € L*(T).
J/(';L _ <einx’ f>
F=tim 3 fu
k=—n
By Parvesal’s Identity,
12
5= |/

ne’

Proposition 7.3.7 (Parvesal’s Identity in L?(R)). In L?(R),

[is@iar= [|7w)[
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8 BONUS TOPICS

8 Bonus Topics

8.1 Cantor Set and Cantor Function

Definition 8.1.1 (Cantor Set). The Cantor Set is constructed iteratively:

e Cp=[0,1] 0 1
oo 1 ’ 9 ) 1 interval Co
° 1 — ) g ga
We removed the middle third. 2 intervals 1
/3  2/3

e (5: remove the middle third of each sub-

4 = 22 intervals Cy

interval.

@IP—‘|
COI\1|
@IOO|

Neo)l i )

e In the n-th step, we remove 2"~! open intervals from the set C,,_; to obtain C,,, which

consists of 2" closed intervals.

e The “middle third Cantor set” is the limit of this process.

Remark 1. (Generalization of this process). Let 7, € (0,1). They will tell us how much we

remove in the n-th step.

Precise Construction and Properties of Cantor Sets (General Case)

e Fix some constants 0 < v, < 1forn € N (note that the middle third Cantor set corresponds to

1
'yn:§ Vn e N).

¢ Inductively, we define set C), so that (), is a union of 2" closed interval:

Cn: U In(al,ag,...,an).
ai,...,an€{0,1}
e We start with § Ii(ai,ag,...,an-1) ¢t
Co =1[0,1] = Iy. YVlt — 5)
j Pz S+ t_ ~_
We define I,, inductively. Iy(ay, a2’ .., an_1,0) I,(a1,a2,...,an-1,1)
t—5— "yt — t—s)(1—,
length: =5 =t =) _ (1= 5)(1 =)
2 2
If
In—l(ala ag,...,An—-1 = [Sat]a

110



8 BONUS TOPICS

8.1 Cantor Set and Cantor Function

then we define intervals I,,(a1, as, . . .

min I, (a1, ag, . ..
max I, (a1, a9, ...
min I, (a1, ag, . ..

max I, (aq, az, . ..

e Note that

In(al, as, ...

max I, (a1, a9, ..

e So, C,, C C,,_1 and each C,, is closed.

e We can define

,an) for a, ..

.y an-1,0) < min I, (a1, ag, .

., an € {0,1} by

aan—lvo) =S

y Ap—1, 0) =

7an—171):t—:t_

y An—1, 1) =1t.

)
(10)

yan) C In—1(a1,az,...,ap—1)

e 1, 1)

C={)Cn

neN

Definition 8.1.2 (Lexicographic Order).

some niN or on the set S = {0,1}" is

sequence of 0’sand 1s], a < bif 3k s.t.
o aj:bj j<k,and

e a; < bg.

Moreover, we define a < bifa < bora = b.

The lexicographic order on the set S = {0,1}" for
defined by the following: for any a,b € S [they are

Example 8.1.3
a,b e {0,1}°, and

So, b < a, and the k in definition is 4.

a=(1,0,1,[1],0)
b=(1,0,1,[0],1)

Lemma 8.1.4 The lexicographic order is a total order on S. i.e., it is reflexive, anti-symmetric, and

transitive, and for any a,b € S,a < borb < a.
Lemma 8.1.5 For any n € N,

(al,...,an)<(b1,...

,bp) = maxI,(ay,...

yap) < min I, (by, ..., by).
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8 BONUS TOPICS 8.1 Cantor Set and Cantor Function

In particular, if (a1, ..., a,) # (b1,...,by), then
In(al, ce ,an) ﬂfn(bl, .. .,bn) =J.

Proof 2. Assume (ay,...,a,) < (b1,...,by). Then, Ik s.t.a; =b; Vj <k, anday < by. Thus, a;, =0
and b, = 1. By the nesting property (9), we have

o Iy(ay,...,an) C Ix(ay,...,ax-1,0)

= maxI,(a,...,a,) < maxIg(ay,...,a5_1,0).

] In(bl, e ,bn) C [k(al, ey Qf—1, 1)

= min I, (b1,...,b,) > min Ix(ay,...,ak1,1).
From (10), we then have
max Ix(ay,...,ax—1,0) < minIx(ay,...,a_1,1).
Therefore,
max I, (ai,...,a,) < maxIg(ay,...,a5_1,0)
< min Ig(a,...,ax-1,0)

< min I, (b1, ..., by).

QED. ®m
Lemma 8.1.6 Any sequence a € {0, 1} corresponds to some element 2 € C in the sense that

() In(as, ... an) = {z}.

neN

Proof 3. By construction, (9) holds. i.e., these closed intervals are nested, we also know that this
intersection is non-empty. By construction, the diameter

1
diam I, (a1, ..., an) < 3 diam I,—1(a1, ..., ap—1).

So, diameters of the sets above go to zero as n — oo. Therefore, the intersection is a single point {x}.
Since {z} € I,,(a1,...,a,) Vn €N, weknow that

T € ﬂcn:c*.

neN

QED. H

112



8 BONUS TOPICS 8.1 Cantor Set and Cantor Function

The previous Lemma allows us to define the following mapping

{0 1N = C st {r(a)} = () Inlar,. .., an).
neN
We think of (a,,)2° ; as coordinates of the point 7(a) € C.
Lemma 8.1.7 The mapping 7 : {0,1}"' — C is an order-preserving bijection. That is, it is a bijection,
and
a<b = 7(a) <7(b).

Proposition 8.1.8 The Cantor set is an uncountable closed subset of R without isolated points and with
empty interior.
Proof 4.

e ('is closed because it’s an intersection of closed sets.
e Since 7 : {0,1}" — C'is a bijection, and {0, 1}" is uncountable, we have C is also uncountable.

e To see that C has no isolated points, let x = 7(a) € C. For any n € N, choose b, = a; for k # n
and b,, # a,. Then, x = 7(a) # 7(b), and

1
|z —7(b)| < on
e ( has empty interior: foranyn € N, if (o, 8) C C,,, then § — a < 2%

1
= (o,f)CcC = ,8—a<2—n VneN
= f—-—a<0
= ( does not contain any interval

— ( has empty interior.

QED. H

Remark.
e C=C,anddC = C\int C = C.

e 9C, is finite, but | JoC,, # oC.

Proposition 8.1.9 The Lebesgue measure of the middle third Cantor set is zero.

1 1
Proof'5. If v, = 3 Vn € N, C), consists of 2" intervals of length 3 Then,

m(Cn> = 3_n’
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8 BONUS TOPICS 8.1 Cantor Set and Cantor Function

and
lim m(C,) =0 = m(C) = 0.

n—oo

QED. =
1
Proposition 8.1.10 In the special case <7n =3 Vn e N),

o

7(a) =1 <~ .CL‘:Z

k=1

2ak
E

Definition 8.1.11 (Cantor Function). Define 5 : C — [0, 1] by

Blz) =" ;‘—’“ if (a) = .

k=1
That is,
> 2ay, > ag
k=1 k=1

§ can be extended to a continuous function on [0, 1] by asking that /3 is constant on the removed
intervals.

8/8

7/8

6/8

5/8

4/8

3/8

2/8

1/8

!

179 2/9 39 4/9 5/9 6/9 7/9 89 9/9

Proposition 8.1.12 5 : [0,1] — [0, 1] has the following properties:
e increasing,
e onto,

e continuous,
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e #'(x) =00n][0,1]\C, and

e forallz € C,

Proof 6. ©-®@ are trivial to see.
®: [Goal: produce a lower bound that is co.] Start with

Let

k=1
n
2CLk 2
=3 3k T 2. 3k
k=1 k=n+1
Then, x,,,y, € C, and
=1 1
Blyn) — Blan) = Y ok = om
k=n+1
Note that
= 2 1
Yn = Tn = Z 3k = 3n
k=n+1

If3 " <e< 3t

r—elr, <<y, <x+¢

Bla+e) — Bl —<) > Blum) — Blan) = o
So, .
ﬂ<x+€)2_€ﬁ(x_€)22_32_fn+l—%(2> —00 as n—» oo
Hence,
i P te) —Ble—¢e)
el0 2e

QED. ®m
Corollary 8.1.13 The length of the graph of 3(x) is 2.

Remark 7. (Cantor Function as a Counterexample of Fundamental Theorem of Calculus).
For f € C*([0,1]), by Fundamental Theorem of Calculus,

£(1) - £(0) = /O f(z) dz.
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For Lebesgue a.c.z € [0, 1], we know that z € [0,1]\C (because m(C) = 0), and 5'(z) = 0.
However,

1
B(1) - B(0) # /0 B(z) dz.

How to fix this? Absolute continuity.

Definition 8.1.14 (Absolute Continuity). f : [a,b] — C is called absolutely continuous
ifVe > 0,36 >0s.t.Vn, V(cj,d;j),

Doldi—cl <6 = Y If(d) - fey)l <e.

Jj=1 J=1

Theorem 8.1.15
If f is absolute continuous, then f/(x) exists for Lebesgue a.e. z, f’ € L'([a,b]), and

b
£ - fla) = / f'(z) da.

Unfortunately, 5(z) is not absolutely continuous.

Definition 8.1.16 (Cantor Measure).

pup((@,y]) = By) — B(x)

Definition 8.1.17 (Mutually Singular). Measures ., v on the same space are said to be mutually
singular if 3 a set A such that y(A) = 0 and v(A¢) = 0.

Proposition 8.1.18 Cantor Measure and Lebesgue measure are mutually singular.
Proof 8.

So, we have that

QED. ®
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